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Regularity of the horizon radius rg of a collapsing body constrains a limiting form of a spherically
symmetric energy-momentum tensor near it. Its nonzero limit belongs to one of four classes that are
distinguished only by two signs. As a result, close to rg the geometry can always be described by either
an ingoing or outgoing Vaidya metric with increasing or decreasing mass. If according to a distant outside
observer the trapped regions form in finite time, then the Einstein equations imply violation of the null
energy condition. In this case the horizon radius and its rate of change determine the metric in its vicinity,
and the hypersurface r ¼ rgðtÞ is timelike during both the expansion and contraction of the trapped
region. We present the implications of these results for the firewall paradox and discuss arguments that
the required violation of the null energy condition is incompatible with the standard analysis of black hole
evaporation.
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I. INTRODUCTION

Astrophysical black holes (ABH) [1–3]—massive
compact dark objects—are commonly found in the observ-
able universe. Current data are consistent with having the
Schwarzschild or Kerr-Newman solutions of classical
general relativity (GR) as asymptotic final states of the
collapse [2–4]. Nevertheless, the question of if, how and
when ABHs develop any of the horizons and/or singular-
ities that are predicted by GR [1–5] is still open [2,3].
Quantum effects [1,4,6–12] add additional complexity.

Event horizons may become optional [4,10,13], and the
notion of a black hole (BH) is then tied with one of the
locally or quasilocally defined surfaces, such as an apparent
horizon [14,15]. Hawking radiation accompanies the for-
mation and evolution of black holes [16]. Its explicit form
was originally obtained on the background of eternal black
holes that are the vacuum solutions of GR [1,7]. Later it was
shown that this phenomenon does not require formation of
an event or even of an apparent horizon [4,13,17]. If the
radiation is not terminated when the collapsing object
reaches some macroscopic scale or becomes a Planck-scale
remnant [12], the picture of an ABH as being in a
permanent state of asymptotic approach to horizon for-
mation becomes untenable as the object itself disappears in
a finite time. Hawking radiation violates all energy con-
ditions and thus provides additional possibilities both for
having singularity-free objects with or without trapped
regions, as well as naked singularities [3,12].
Given that there are several related horizon definitions

that are based on bounding the region of negative

expansion of the outgoing null geodesics emanating from
a spacelike compact two-dimensional surface with spheri-
cal topology, the definition of a physical BH (and thus the
question of their very existence) is somewhat fuzzy. Hence
we use the term “black hole” to designate any massive
dense object that contains a trapped spacetime region,
regardless of the presence of a suitably defined event
horizon. They are observationally relevant physical objects
(and not just useful mathematical idealizations) if formed at
the finite time of a distant observer.
Our starting point is that such a BH exists; i.e., a trapped

region is formed in a finite time tS of Bob. We do not
assume that this process is accompanied by Hawking
radiation. If quantum effects lead to BH evaporation, our
only assumption is that the evaporation time tE > tS. Our
goal is to explore the implications of a compact object
actually being a BH.
We assume validity of semiclassical gravity [17,18]

and describe dynamics via the Einstein equations where
the standard curvature terms are equated to the expect-
ation value of the renormalized stress-energy tensor. It
represents the entire matter content of the model: both the
collapsing matter and the created excitations of the
quantum fields are included. This cumulative representa-
tion allows a self-consistent study of the dynamics
without having recourse to the usual iterative calculations
of the backreaction [9].
We shall restrict our considerations to spherical

symmetry, set ℏ ¼ c ¼ G ¼ 1 and use the −þþþ
signature.
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II. TENSORS NEAR THE SCHWARZSCHILD
SPHERE

Here we demonstrate how regularity of the apparent
horizon constrains the metric in its vicinity. Moreover, if it
is formed in a finite time of a distant observer, the family of
allowed metrics is essentially unique.

A. General considerations

The most general spherically symmetric metric in ðz; rÞ
coordinates, where z is either the Schwarzschild time t or
the advanced or retarded null coordinate u�, is

ds2 ¼ −e2hðt;rÞfðt; rÞdt2 þ fðt; rÞ−1dr2 þ r2dΩ ð1Þ

¼−e2h�ðu�;rÞf�ðu�;rÞdu2��2eh�ðu�;rÞdu�drþr2dΩ: ð2Þ

The function f is coordinate independent [19,20], i.e.,
fðt; rÞ ¼ f�ðu�ðt; rÞ; rÞ, and we can decompose it as

f ¼ 1 − Cðt; rÞ=r ¼ 1 − C�ðu�; rÞ=r: ð3Þ

The functions h and h� play the role of integrating factors
[20] that turn, e.g., the expression

dt ¼ e−hðeh�du� ∓ f−1drÞ ð4Þ

into an exact differential, provided that the coordinate
transformation exists.
In an asymptotically flat spacetime h → 0 and f → 1 as

r → ∞, and t is the physical time of a stationary Bob
at spacelike infinity. In the Schwarzschild spacetime
C ¼ 2M, and the coordinates u� are the retarded u− ≡ u ≔
t − r� and advanced uþ ≡ v ≔ tþ r� Eddington-
Finkelstein coordinates, where r� is the tortoise coordinate.
On the other hand, having h → 0 and f → 1 − r2=RH,

where RH ¼ 1=HΛ is the Hubble radius, asymptotically
describes a flat de Sitter space or a closed de Sitter space in
static coordinates [21]. An explicit example of a gravita-
tionally bound system in an expanding homogeneous and
isotropic universe is furnished by the McVittie metrics [22],
where late-time exponential expansion results in a de Sitter-
Schwarzschild BH.
Regions of nonpositive expansion of outward pointing

