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Abstract. On a complete non-compact Riemannian manifold satisfying the volume
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1. Introduction and statement of the results

1.1. Preliminaries. On Riemannian manifolds and more general spaces, heat kernel
estimates on functions are well understood (see for instance the surveys [21, 42, 58] and the
books [43, 57]). In short, a uniform upper estimate for the heat kernel on functions is equiva-
lent to an L2 isoperimetric-type functional inequality (see [21]). In the setting of Riemannian
manifolds with the volume doubling property, the Gaussian upper estimate of the heat ker-
nel on functions can be characterized in terms of relative Faber–Krahn inequalities and other
Sobolev-type inequalities (see [40,43,57], as well as the more recent [12]). On the other hand,
heat kernel estimates for the Hodge Laplacian acting on forms have been traditionally consid-
ered only for small time and on compact manifolds [9, 38, 55] or in special settings like Lie
groups [51,56]. More recently, the question of finding Gaussian estimates valid for all time for
the heat kernel acting on forms on non-compact manifolds has been addressed in [27] and later
on in [30]. The most up-to-date result, from [30], yields Gaussian upper estimates for the heat
kernel on 1-forms if the manifold satisfies some geometric conditions (Sobolev inequality of
dimension n > 4, Euclidean volume growth, the negative part of the Ricci curvature belonging
to L

n
2
˙", " > 0) and in absence of harmonic L2 forms, the latter condition being necessary.

Our goal in this article is to extend the results of [30] to a more general class of manifolds,
which do not necessarily satisfy a global Sobolev inequality. More precisely, we shall replace
Sobolev by the more natural assumption of a Gaussian upper estimate for the heat kernel acting
on functions. As a consequence, we will not be restricted to manifolds with uniform polyno-
mial volume growth, and our results will hold for manifolds with the volume doubling property.
Multiple difficulties appear when one tries to do this, in particular it is not obvious which hypo-
thesis should be made on the negative part of the Ricci curvature. Before presenting our results,
let us first introduce the setting.

Let M be a complete, connected, non-compact Riemannian manifold, endowed with
a positive measure � D ef � that is absolutely continuous with respect to the Riemannian
measure �. We assume that f is smooth. We denote by r the Riemannian gradient, and by
��u D �div.ru/ � hrf;rui the weighted non-negative Laplace operator. In the sequel, we
will denote �� simply by �, the dependence to the measure � being thus implicit. Let d
denote the geodesic distance, B.x; r/ the open ball for d with center x 2M and radius r > 0,
and V.x; r/ its volume �.B.x; r//.

We will use the notation h . g to indicate that there exists a constant C (independent of
the important parameters) such that h � Cg, h & g if g . h, and h ' g if h . g and h & g.

We will assume that the weighted manifold .M; d; �/ satisfies the volume doubling prop-
erty, that is,

V.x; 2r/ . V.x; r/ for all x 2M; r > 0:(VD)

It follows easily that there exists � > 0 such that

(VD�)
V.x; r/

V .x; s/
.
�
r

s

��
for all x 2M; r � s > 0:

It is known (see [39, Theorem 1.1]) that if M is connected, non-compact, and satisfies (VD),
then the following reverse doubling condition holds: there exist 0 < �0 � � such that

V.x; r/

V .x; s/
&
�
r

s

��0
for all r � s > 0 and x 2M:(RD�0)
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Let us introduce the following volume lower bound: for some x0 2M there exists � > 0 such
that

V.x0; r/ & r� for all r � 1:(VL�)

It is clear from (VD) that this condition does not depend on the choice of x0. Taking s D 1 in
(RD�0) shows that (VL�) always holds at least for � D �0.

Let e�t� be the heat operator associated to �, and pt .x; y/ its kernel, so that, for any
compactly supported smooth function f on M , there holds

e�t�u.x/ D

Z
M

pt .x; y/u.y/ d�.y/:

It is classical that pt is smooth, positive, satisfies pt .x; y/ D pt .y; x/, and that under (VD),R
M pt .x; y/ d�.y/ D 1 for all x, in other words M is stochastically complete.