future-directed radial null geodesics (in asymptotically flat
spacetimes) exist only if the equation fðz; rÞ ¼ 0 has a root
[15,20]. This root (or, if there are several, the largest one) is
the Schwarzschild horizon radius rgðzÞ. Our first
assumption is the existence of rgðtÞ for some period of
time beginning at tS < ∞. If the spacetime is not asymp-
totically flat, we assume the separation of scales. In the de
Sitter space example above, having stationary Bob’s radial
coordinate satisfy rg ≪ r ≪ RH, i.e., positioning him far
outside the horizon radius and well inside the Hubble

radius, puts him into an effectively flat region where t is the
physical time.
Regularity of the hypersurface r ¼ rg is the standard

assumption in the semiclassical theory [1,2,8]. Ricci and
Kretschmann scalars have been used in investigations
of BH evaporation without an event horizon [23]. We
choose two scalars that are expressed directly in terms of
the energy-momentum tensor Tμν, namely, its trace
T ≔ Tμ

μ ≡ R=8π, where R is the Ricci curvature scalar,
and the square T ≔ TμνTμν. Our second assumption is
that these scalars may have arbitrary but finite values,
jTðz; rgÞj < ∞ and jTðz; rgÞj < ∞.
Finite curvature does not imply that the functions h and

C in a particular coordinate system are finite. However,
from the definition of rg it follows that

Cðt; rÞ ¼ rgðtÞ þWðt; xÞ; Wðt; 0Þ ¼ 0; ð5Þ

where x ≔ r − rgðtÞ andWðt; xÞ < x for x > 0. Derivatives
of W can diverge on the approach to x ¼ 0, but only
moderately so as to ensure its continuity.
The Einstein equations that determine the functions h

and C are

Gtt ¼
e2hðr − CÞ∂rC

r3
¼ 8πTtt; ð6Þ

Gr
t ¼

∂tC
r2

¼ 8πTt
r; ð7Þ

Grr ¼ ðr − CÞð−∂rCþ 2ðr − CÞ∂rhÞ
r3

¼ 8πTrr: ð8Þ

This is the simplest form of the equations. It provides a
natural choice of the independent components of the
energy-momentum tensor. The metric of Eq. (1) entails
Tθ
θ ≡ Tϕ

ϕ. Then the trace and the square scalars of the
energy-momentum tensor are

T ¼ − e−2hTtt=f þ Trr=f þ 2Tθ
θ; ð9Þ

T ¼ −2
�
e−hTt

r

f

�
2

þ
�
e−2hTtt

f

�
2

þ
�
Trr

f

�
2

þ 2ðTθ
θÞ2:

ð10Þ

For future convenience we introduce τt ≔ e−2hTtt, τr ≔ Trr

and τrt ≔ e−hTt
r.

Regularity of the invariants T andT holds independently
of the left-hand side of the Einstein equations, which may
involve quantum corrections [6]. Without any additional
information we have to assume that the component Tθ

θ is
finite at rg. If the dynamics is described by the Einstein
equations, this intuitive property follows from the consis-
tency of Eqs. (6)–(8) (see Appendix A 1).
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The regularity of T and T at the Schwarzschild sphere
implies that either the three limits of τt, τr and τrt are jointly
zero as r → rg, approaching it at least as fast as fðt; rÞ, or
the divergences in Eqs. (9) and (10) cancel out, so

lim
r→rg

τr ¼ lim
r→rg

τt ¼ ΞðtÞ; lim
r→rg

τrt ¼ �ΞðtÞ; ð11Þ

for some function ΞðtÞ. Indeed, from Eq. (9) it follows that

lim
r→rg

T ¼ lim
r→rg

ð−τt þ τrÞ=f þ 2Tθ
θ ð12Þ

is finite, and thus τt → τr faster than f → 0, and Eq. (10)
implies jτrt j → jτrj. The form of the function ΞðtÞ is not
constrained by regularity considerations.
We consider in detail the case ΞðtÞ ≠ 0, as it is more

general and existing explicit calculations of hT̂μνi indicate
that it is present [1,7,24]. The case of all three limits of τt, τr

and τtr being Ξ≕ −ϒ2 is supported by the explicit
calculations of the renormalized stress-energy tensor for
Unruh vacuum on the background of an eternal black hole
(in that case h≡ 0) [24], where the components Trr, Ttt and
Tt
r were shown to approach the same limit as r → rg.

Appendix A 3 provides the details, as well as the analysis of
the case Ξ ¼ 0 that leads to the same qualitative con-
clusions. We also consider here only the case of Tμν that
does not contain additional (milder) singular terms, as their
presence does not change the leading terms in the solutions
below. Close to rg Eq. (6) becomes

∂xW ≈
8πΞr3g
x −W

: ð13Þ

Due to the singularity at x ¼ 0 Eq. (13) with the initial
condition Wðt; 0Þ ¼ 0 has two real solutions in terms of
Lambert functions [25]. Both require Ξ ¼ −ϒ2 < 0 for
some ϒðtÞ > 0. We will see below that this implies
violation of the null energy condition (NEC) [5,26]. This
is consistent with the well-known result that a trapped
surface cannot be “visible” from future null infinity Iþ
unless a weak energy condition is violated [1,5]. However,
here it is a local result that is valid even if Iþ is not defined.
The auxiliary condition Wðt; xÞ < x selects the solution

in terms of the Lambert functionW−1. Since the equation is
approximate, we should use only the leading part of the
solution that can also be obtained by direct evaluation of the
series. It is

W ¼ −4ϒ
ffiffiffiffiffiffiffiffiffi
πr3gx

q
þ 1

3
x…; ð14Þ

and it coincides with the leading part of the solution of the
exact Einstein equation (6). In terms of α2 ≔ 16πϒ2r3g, the
mass function becomes