On and off-diagonal estimates of the heat kernel pt .x; y/ have been studied in detail in
the past thirty years. Let us start by introducing the on-diagonal estimate:

pt .x; x/ .
1

V.x;
p
t /

for all t > 0 and all x 2M .(DUE)

Under (VD), (DUE) self-improves into an (off-diagonal) Gaussian upper estimate ([41, Theo-
rem 1.1], see also [25, Section 4.2]):

pt .x; y/ .
1

V.x;
p
t /

exp
�
�
d2.x; y/

C t

�
for all t > 0 and a.e. x; y 2M;(UE)

for some C > 0. It is known (see [40]) that the Gaussian upper estimate (UE) is equivalent
to an L2 isoperimetric-type inequality called the relative Faber–Krahn inequality (for a new
point of view on this equivalence see [12]). Let us also introduce the upper and lower Gaussian
estimates for the heat kernel (sometimes called Li–Yau estimates):

pt .x; y/ '
1

V.x;
p
t /

exp
�
�
d2.x; y/

C t

�
for all t > 0 and a.e. x; y 2M;(LY)

where C denotes a possibly different constant in the upper and the lower bound. By a theorem
of Saloff-Coste (see [57] and the references therein, see also [39] for an alternative approach
of the main implication, as well as the more recent [10]), it is known that under (VD), (LY) is
equivalent to the following family of scale-invariant L2 Poincaré inequalities: there is a con-
stant C such that, for every geodesic ball B D B.x; r/, and every u 2 C1.B/,Z

B

ju � uB j
2 d� � Cr2

Z
B

jruj2 d�;(P)

where
uB D

1

�.B/

Z
B

ud�

denotes the average of u overB . By [49], (LY) holds on a complete manifold with non-negative
Ricci curvature endowed with its Riemannian measure. In Remark 1.20 below, we shall also
use a weak local L1-version of (P): we say that (Ploc) holds ifZ

B

ju � uB j d� � Cr

Z
B

jruj d�;(Ploc)
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where this time the constant Cr depends on the radius of B (but not on its center), and is not
necessarily linear in r . Remark that by standard arguments involving Hölder inequality, the L1

local Poincaré inequality (Ploc) implies its Lp counterpart. It is classical that (Ploc) holds on
a complete manifold with Ricci curvature bounded from below, endowed with its Riemannian
measure.

We now recall the notion of non-parabolicity (see for instance [42, Section 5] for more
information). One says that M is non-parabolic ifZ 1

1

pt .x; y/ dt < C1

for some (all) x; y 2M . In this case, G.x; y/ defined by

G.x; y/ D

Z C1
0

pt .x; y/ dt

is finite for all x ¤ y, and is the positive, minimal Green function of �. If furthermore (VD)
and (UE) hold, then the non-parabolicity of M is equivalent toZ C1

1

dt

V .x0;
p
t /
< C1;(V1)

for some point x0 2M (this uses the fact that under (VD) and (UE), the heat kernel has an
on-diagonal lower bound pt .x; x/ � C=V.x;

p
t /; see [42, Theorem 11.1]). We also introduce

an additional, related integral volume growth condition:Z C1
1

dt

ŒV .x0;
p
t /�1�

1
p

< C1(Vp)

for some x0 2M . It follows from condition (VD) that (V1) and (Vp) do not depend on the
choice of x0. Notice that (VL�) with � > 2 implies (Vp) for all p 2 . �

��2
;C1�, hence non-

parabolicity under (VD) and (UE).
In this article, we investigate Gaussian estimates for the heat kernel of elliptic operators

of Schrödinger type, acting on sections of a vector bundle overM . We are motivated by the par-
ticular case of the Hodge Laplacian E�� D dd�� C d

�
�d acting on 1-forms, which we describe

now. In this paragraph, in order to make things clearer, we assume the measure � to be the
Riemannian measure, although, as we will see later, what we are going to say can be extended
to the weighted case. Denote by e�t E� the associated heat operator, and by Ept .x; y/ its kernel.
Thus, for every x and y in M , Ept .x; y/ is a linear endomorphism from T �yM to T �xM , where
ƒ1T �M is the vector bundle of 1-forms on M . By definition, for every compactly supported
smooth 1-forms ! and �, there holds

he�t
E�!; �i D

Z
M

. Ept .x; y/!.y/; �.x//x d�.x/ d�.y/:

We consider the Gaussian estimates for Ept .x; y/:

k Ept .x; y/ky;x .
1

V.x;
p
t /

exp
�
�
d2.x; y/

C t

�
for all t > 0 and a.e. x; y 2M;( EUE)

for some C > 0. Here k � ky;x denotes the norm of the operator Ept .x; y/ from T �yM to T �xM
endowed with the Riemannian metrics at y and x.
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Gaussian estimates for pt and Ept have important consequences for the Riesz transform:
if M satisfies (VD) and (UE), then the Riesz transform d��1=2 extends to a bounded opera-
tor on Lp, for 1 < p � 2 (see [22]), and if in addition it satisfies ( EUE), then d��1=2 is also
bounded for 2 � p < C1 (see [23, 24, 59]). Let us now recall the Bochner formula for the
Hodge Laplacian on 1-forms (for which we need � to be the Riemannian measure):

E� D r�r C Ric D N�C Ric;

where r�r D N� is called the rough Laplacian, and where Ric is, at every point x, a symmetric
endomorphism derived in a canonical way from the Ricci curvature tensor. The Bochner for-
mula allows one to see E� as a “generalized Schrödinger operator” with potential Ric. IfM has
non-negative Ricci curvature, then (UE) holds (see [49]) and ( EUE) follows by the Bochner for-
mula and domination theory (see [7]). Hence the Riesz transform d��1=2 extends to a bounded
operator on Lp for all 1 < p < C1. The latter result was originally proved by Bakry [5], with
probabilistic techniques. However, it is not fully satisfactory, since pointwise lower bounds for
the Ricci curvature are easily destroyed by perturbation, whereas the boundedness of the Riesz
transform is preserved under “mild” perturbation of the metric and the topology (for example,
by modifying the topology and the metric on a compact set, see [17, 31]). It is thus natural
to look for a condition on the Ricci curvature, weaker than pointwise non-negativity, that will
imply the boundedness of the Riesz transform on all the Lp spaces. As we have just seen, one
way to achieve this goal is to obtain Gaussian estimates ( EUE) for the heat kernel on 1-forms,
under some (small) amount of negative Ricci curvature. In [27], Coulhon and Zhang proved
( EUE) using domination theory, for manifolds satisfying (VD) and (UE) and a “non-collapsing”
assumption for the volume of geodesic balls, under the hypothesis that the negative part of the
Ricci curvature is “small enough” in an integral sense; more precisely, assuming moreover that
the scale-invariant Poincaré inequalities (P) hold, the smallness condition on the negative part
of the Ricci curvature Ric� can be written as

sup
x2M

Z
M

G.x; y/kRic�.y/ky d�.y/ < ı;

where ı is some small (non-explicit) constant. However, this smallness condition is not satisfac-
tory, because it entails a global size bound on the negative part of the Ricci curvature, whereas
it is expected that a “smallness at infinity” (together with other geometric assumptions prevent-
ing the manifold from having several ends) is enough. This is supported by the results of [30]:
assuming that M satisfies a global Sobolev inequality of dimension n > 4, and has Euclidean
volume growth, with Ric� in L

n
2
˙", it is proved that ( EUE) holds if and only if there is no non-

zero L2-harmonic 1-form. Let us mention at this point that exact L2-harmonic 1-forms are
related to the ends of the manifold; in particular, if the Sobolev inequality holds, then the hypo-
thesis that there is no non-zero L2-harmonic 1-form implies thatM has only one end, see [48].
The condition on Ric� is more satisfactory here, because there is no size limitation, more
precisely kRic�kn

2
˙" can be as large as we want. However, the assumption that M satisfies

a global Sobolev inequality is not natural, and it is desirable to have a result for manifolds that
merely satisfy (VD) and (UE). In this case, it is not obvious which smallness condition on the
negative part of the Ricci curvature is analogous to L

n
2
˙". Also, the proof in [30] uses in sev-

eral crucial ways the global Sobolev inequality, and thus it is not easy to adapt it to the broader
setting of manifolds satisfying only (VD) and (UE). In this article, we extend the results of [30]
to this more general setting, by mixing the ideas from [30] with the techniques from [12].
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We shall work in the framework of generalized Schrödinger operators acting on sections
of a vector bundle over M . More precisely, consider a generalized Schrödinger operator

L D r�r CR;

acting on a finite-dimensional Riemannian bundle E !M , that is, a finite-dimensional vec-
tor bundle equipped with a scalar product . � ; � /x depending continuously on x 2M (see for
instance [8, Section E]). Here r is a connection on E !M which is compatible with the met-
ric, and r�r is the so-called “rough Laplacian” which we will from now on denote by N�. Of
course, the formal adjointr� depends on the measure �, and we really should writer�� instead
of r�, but to keep notations light we prefer to keep this dependence implicit. The “potential”
R is by definition an L1loc-section of the vector bundle End.E/, that is, for all x 2M , R.x/

is a symmetric endomorphism of Ex , the fiber at x. Notice that if E is the trivial M �R,
a generalized Schrödinger operator on E is just a scalar Schrödinger operator �C V , where
V WM ! R is a real potential. Since R is in L1loc, by standard elliptic regularity, solutions of
L! D 0 are contained in C 1;˛loc for all ˛ 2 .0; 1/. For a.e. x 2M , one can diagonalize R.x/ in
an orthonormal basis of Ex . Denote by RC.x/ the endomorphism corresponding to the non-
negative eigenvalues, and by �R�.x/ the one corresponding to the negative eigenvalues, so
that RC.x/, R�.x/ are a.e. non-negative symmetric endomorphisms acting on the fiber Ex
and