C ¼ 2

3
rgðtÞ − αðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − rgðtÞ

q
þ 1

3
r…: ð15Þ

Substitution into Eq. (8) leads to

∂xh ≈ −
8πϒ2r3g
ðx −WÞ2 ≈ −

α2

2ðα ffiffiffi
x

p þ 2x=3Þ2 : ð16Þ

Its exact solution is

h ¼ h0ðtÞ − ln
ffiffiffi
x

p
3αþ 2

ffiffiffi
x

p −
3α

3αþ 2
ffiffiffi
x

p ≕ h0ðtÞ þ h1ðt; xÞ:

ð17Þ

The function of time h0ðtÞ is not determined by the Einstein
equations. Its choice determines the choice of the time
variable. Higher-order terms depend on the exact form of τt
and τr. Hence

h ¼ − ln
ffiffiffi
x

p
ξ0ðtÞ

þ 4

3α

ffiffiffi
x

p þOðxÞ; ð18Þ

where the function ξ0ðtÞ is determined by the choice of the
time variable. For example, expansion of Eq. (17) leads
to ξ0 ¼ 3αeh0−1.
The flux sign is determined by the sign of ∂tCðt; rÞ.

Since (7) has to be consistent with (15), we match the
singular part of ∂tC that is obtained from Eq. (7),

∂tC
r2

¼ 8πTt
r ≈�8πϒ2eh ¼ � 8πϒ2ξ0ffiffiffiffiffiffiffiffiffiffiffiffir − rg

p þ � � � ; ð19Þ

with the singular part of

∂tC ¼ _rg þ ∂tW ¼
2ϒ

ffiffiffiffiffiffiffi
πr3g

q
ffiffiffiffiffiffiffiffiffiffiffiffir − rg

p _rg þ � � � ; ð20Þ

where the limit of the omitted terms is zero. As a result

_rg=ξ0 ¼ �4
ffiffiffi
π

p
ϒ

ffiffiffiffi
rg

p ¼ �α=rg: ð21Þ

A direct calculation confirms that the scalars R ¼ Rμ
μ and

R ¼ RμνRμν are indeed finite, as is the Kretschmann scalar
K ¼ RμνλρRμνλρ. For example, the Ricci scalar can be
expanded as

R ¼ ϱ3x−3=2 þ ϱ2x−1 þ ϱ1x−1=2 þOðxÞ; ð22Þ

where the coefficients of the divergent terms are

ϱ3 ¼ ð_r2g − 16πξ20rgϒ
2Þρ3; ð23Þ

and
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ϱ2 ¼ ð_r2g − 16πξ20rgϒ
2Þρ2; ð24Þ

ϱ1 ¼ ρ1ð−32πξ30rgϒ2 − 18π _ξ0 _rgr3gϒ2

þ ξ0½ð2 − 9πr2gϒ2Þ_r2g − 18πr3gϒð_rg _ϒ − ϔrgÞ�Þ; ð25Þ

with the explicit form of the functions ρ1;2;3 given in
Appendix A 2, Eq. (A12).
The coefficients of ϱ3 and ϱ2 are identically zero due to

Eq. (21), and the coefficient ϱ1 is identically zero due to
Eq. (21) and its derivative that relates _ϒ and ̈r.
At a fixed time qualitative changes in both the h and C

functions occur at x ∼ α2 ¼ _r2gr2g=ξ20. For the distances
α2 ≲ x ≪ rg we have

Cðt; xÞ ≈ rgðtÞ þ x=3: ð26Þ

B. Asymptotically flat spacetime

A more explicit expression for ξ0 can be obtained in
an asymptotically flat spacetime. In this case the time t
is the physical time at spacelike infinity, hence
limx→∞hðt; xÞ ¼ 0, while

hðt; xÞ ¼ g0ðtÞ −
1

2
ln xþOð ffiffiffi

x
p Þ; ð27Þ

for some function g0ðtÞ for x → 0 is satisfied by all
spherically symmetric solutions with a finite-time forma-
tion of an apparent horizon.
We can decompose

hðt; xÞ ¼ h1ðt; xÞ þ h2ðt; xÞ; ð28Þ

where

lim
x→∞

h2ðt; xÞ ¼ − lim
x→∞

h1ðt; xÞ ¼ − ln 2: ð29Þ

Series expansion as in Eq. (18) indicates that the higher-
order terms in the energy-momentum tensor contribute only
to the terms of the order x or higher. On the other hand, this
expansion does not set the limit of h2 when x → 0. If we
can assume that it is zero, then

g0 ¼ lnð3αÞ − 1: ð30Þ

In a general asymptotically flat spacetime Eq. (7) becomes

∂tC
r2

¼ � 8πϒ2eg0ffiffiffiffiffiffiffiffiffiffiffiffir − rg
p þ � � � ; ð31Þ

and if Eq. (30) applies,

_rg ¼ � 3α2

rge
: ð32Þ

C. Retarded and advanced coordinates

Null coordinates u� allow for simpler metric expres-
sions. In the case τrt ¼ −ϒ2 Eq. (4) leads to a particularly
simple set of the Einstein equations in ðuþ; rÞ coordinates
in the vicinity of rg ¼ rþ:

∂uþCþ ¼ −8πr2þehþϒ2 þOðr − rþÞ; ð33Þ

∂rCþ ¼ Oðr − rþÞ; ∂rhþ ¼ Oðr − rþÞ: ð34Þ

Their solution is regular,

Cþ ¼ rþðuþÞ þOðr − rþÞ2; hþ ¼ Oðr − rþÞ2; ð35Þ

where drþ=duþ ¼ −8πr2þϒ2, and the coefficients of the
higher-order terms are determined by the full energy-
momentum tensor. Then close to the apparent horizon

ds2 ¼ −ð1 − rþ=rÞdu2þ þ 2duþdrþ r2dΩ: ð36Þ

This form of the metric—ingoing Vaidya with decreasing
mass—agrees with the near-horizon form of the metric of
an evaporating BH [7].
Similarly, in the case τrt ¼ þϒ2 the coordinates ðu−; rÞ

are particularly convenient. The Einstein equations become

− ∂u−C− ¼ −8πr2þeh−ϒ2 þOðr − r−Þ; ð37Þ

∂rC− ¼ Oðr − r−Þ; ∂rh− ¼ Oðr − r−Þ; ð38Þ

resulting in the limiting form of the metric

ds2 ¼ −ð1 − r−=rÞdu2− − 2du−drþ r2dΩ; ð39Þ

which is the outgoing Vaidya metric with increasing mass.