R D RC �R�:

Notice also that RC and R� belong to L1loc. Denote by j � jx the norm on Ex derived from
. � ; � /x and by k � kx the induced norm on End.Ex/. In particular,

kR�.x/kx D sup
v2Ex ; jvjxD1

j.R�.x/v; v/xj D max �.R�.x//;

where �.R�.x// is the (finite) set of eigenvalues of R�.x/. Let C1.E/ (resp. C10 .E/) be the
set of smooth sections of E (resp. of smooth “compactly supported sections”, that is, sections
which coincide with the zero section outside a compact set). For p � 1 we will consider the
Lp norm on sections of E:

k!kp D

�Z
M

j!.x/jpx d�.x/

� 1
p

with the usual extension for p D1. We shall denote by Lp.E/, or simply Lp when no confu-
sion is possible, the set of sections of E with finite Lp norm, modulo equality a.e. Sometimes,
depending on the context, Lp will simply refer to real-valued functions. We will denote by

h!1; !2i WD

Z
M

.!1.x/; !2.x//x d�.x/

the scalar product in L2.E/.
From an obvious adaptation of Strichartz’s proof that the Laplacian is self-adjoint on

a complete manifold (see [53, Theorem 3.13]), we know that if R� is bounded, then

L D N�CRC �R�

is essentially self-adjoint on C10 .E/. If R� is not bounded, we will consider the Friedrichs
extension of L, which is an unbounded, self-adjoint operator onL2.E/. We will make a crucial
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assumption on L: we will assume that it is non-negative. By this we mean that the associated
quadratic form to L is non-negative, that is, for every ! 2 C10 .E/,Z

M

jr!j2 C hR!;!i � 0:

By the spectral theorem, one can then consider e�tL, which is a contraction semigroup on L2.
By elliptic estimates again, there exists a kernel pL

t for e�tL, that is, for every x; y 2M ,
pL
t .x; y/ is a linear map from Ey to Ex such that for every !i 2 L2.E/, i D 1; 2,

he�tL!1; !2i D

Z
M�M

�
pL
t .x; y/!1.y/; !2.x/

�
x
d�.x/ d�.y/:

By self-adjointness of L, the adjoint of pL
t .x; y/ is pL

t .y; x/ a.e. Denote by k � ky;x the opera-
tor norm on End.Ey ; Ex/. We will say that the heat kernel of L satisfies Gaussian estimates if
for every t > 0 and a.e x; y 2M ,

kpL
t .x; y/ky;x .

1

V.x;
p
t /

exp
�
�
d2.x; y/

C t

�
:(UEL)

We also consider the on-diagonal estimates for the heat kernel of L: for every t > 0 and a.e.
x 2M ,

kpL
t .x; x/kx;x .

1

V.x;
p
t /
:(DUEL)

Thanks to a general result of A. Sikora [59, Theorems 1 and 4], if L satisfies the Davies–
Gaffney estimates, then (UEL) and (DUEL) are equivalent. It turns out that in our setting,
L does indeed satisfy the Davies–Gaffney estimates. This is explained in more details in the
Appendix (see Theorem A.5 therein). Thus, in our setting, (UEL) is equivalent to (DUEL).

Let us denote by W.x/ the greatest eigenvalue of R�.x/. Classical domination theory
(see [7]) implies that, in the unweighted case, that is, if � is the Riemannian measure, for every
! 2 C10 .E/,

je�tL!j � e�t.��W /j!j:

It is an important fact that this remains true in the weighted case as well, see the Appendix for
details about this claim. In particular, if R is everywhere non-negative, for every ! 2 C10 .E/,

je�tL!j � e�t�j!j:(1.1)

If furthermore M satisfies (UE), one then deduces from (1.1) that (UEL) is satisfied.