III. NULL ENERGY CONDITION NEAR THE
SCHWARZSCHILD SPHERE

The limiting form of the ðtrÞ block of Tμν is

Ta
b ¼

�
−Ξ=f −se−hΞ=f2

sehΞ Ξ=f

�
; Tâ b̂ ¼

Ξ
f

�
1 s

s 1

�
;

ð40Þ

where s ¼ �1 and the second expression is written in the
orthonormal frame. This result is independent of the
Einstein equations and remains valid even if higher-order
curvature terms are added to their left-hand side.
For Ξ ¼ −ϒ2 and s ¼ �1 the NEC is violated;

Tâ b̂k
âkb̂ < 0 for a radial null vector kâ ¼ ð1; s; 0; 0Þ.

This is the case we have considered in Sec. II. Using
the metric in ðu�; rÞ coordinates we see that the
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Schwarzschild sphere is the outer boundary of spherically
symmetric marginally trapped surfaces.
Unlike models of collapse that satisfy energy conditions,

the finite-time Schwarzschild sphere is timelike during both
its growth and shrinking. Indeed, in the growth phase we
parametrize it as a hypersurface

ΦðxÞ ¼ r − r−ðu−Þ ¼ 0: ð41Þ

Then the normal nμ ∝ ∂μΦ satisfies nμnμ ∝
2dr−=du− > 0, and thus the surface is timelike. The same
can be observed by finding that k2 < 0, where k ¼
ð1; r0−; 0; 0; Þ is the tangent vector to the hypersurface
r ¼ rg. During evaporation r0þ < 0, the parametrization
ΦðxÞ ¼ r − rþðuþÞ ¼ 0 leads to ∂μΦ∂μΦ ¼ −2drþ=
duþ > 0.
When the energy density is given by Ξ ¼ ϒ2 > 0, the

Schwarzschild sphere forms only “beyond the end of
time.” Taking s ¼ −1, a formal transformation to ðu−; rÞ
coordinates gives

∂u−C− ≈ −8πr2−eh−ϒ2; ð42Þ

∂rC− ≈ 0; ∂rh− ≈ 0: ð43Þ

Their solutions are

C− ¼ r− þOðr − r−Þ2; h− ¼ Oðr − r−Þ2; ð44Þ

with the higher-order terms determined by the full energy-
momentum tensor. The leading terms correspond to the
pure outgoing Vaidya metric with C0

− < 0. Likewise, if
s ¼ þ1, we obtain the ingoing Vaidya metric with C0þ > 0
up to leading order in (r − rþ). The four cases of the
limiting form of Tμν are summarized in Table I.
In these coordinates the existence of an apparent horizon

radius r� is compatible with positive energy density.
However, since violation of the energy conditions is a
coordinate-independent property, there is no transformation
between ðu�; rÞ coordinates to ðt; rÞ coordinates when
Ξ > 0. Indeed, when such a transformation is constructed
(Appendix C), it results in complex-valued functions
tðu�; rÞ.
If a trapped region appears at finite time tS of Bob, it can

be maintained only if the total matter content outside it
violates the NEC and thus all energy conditions. This must

hold regardless of the presence or absence of the Hawking-
like radiation that is observable by Bob. As a result, the
question of the existence of a BH (that we take to be an
ABH with a trapped region inside, with or without
singularities) becomes the question of the possibility of
maintaining the required violation of the energy conditions
[26,27] for a sufficient amount of time.
We now consider the implications of quantum energy

inequalities (QEI) for our results. These inequalities gen-
eralize the classical positive energy conditions and arise
because classical energy conditions do not hold pointwise
in a quantum field theory [27]. They necessarily invoke
time averages, as there are no explicit restrictions on spatial
averages [28]. We assume that the lifetime of the evapo-
rating BH is predicted by the usual analysis [1,8], i.e., by
ΔtE ∝ M3

0, where M0 is the gravitational mass at the
appearance of the Schwarzschild sphere.
The rigorous answer can be obtained by adapting the

inequalities bounding violation of the NEC [27,29] to the
relevant near-horizon metrics. There is a one-to-one rela-
tionship between a static observer near an event horizon of
a Schwarzschild BH and a uniformly accelerated observer
in Minkowski spacetime. We exploit its approximate
applicability in our time-dependent scenario [30].
Reference [29] established a QEI for an observer moving

with uniform acceleration wμ on the trajectory γ that is
parametrized by the proper time τ in Minkowski spacetime
(or a spacetime that can be mapped to Minkowski under a
precise set of conditions). Then for any Hadamard state ω
and a smooth function fðτÞ of compact support,R∞
−∞ f2ðτÞdτ ¼ 1, the negativity of the energy-momentum
expectation value is bounded by

lim
τ0→∞

inf
1

τ0

Z
γ
fðτ=τ0Þ2hT̂μνiωuμuνdτ ≥ −

11w4

480π2
: ð45Þ

We apply this bound to a stationary observer Eve in the
vicinity of the Schwarzschild sphere of a slowly evapo-
rating BH. In ðuþ; rÞ coordinates the metric is given by
Eq. (36) and her four-velocity by uμEve ¼ ð1= ffiffiffi

f
p

; 0; 0; 0Þ.
Thus Eve’s energy density is

ρEve ¼ Tμνu
μ
Eveu

ν
Eve ≈ −

ϒ2

f
≈

C0þ
8πCþx

: ð46Þ

It is useful to introduce the reduced variables χ ≔ x=Cþ
and β ≔ −C0þ=Cþ. The near-horizon approximation is
valid for χ ≪ 1, while the Planck scale corresponds to
x ¼ χCþ ¼ 1. For Eve at rest close to the Schwarzschild
sphere, the fourth power of the four-acceleration satisfies

w4
Eve ¼

ðχ − βCþð1þ χÞ2Þ4
16C4þχ6ð1þ χÞ6 ; ð47Þ

where for a macroscopic BH we expect β ≪ 1. This
quantity diverges as χ → 0, but it sharply drops to zero

TABLE I. Signs in the limiting form of Tμν. The Einstein
equations have real solutions only in the first two cases.

sgnðTttÞ sgnðTr
t Þ s Vaidya metric

− − þ C0ðuþÞ < 0
− þ − C0ðu−Þ > 0
þ − − C0ðu−Þ < 0
þ þ þ C0ðuþÞ > 0
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and stays close to it in a narrow interval at the sub-
Planckian value

ξ0 ¼ βCþ; ð48Þ

while ρEve ≈ β=ð8πξ0Þ. We expect Eq. (45) to be applicable
if it is possible to have τ0 long enough, i.e., wEveτ0 ≫ 1,
which is still short enough on the evaporation scale,
Δuþ ≪ uEþ. The proper time is obtained via dτ ¼ ffiffiffi

f
p

dv.
Then (assuming that Eve is outside of the sub-Planckian
region, i.e., χ ≫ βCþ)

τ0 ≈
ffiffiffiffiffiffiffi
x
Cþ

r
Δuþ ¼ ffiffiffi

χ
p

Δuþ ≫ 2Cþ
ffiffiffi
χ

p
; ð49Þ

where Cþ is approximately constant during τ0, and the
double bound is

uEþ ≫ Δuþ ≫ Cþ; ð50Þ

which can be satisfied for a macroscopic BH. The estimate
does not change when χ ∼ βCþ. Approximating the sam-
pling function f2 by a box of width τ0, we approximate the
left-hand side of Eq. (45) as ρE.
Comparing it with w4

Eve we find that the continuous
domain where the QEI is satisfied belongs to the sub-
Planckian regime, while calculations that include back-
reaction of the Hawking radiation energy-momentum
tensor on the geometry lead to Eq. (36) as the leading
correction valid for distances that are comparable with rg
[7]. Hence the above estimate can indicate either that
the required negative energy density for having a
Schwarzschild sphere at finite time tS cannot be main-
tained, or that the Vaidya approximation of Eq. (36) to the
near-horizon geometry is valid in a much narrower regime
than previously thought. The latter may be another indi-
cation that the semiclassical approximation and its asso-
ciated classical notions are modified already at the horizon
or larger scales.
If we ignore this narrow sub-Planckian feature of w4

Eve,
we see that the QEI is satisfied at larger scales, but the
extent of the possible NEC-violating region depends on the
details of evaporation. This can be seen as follows. For a
sufficiently slow evaporation (βC2 ≪ 1, which we expect
to be true for macroscopic BHs), and for distances above
the Planck scale χ ≳ 1=Cþ, we can approximate w4

Eve by
setting β ¼ 0. Then the QEI becomes

11

960C4þπχð1þ χÞ6 ≥ β: ð51Þ

For βC4þ ≲ 1 it is satisfied at macroscopic scales, but with
increasing (even still satisfying βC3þ ≪ 1) evaporation rates

χ <
11

960πβC4þ
; ð52Þ

again pushing the NEC-violating regime to the Planck
scale.

IV. DISCUSSION

We demonstrated that having a trapped region appear in
finite time from the perspective of a distant observer not
only leads to the violation of energy conditions but,
together with the requirement of regularity of its boundary,
determines the limiting form of the total energy-momentum
tensor and the metric near the Schwarzschild sphere.
This physically motivated classification of the energy-
momentum tensor near rg and the explicit expression for
the metric allows us to resolve the controversies that
surround the thin shell models of collapse [31].
If the singularity forms at some finite t (as may happen

even if some energy conditions are violated [11]), a version
of the information loss problem may be posited [4,8]. The
firewall paradox plays a prominent role among its numerous
aspects. Our analysis clarifies what the “no drama at the
horizon” postulate that is used in its derivation actually
means. So long as near the Schwarzschild sphere the
curvature remains finite, the resulting average energy
density as perceived by the infalling Alice is negative, as
can be seen from Eq. (40). Hence she does not see the
vacuum, which is one of the elements of the chain of
arguments at least in some versions of the firewall paradox
[8]. Moreover, if the flux of energetic particles is desired to
disentangle the early and late modes of emitted radiation, it
has to not only avoid being a universal disentangler (for-
bidden by unitarity) [32], but also be weak enough so as to
not destroy the horizonwhile being energetic enough for the
erasure of information (at or above the Landauer bound)
[33]. This is a highly nontrivial requirement. Indeed, such a
burst may still be inefficient in destroying the correlations
while causing the renormalized energy density hT̂00i to
diverge to positive infinity in the energy pulse [34].
Several problems present themselves as the logical

extension of this work: (i) existence of trapped regions
at finite t with axial symmetry; (ii) rigorous derivation of
the QEI for the resulting geometries and study of their
implications on BH existence [this will also include
evaluation of the limiting value g0ðtÞ]; (iii) investigation
of the Schwarzschild radius, energy conditions and metric
in alternative theories of gravity; (iv) finding possible
observational differences with the black holes of GR,
particularly via quasinormal modes.
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APPENDIX A: METRIC NEAR rgðtÞ AND
DIFFERENT LIMITING FORMS OF THE