As we mentioned before for the case of 1-forms, an important example of such a general-
ized Schrödinger operator L is provided in the unweighted case by �k D d�kC1dk C dk�1d

�
k

,
the Hodge Laplacian acting on differential k-forms. It obviously follows from its definition that
�k is non-negative. Let us denote byƒkT �M the vector bundle of smooth k-forms. As shown
in [36], the operator �k admits a Bochner decomposition

�k D N�CRk :
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Here Rk is a symmetric section of End.ƒkT �M/ derived from the Riemann curvature opera-
tor. An important particular case is k D 1, for which R1 is canonically identified with the Ricci
curvature. We may denote in short the Gaussian estimate .UE�k / by . EUEk/. Note that . EUE1/ is
nothing but . EUE/ already introduced. It turns out that if � is not the Riemannian measure, the
corresponding weighted Hodge Laplacian is also of interest: such operators have been consid-
ered by Witten [62] and Bismut [11], in order to give a new proof of the Morse inequalities, and
later by Bueler [13] to study the cohomology of non-compact manifolds. Heat kernel estimates
for the weighted Hodge Laplacian on 1-forms have also consequences for the boundedness of
the weighted Riesz transform d�

�1=2
� , as we shall explain more in detail later. Explicitly, the

weighted Hodge Laplacian acting on k-forms is defined by

��;k D dd
�
� C d

�
�d

(in order to keep notation reasonably light, we make the dependence on k implicit in d and d�),
where d�� is the adjoint of d , which thus depends on the measure �. It turns out that
a Bochner-type formula still holds for the weighted Hodge Laplacian; this is discussed in more
details in the Appendix. For the time being, let us write without justification the weighted
Bochner formula for the Hodge Laplacian:

��;k! D N��! CRk! �Hf !;(1.2)

where N�� D r��r is the weighted rough Laplacian, and the additional term Hf is the
“Hessian operator” of f (see the Appendix), which is a symmetric section of the vector bundle
End.ƒkT �M/. Thus, the term Rk �Hf is indeed a generalized potential in the sense that we
have defined previously. In the particular case k D 1, the “potential” term in formula (1.2) is
Ric� WD Ric �Hf , the same term that appears in the iterated carré du champ �2 of a weighted
Laplacian on a Riemannian manifold (see [6, Proposition 3]). This is not a coincidence, because
the (Bochner) formula for the carré du champ of a weighted Laplacian actually follows from
formula (1.2) for general 1-forms (this is explained in greater details in the Appendix).

Coming back to the case of a generalized Schrödinger operator, consider the following
strong subcriticality property, a strengthening of non-negativity which may or may not be sat-
isfied by L: there exists 0 < � < 1 such that for every ! 2 C10 .E/,

hR�!;!i � .1 � �/h. N�CRC/!; !i:(1.3)

If (1.3) is satisfied, we will say that L is .1 � �/-strongly subcritical. Notice that if M is
non-parabolic, then (1.3) implies KerL2.L/ D 0 (see Lemmas 3.1 and 4.6). This strong sub-
criticality (or strong positivity) assumption first appeared in the work of Simon and Davies
(see [28]). It has then been used in numerous papers dealing with the perturbation theory of
Schrödinger operators (see [2, 61] and the references therein). In relation to Riesz transforms
and heat kernels on one-forms, this strong subcriticality condition is used in [2,27,50]. In [27],
a pointwise estimate weaker than ( EUE) is proved (basically, ( EUE) multiplied by a polynomial
factor in time) for manifolds satisfying (VD) and (UE), non-collapsing of the volume of balls
of radius 1 such that Ric� 2 Lp \ L1 for some 1 � p < C1 and E� is strongly subcritical.
In [50], some Lp ! Lq off-diagonal estimates for e�t E� are proved under (VD), (UE), and
the strong positivity of Ric�. The exponents p and q that are allowed depend on the best con-
stant in the strong subcriticality inequality (1.3) for R D Ric.
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We now come to our “smallness at infinity” assumption: we shall say that condition (K)
is satisfied by a section V 2 L1loc of the vector bundle End.E/ onM ifM is non-parabolic and
there is a compact subset K0 of M such that

sup
x2M

Z
MnK0

G.x; y/kV.y/ky d�.y/ < 1;(K)

where G is the Green function for the Laplace operator on functions. In a more compact way,
condition (K) may be formulated as k��1.kVk1MnK0/k1 < 1. In the sequel, we shall identify
a section of the vector bundle End.E/ with the associated composition operator. Under this
identification, the quantity k��1.kVk1MnK0/k1 is also the L1-L1 norm of the composition
operator by ��1.kVk1MnK0/ on E. Let us mention that (K) was introduced in [32] to study
the heat kernel and the Riesz transform of Schrödinger operators with potential that are “small
at infinity”. In fact, (K) is a generalization of the more familiar Kato class at infinity K1.M/,
defined by V 2 K1.M/ if

lim
R!1

sup
x2M

Z
MnB.x0;R/

G.x; y/kV.y/ky d�.y/ D 0(1.4)

for some (all) x0 2M . This is a slightly more restrictive condition than our condition (K). The
notion of Kato class at infinity is often used as an effective tool to obtain Gaussian estimates
for the heat kernel of Schrödinger operators (see [61]). Also, in [32], a sufficient condition for
a potential to satisfy (1.4) is presented, in terms of some weighted Lp spaces: if (UE) holds,
and there is " > 0 such that