ENERGY-MOMENTUM TENSOR

1. Regularity of Tθ
θ

If we assume that Tθ
θ diverges at rg, then the finiteness of

the scalars T and T requires that it also has the asymptotic
form Ω=f. As a result the regularity conditions become

−ΞþΨþ 2Ω ¼ 0; −2Σ2 þ Ξ2 þ Ψ2 þ 2Ω2 ¼ 0;

ðA1Þ

where

lim
r→rg

τr ¼ ΨðtÞ; ðA2Þ

lim
r→rg

τt ¼ ΞðtÞ; ðA3Þ

lim
r→rg

τrt ¼ ΣðtÞ: ðA4Þ

Taking Ξ and Ψ as independent variables we find

Ω ¼ 1

2
ðΞ −ΨÞ; Σ2 ¼ 1

4
ð3Ξ2 þ 3Ψ2 − 2ΞΨÞ: ðA5Þ

The Einstein equation (6) does not change; its solution is

C ¼ rg þWðt; xÞ ¼ 2

3
rg − 4ϒΞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πr3gðr − rgÞ

q
þ 1

3
r…;

ðA6Þ

where Ξ ¼ −ϒ2
Ξ. However, Eq. (8) becomes

∂xh ¼ 4π
ðΣ −ϒ2

ΞÞ
ðx −WÞ2 : ðA7Þ

Its solution is

h ¼ h0ðtÞ þ
Σ −ϒ2

Ξ
4ϒ2

Ξ
lnðr=rg − 1Þ þ � � � ðA8Þ

Hence, on the one hand,

∂tC ¼
2ϒΞ

ffiffiffiffiffiffiffi
πr3g

q
ffiffiffiffiffiffiffiffiffiffiffiffir − rg

p _rg þ � � � ; ðA9Þ

and it can be matched with

∂tC
r2

¼ 8πTr
t ≈�8πΣeh ðA10Þ

only if h ∝ x−1=2, implying Ψ ¼ Ξ ¼ −ϒ2. Hence Ω ¼ 0
and Tθ

θ is finite at the Schwarzschild sphere.

2. The Ricci scalar

The explicit form of the Ricci tensor is given by

Rr2 ¼ −ð4r − CÞ∂rh − 2rðr − CÞð∂rhÞ2
þ ∂rCð2þ 3r∂rhÞ þ r∂2

rC − 2rðr − CÞ∂2
rh

þ e−2hr3

ðr − CÞ3 ð2ð∂tCÞ2 − ðr − CÞ∂tC∂th

þ ðr − CÞ∂2
t CÞ: ðA11Þ

Expansion in powers of x ¼ r − rg results in the Laurent
series

R ¼ ϱ3x−3=2 þ ϱ2x−1 þ ϱ1x−1=2 þOðxÞ

¼ p3

8
ffiffiffiffiffiffiffi
πrg

p
ξ20ϒ

1

x3=2
þ p2

16πr2gξ20ϒ
2

1

x

þ p1

144π3=2ξ30r
7=2
g ϒ3

1ffiffiffi
x

p þOðx0Þ; ðA12Þ

in
ffiffiffi
x

p
, with

p3 ¼ ð_r2g − 16πξ20rgϒ
2Þ; ðA13Þ

p2 ¼ _r2g − 16πξ20rgϒ
2; ðA14Þ

p1 ¼−32πξ30rgϒ2−18π _ξ0 _rgr3gϒ2

þξ0½ð2−9πr2gϒ2Þ_r2g−18πr3gϒð_rg _ϒ−ϒr̈gÞ�; ðA15Þ

where the denominators are the functions ρi that were
defined in Sec. II.

3. The case Ξ= 0

Here we discuss the case of the limits in Eq. (11)
being zero. Continuity of T and T does not impose any
additional restrictions on their behavior; we summarize this
situation as

lim
r→rg

e−2hTtt

fk
¼ AðtÞ; ðA16Þ

lim
r→rg

Trr

fl
¼ BðtÞ; ðA17Þ

lim
r→rg

e−hTt
r

fm
¼ LðtÞ; ðA18Þ
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for some k, l,m ≥ 1, where a priori there is no relationship
between the functions A, B and L.
Consider first the simplest case k ¼ 1. For regular

functions we have to take into account the next term in
the expansion of the τt and other components in r − rg.
Hence close to rg Eq. (6) implies

∂rC ≈ 8πðAþ A1ðr − rgÞÞr2g; ðA19Þ
where A1 ≔ 3r2gA. Its solution is

C ¼ rg þ 8πAr2gðr − rgÞ þ ð4πA1r2gÞðr − rgÞ2 þ � � � ;
ðA20Þ

where the requirement W < x ¼ r − rg for x > 0 leads to
the inequality

8πAr2g ≤ 1: ðA21Þ
If the inequality is strict, i.e., 8πAr2g < 1, then the

function h either diverges at least logarithmically due to

∂rh ≈
4πðAþ BÞr2

r − C
≈

4πðAþ BÞr20
ð1 − 8πAr2gÞðr − rgÞ

; ðA22Þ

or is regular if A ¼ −B. Matching the two expressions for
∂tC at r ¼ rg requires

∂tC ¼ ð1 − 8πAr2gÞ_rg ¼ r2gL lim
r→rg

ehfm: ðA23Þ

This identity can be satisfied only if h diverges logarithmi-
cally with a coefficient μ ¼ −1 while m ¼ 1. Hence (in a
gauge where ξ0 ¼ ffiffiffiffirgp )