V 2 L
�
2
�"

�
M;

d�.x/

V .x; 1/

�
\ L

�0

2
C"

�
M;

d�.x/

V .x; 1/

�
;

where � and �0 are the exponents from (VD) and (RD�0), then V belongs to the Kato class at
infinity K1.M/, and thus in particular satisfies (K). In the case where the volume growth is
polynomial, that is,

C�1rn � V.x; r/ � Crn for all x 2M and all r > 0;

with n > 2, the above condition on V is the familiar condition V 2 L
n
2
˙".

1.2. Our results. We can now state our main result, which generalizes [30, Theorem 4,
Proposition 11] to manifolds that do not necessarily satisfy a global Sobolev inequality:

Theorem 1.1. Let .M;�/ be a complete, non-compact, connected weighted Riemann-
ian manifold satisfying (VD) and (UE). Assume that .M;�/ satisfies the volume lower bound
(VL�) with � > 2. Let E be a vector bundle with basisM and a connection r compatible with
the metric, and let

L D r��r CRC �R�

be a generalized (weighted) Schrödinger operator on E such that R� satisfies condition (K).
Then the following are equivalent:

(i) The heat kernel of L satisfies (UEL).

(ii) L is strongly subcritical.

(iii) KerLp .L/ D ¹0º, for some (any) p 2 . �
��2

;C1/.

If in addition � > 4, then (iii) is equivalent to KerL2.L/ D ¹0º.
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Actually, it worth stating that under the assumptions of Theorem 1.1, KerL2.L/ is always
finite dimensional:

Proposition 1.2. Let .M;�/ be a complete, non-compact, connected weighted Riemann-
ian manifold satisfying (VD) and (UE). Assume that .M;�/ satisfies the volume lower bound
(VL�) with � > 2. Let E be a vector bundle with basisM and a connection r compatible with
the metric, and let

L D r��r CRC �R�

be a generalized (weighted) Schrödinger operator on E such that R� satisfies condition (K).
Then KerL2.L/ is finite dimensional.

This extends results of Carron [14], proved under the assumption that M satisfies a
Sobolev inequality. We now make a number of comments about our result:

Remark 1.3. Theorem 1.1 greatly improves upon [30, Theorem 3]: first the geometric
assumptions on M are considerably weaker (no global Sobolev inequality assumed, a weaker
volume growth condition). Secondly, in [30] it was not noticed that the strong subcriticality of
L not only implies the Gaussian estimates for e�tL, but is actually equivalent to it. We also
would like to point out that there is a misprint in the statement of [30, Theorem 3]: n should be
strictly larger than 4, as follows from [30, Proposition 11].

Remark 1.4. A sufficient condition for L to be strongly subcritical is that

sup
x2M

Z
M

G.x; y/kR�.y/ky d�.y/ < 1:

In other words, if one can take K0 D ; in K, then L is strongly subcritical hence, under
the assumptions of Theorem 1.1, (UEL) is satisfied. In the case where M satisfies (VD) and
(DUE), the above implication follows from Proposition 2.3 (see Section 3 for details). By using
[32, Lemma 3.5], one can in fact show the same statement for every non-parabolic manifold.

Remark 1.5. It is not hard to see that for every p 2 Œ1;1/, KerLp .L/ D ¹0º is a nec-
essary condition for (UEL) to hold (see Lemma 1.21). Our result asserts that if p > �

��2
, then

under our other assumptions it is also sufficient.

Remark 1.6. In Theorem 1.1, if instead of (VL�) for some � > 2, one only assumes
that M is non-parabolic, then it is still true that L strongly subcritical implies the Gaussian
estimates (UEL) for e�tL. See Section 5 for details.