4πðAþ BÞr2g
ð1 − 8πAr2gÞ

¼ −1; _rg ¼
Lr2g

ð1 − 8πAr2gÞ
: ðA24Þ

We find that R and R are finite at rg if an additional
condition

ð1 − 8πAr2gÞ2 ¼ _r2g ðA25Þ
is satisfied, relating A and L.
On the other hand, if 8πAr2g ¼ 1, then

C ¼ r − β2x2; ðA26Þ
where β2 ¼ −ð8πArg þ 4πA1r2gÞ. In this case ∂tC0 ¼ 0.
The function h either diverges at least as 1=x due to

∂rh ≈
4πðAþ BÞr2

r − C0

≈ −
4πðAþ BÞr20

β2x2
; ðA27Þ

or is regular if A ¼ −B. Since expð1=xÞ diverges faster than
any inverse power of x, the identity

0 ¼ ∂tC ¼ r2gL lim
r→rg

ehfm ðA28Þ

can be satisfied only if A ¼ −B (thus getting a finite h) and
m ≥ 1. Nevertheless, the Ricci scalar diverges, unless both
∂tC0 and ∂2

t C0 are zero. Hence this case is excluded as it is
not compatible with the evolution of the Schwarzschild
radius. As a result, the simplest case of Ξ ¼ 0 is given by
k ¼ l ¼ m ¼ 1, and

B ¼ −1þ 4Aπr2g
4πr2g

¼ A −
1

4πr2g
; ðA29Þ

L ¼ �ð1 − 8πAr2gÞ2
r2g

; 1 > 8πAr2g: ðA30Þ

In this case the ðtrÞ block of the energy-momentum
tensor in the orthonormal frame is

Tâ b̂ ¼
�
A L

L B

�
; ðA31Þ

where BðAÞ and LðAÞ and the bound on A are given in
Eq. (A30). Using these relations we find that both for
positive and negative A the NEC is violated (Tâ b̂k

âkb̂ < 0)
with the incoming radial null geodesic kâ ¼ ð1;−1; 0; 0Þ.

APPENDIX B: ðu�;rÞ COORDINATES AND THE
EINSTEIN EQUATIONS: Ξ < 0

In this section we present the case of negative energy
density when the partial differential equation (PDE) for the
integrating factor h� has a real-valued solution, meaning
that we are simply discussing the same physical situation in
different coordinate systems. We denote the energy-
momentum tensor in the two coordinate systems ðu�; rÞ
as Θ�

μν, respectively. To reduce clutter we restore u ¼ u−
and v ¼ uþ.

1. ðu;rÞ coordinates
First we analyze the retarded null coordinate. Note that

the Schwarzschild radius satisfies r−ðuÞ ¼ rgðtðu; r−ðuÞÞ,
so the numerical values of limits ϒ are the same. Recall

dt ¼ e−hðeh−duþ dr=fÞ: ðB1Þ
Hence the relevant components of the energy-momentum
tensor for the two signs of the flux τrt ¼ −ϒ2 (τrt ¼ þϒ2)
are

Θ−
uu ¼

�∂t
∂u

�
2

Ttt → −e2h−ϒ2ð−e2h−ϒ2Þ; ðB2Þ

Θ−
ur ¼

∂t
∂u

∂t
∂r Ttt þ

∂t
∂uTtr → −

2

f
eh−ϒ2ð0Þ; ðB3Þ

Θ−
rr ¼ Trr þ

�∂t
∂r

�
2

Ttt þ 2
∂t
∂r Ttr → −

4

f2
ϒ2ð0Þ: ðB4Þ
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In both cases the left-hand sides of the Einstein equations
are

Guu ¼ e2h−
∂rC−

r2

�
1 −

C−

r

�
− eh−

∂uC−

r2
; ðB5Þ

Gur ¼ eh−
∂rC−

r2
; ðB6Þ

Grr ¼
2∂rh−ðu; rÞ

r
: ðB7Þ

Close to the Schwarzschild sphere we get (for τrt ¼ −ϒ2,
contraction of the apparent horizon)

∂uC− ¼ − 8πr2−eh−ϒ2; ðB8Þ

∂rC− ¼ −16πr2−ϒ2=f; ðB9Þ

∂rh− ¼ −16πr−ϒ2=f2: ðB10Þ

The second and the third equation give

C−ðu; rÞ ¼
2

3
r−ðuÞ −

ffiffiffi
2

p
aðr − r−Þ1=2 þ

1

3
r…; ðB11Þ

and

h− ¼ −
1

2
lnðr=r− − 1Þ þ 2

ffiffiffi
2

p

3

ffiffiffi
x

p
a

; ðB12Þ

where

a ≔ 4
ffiffiffi
π

p
ϒr3=2− : ðB13Þ

Similar to the analysis in ðt; rÞ coordinates we have the
identity between the two ways to calculate ∂C−ðu; r−Þ. On
the one hand, the Einstein equation implies