In the case of a scalar Schrödinger operator, we can further strengthen Theorem 1.1.
Before stating this result recall that a non-negative, scalar Schrödinger operator is called sub-
critical if it has positive minimal Green functions (see e.g. [54]). It is well known that if M
is non-parabolic, then strong subcriticality implies subcriticality: this follows from one of the
many equivalent characterizations of subcriticality. In fact, a Schrödinger operator P is sub-
critical if and only if, for one (or every) 0 � W 2 C10 .M/, W ¤ 0, P � "W � 0 for " > 0
small enough. Combining this with the fact (see [54]) that M is non-parabolic if and only if
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there exists a positive function � such thatZ
M

�u2 �

Z
M

jruj2 for all u 2 C10 .M/;

one obtains easily that strong subcriticality implies subcriticality for M non-parabolic. Then,
in the scalar case, one can get rid of the condition (VL�) in Theorem 1.1, if one is ready to
replace the characterization of Gaussian estimates in terms of non-existence ofLp,L-harmonic
functions by the subcriticality of the operator:

Corollary 1.7. Let .M;�/ be a non-parabolic, complete, non-compact, weighted con-
nected Riemannian manifold satisfying (VD) and (UE). Let L D �� C V be a non-negative,
scalar weighted Schrödinger operator on M , and assume that V� satisfies (K). Then the fol-
lowing are equivalent:

(i) The heat kernel of L satisfies Gaussian estimates.

(ii) L is strongly subcritical.

(iii) L is subcritical.

Remark 1.8. Corollary 1.7 improves [32, Theorem 4.1], because no assumption is
made on VC; actually, it answers a question asked in this paper. Also, it should be emphasized
that Theorem 1.1 does not follow from Corollary 1.7 by domination theory. Indeed, domination
theory yields

je�tL!j � e�t.��W /j!j for all ! 2 C10 .E/;

where W.x/ is the greatest eigenvalue of R�.x/; but in general, the non-negativity of L does
not imply the non-negativity of � �W . Therefore, in general, Corollary 1.7 cannot be applied
to � �W .

Remark 1.9. For M D Rn ]Rn, the connected sum of two copies of Rn, it follows
from [48] that if n � 3, then there exists a non-constant harmonic function h with dh 2 L2.
Thus, dh 2 KerL2. E�/, and according to Lemma 1.21 below ( EUE) cannot hold.

Remark 1.10. The interval . �
��2

;C1/ is optimal, even in the scalar case, as the fol-
lowing example demonstrates: consider a function u 2 C1.R3/ such that u.x/ D jxj�1 for
all jxj � 1, u.x/ > 0 for all x 2 R3. Then the potential V D �u

u
is smooth and compactly

supported. Let M D R3 and L D � � V . Notice that � D 3 hence �
��2
D 3. Moreover, L is

non-negative, does not satisfy .UEL/, and

KerLp .L/

´
D ¹0º for 1 � p � 3;

¤ ¹0º for p > 3:

This is proved in Proposition 3.3 below.

In order to even define condition (K), one needs M to be non-parabolic. In the case
where M is parabolic, it is also relevant to ask for a condition on R� that ensures the validity
of (UEL). In this direction, we have the following partial result.
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Theorem 1.11. Assume that M satisfies (VD�) and (UE), and that L is strongly sub-
critical.

(i) If � < 2, then (UEL) holds.

(ii) If � D 2, then .VEVp;q; / (see [12] or Section 2 below) holds for all 1 < p � q < C1
and  2 R. In particular, e�tL is uniformly bounded on Lp, for all p 2 .1;C1/.

This shows that when � < 2, no smallness at infinity condition on R� is needed. Theo-
rem 1.11 improves upon the case � < 2 in [12, Theorem 4.1.15], where a stronger strong sub-
criticality assumption was made. Part (i) also improves a result of Magniez [50], who proved
that under (VD), (UE), if L is strongly subcritical and � � 2, then the semigroup e�tL is
uniformly bounded on Lp, for all p 2 .1;C1/. Statement (ii) can also be deduced from
results of Magniez [50] and Assaad–Ouhabaz [2], but we provide a different, shorter proof.
We do not know whether or not the full Gaussian estimates (UEL) hold in the case � D 2
(but we suspect that they do not, without additional assumptions on R�). Let us mention
also that it follows from the techniques in [2] and [50], together with results of [12], that if
� > 2 and L is .1 � �/-strongly subcritical, then .VEVp;q; / holds for all p00 < p � q < p0,
p0 D

2�
.��2/.1�

p
1��/

, and  2 R. Compare with the case � � 2 in [12, Theorem 4.1.15].