lim
r→r−

∂uC−ðu; rÞ ¼ −
a2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r−ðr − r−Þ

p ; ðB14Þ

and on the other hand,

lim
r→r−

∂uC−ðu; rÞ ¼
adr−=duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr − r−Þ

p : ðB15Þ

Hence

dr−
du

¼ −
affiffiffiffiffiffiffiffi
2r−

p : ðB16Þ

2. ðv;rÞ coordinates
The relevant components of the energy-momentum

tensor for the two signs of the flux τrt ¼ −ϒ2 (τrt ¼ þϒ2)
are

Θþ
vv ¼

�∂t
∂v

�
2

Ttt → −e2hþϒ2; ðB17Þ

Θþ
vr ¼

∂t
∂v

∂t
∂r Ttt þ

∂t
∂v Ttr → 0

�
2

f
ehþϒ2

�
; ðB18Þ

Θþ
rr ¼ Trr þ

�∂t
∂r

�
2

Ttt þ 2
∂t
∂r Ttr → 0

�
4

f2
ϒ2

�
: ðB19Þ

The Einstein equations are

Gvv ¼ e2h2
∂rCþ
r2

�
1 −

Cþ
r

�
þ ehþ

∂vCþ
r2

; ðB20Þ

Gvr ¼ −ehþ
∂rCþ
r2

; ðB21Þ

Grr ¼
2∂rhþðv; rÞ

r
: ðB22Þ

APPENDIX C: ðu�;rÞ COORDINATES AND THE
EINSTEIN EQUATIONS: Ξ > 0

The case Ξ ¼ ϒ2 with negative τrt is most conveniently
described using retarded null coordinates

∂uC− ¼ −8πr2−ϒ2; ðC1Þ

∂rC− ¼ 0; ðC2Þ

∂rh− ¼ 0; ðC3Þ

which at leading order correspond to the standard outgoing
Vaidya metric

ds2 ¼ −ð1 − C−Þdu2− − 2du−drþ r2dΩ; ðC4Þ

with C0
− < 0. Similarly, the case of positive energy density

and positive τrt is naturally described using advanced null
coordinates, resulting in the standard ingoing Vaidya metric

ds2 ¼ −ð1 − CþÞdu2þ þ 2duþdrþ r2dΩ; ðC5Þ

with C0þ > 0.
Equation (4), which relates the differential of t to the

differentials of u∓ and r, becomes

dt ¼ e−ψ∓ðu∓;rÞðdu∓ � f−1drÞ; ðC6Þ

f ¼ 1 −
C∓ðtðu∓; rÞ; rÞ

r
¼ 1 −

C∓ðu∓Þ
r

; ðC7Þ

where the partial differential equation (PDE) for the
integrating factor h ¼ ψ∓ðu∓; rÞ is
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∂rψ∓ ∓ f−1∂u∓ψ∓ ¼ �f−2∂u∓f: ðC8Þ

In both cases we obtain complex-valued solutions for the
transformation from ðu�; rÞ to ðt; rÞ coordinates. This is a
manifestation of the fact that if the NEC is satisfied, there is
no finite-time solution that has the Schwarzschild radius
rgðtÞ. First we recall some general properties of a first
order PDE.
Using the standard procedure for solving a first order

linear PDE [35,36], we set the characteristic system of
ordinary differential equations

dr
a
¼du∓

b
¼dψ∓

c
;

a¼1; b¼∓f−1; c¼�f−2∂u∓f¼∓f−2C0∓=r: ðC9Þ
When it is unambiguous we use ψ ¼ ψ∓ðu∓; rÞ, z ¼ u�,
and C ¼ C∓ to simplify the notation. Two independent
equations can be selected by choosing, e.g., z as the
independent variable. Then the characteristic curves are
given by r ¼ rðz; K1Þ and ψ ¼ ψðz; K1; K2Þ, whereK1 and
K2 are constants. The general solution is then implicitly
given by

FðK2ðz; K1ðz; rÞ;ψÞÞ ¼ 0; ðC10Þ
where FðyÞ is an arbitrary function of a single argument
and K1, K2 are expressed as functions of z, r and ψ . Since
we are interested in ψ solely in its capacity as an integrating
factor, we take the simplest form of ψ that is compatible
with Eq. (C10).
We select two independent equations and use the

coordinate x ¼ r − CðzÞ to obtain the system

dr
dz

¼ dC
dz

þ dx
dz

¼∓
�
1 −

C
Cþ x

�
¼∓ x

Cþ x
; ðC11Þ

dψ
dz

¼ 1

fr
dC
dz

¼ C0

x
; ðC12Þ

where the upper sign corresponds to z ¼ u−. To illustrate
the key points it is enough to consider early stages of the
evolution after formation of the Schwarzschild sphere.
In both cases the mass is a linear function of z,

C�ðu�Þ ¼ C0ð1� βu�Þ; ðC13Þ

where β > 0 is a constant and C0 is the BH mass on the
appearance of the Schwarzschild sphere. The evaporating
case is described in ðu−; rÞ coordinates, and the case of
growing BH mass is described in ðuþ; rÞ coordinates. We
also consider only regions that are close to the Schwarzschild
radius, x ≪ C. The terms βzC0 and x are of the same order
of magnitude, and we can keep only the first order
expression when expanding the denominator of Eq. (C11).
Consider first the outgoing Vaidya metric. Solving

Eq. (C11) we obtain (in the leading order)

K1 ¼ u− þ C0 ln

�
x
C0

− βC0

�
: ðC14Þ

Substituting xðu−Þ into Eq. (C12) and integrating, we find

K2 ¼ ψ− þ lnðeK1=C0 þ βC0eu−=C0Þ: ðC15Þ

For the ingoing Vaidya metric Eq. (C11) gives

K1 ¼ uþ − C0 ln
�

x
C0

− βC0

�
ðC16Þ

and

K2 ¼ ψþ − uþ=C0 þ lnðβC0 þ eðuþ−K1Þ=C0Þ: ðC17Þ
We see that ψ�ðu�Þ must be complex valued as expected
for complex C and h in the case of Ξ ¼ ϒ2. On the other
hand, the case of Ξ ¼ −ϒ2 and positive incoming flux
results in a real-valued transformation that connects two
coordinate representations of the same physical situation.
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