Remark 1.12. When � D � D 2, one can ask what is the relationship between (UE),
the strong subcriticality of L, and the condition KerLp . E�/ D ¹0º for some values of p. Notice
that when � D 2, the condition KerLp . E�/ D ¹0º, p 2 . �

��2
;1/, becomes empty. Thus, the

exponent �
��2

may have to be replaced by another exponent. The following example provides
a useful insight in this respect: takeM D R2 ]R2, the connected sum of two Euclidean planes.
Then on M the Laplacian on 1-forms E� is not strongly subcritical, and does not satisfy . EUE/.
Also,

KerLp . E�/ ¤ ¹0º; p > 2;

and if moreover the gluing of the two planes is done in such a way that M has genus 0, then

KerL2. E�/ D ¹0º:

Compare with Remark 1.10, and see Proposition 3.4 for a proof of these facts. Given this
example, one can ask the following question: does the strong subcriticality of L together with
KerLp . E�/ D ¹0º, p 2 .2;1/, imply (UE) on a manifold with quadratic volume growth (such
as R2)?

It is worth stating Theorem 1.1 in the particular case where LD�k , the Hodge Laplacian
acting on k-forms:

Corollary 1.13. Let M be a complete, non-compact, connected manifold satisfying
(VD) and (DUE) such that the negative part of the curvature operator Rk satisfies condi-
tion (K). Assume also (VL�) for some � > 2. Then the heat kernel of �k satisfies . EUEk/ if and
only if KerLp .�k/ D ¹0º for some (any) p 2 . �

��2
;1/. In particular, if � > 4, the heat kernel

of �k satisfies . EUEk/ if and only if KerL2.�k/ D ¹0º.

The result of Corollary 1.13 for the Hodge Laplacian acting on 1-forms has important
consequences in terms of further estimates for pt and Lp-boundedness of the Riesz transform.
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Indeed, it has been observed in [24, Section 5.2] that . EUE/ together with (VD) and (UE) implies
the following Gaussian estimate for the gradient of the heat kernel:

jrxpt .x; y/j .
1

p
tV .x;

p
t /

exp
�
�
d2.x; y/

ct

�
for all t > 0 and a.e. x; y 2M:(G)

It is well known (see for instance [49]) that (G) together with (VD) and (DUE) implies the
Gaussian heat kernel lower bound. It is also known (see [3]) that (G) has in turn important
consequences for the boundedness of the Riesz transform on Lp (in our case where a Gaussian
estimate on 1-forms is available, the boundedness of the Riesz transform follows also more
easily from [59]). Let us introduce, for 1 < p < C1, the inequality

kjrujkp . k�1=2ukp for all u 2 C10 .M/;(Rp)

which is equivalent to the Riesz transform d��1=2 being bounded on Lp. We also introduce
the reverse inequality:

k�1=2ukp . kjrujkp for all u 2 C10 .M/;(RRp)

as well as the combination of (Rp) and (RRp):

kjrujkp ' k�
1=2ukp for all u 2 C10 .M/:(Ep)

The main result of [3] is that (G) together with (VD) and (DUE) (in fact it has been shown later
in [26] that (DUE) is implied by the other two assumptions) implies (Ep) for all p 2 .1;1/,
hence we have the following consequence of Corollary 1.13:

Corollary 1.14. Let .M;�/ be a weighted, complete non-compact connected manifold
satisfying (VD) and (UE). Recall the weighted Ricci tensor Ric� WD Ric �Hf if � D ef �.
Assume that .Ric�/� satisfies condition (K). Assume moreover thatM satisfies (VL�) for some
� > 2, and that KerLp . E��;1/ D ¹0º for some p 2 . �

��2
;1/.

(1) The scalar heat kernel also satisfies Gaussian upper and lower bounds, i.e. (LY) holds;
in other words, the scale-invariant Poincaré inequalities (P) hold.

(2) The gradient estimates for the heat kernel (G) are satisfied.

(3) (Ep) holds for all p 2 .1;1/.

Remark 1.15. More generally, the conclusions of Corollary 1.14 hold if one only
assumes that M is non-parabolic, satisfies (VD), (UE), and .Ric�/� satisfies (K) and E��;1
is strongly subcritical (see Remark 1.6). It also holds if M satisfies (VD), (UE), � < 2 and
E��;1 is strongly subcritical (see Theorem 1.11).

We can also deduce a boundedness result for the Riesz transform on k-forms; first let
us introduce some elements of Hodge theory on non-compact manifolds. Define Hk

2 .M/, the
k-th space of reduced L2 cohomology, by

Hk
2 .M/ D

¹! 2 L2.ƒkT �M/ W d! D 0º

cl.dC10 .ƒk�1T �M//
;
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where cl denotes the closure for the L2 norm. Define Hk.M/ to be the space of L2-harmonic
k-forms, that is, the space of ! 2 L2.ƒkT �M/ such that�k! D 0 (a priori in the distribution
sense, and a posteriori in the C1 sense by elliptic regularity). It is known that

Hk
2 .M/ ' Hk.M/ D ¹! 2 L2.ƒkT �M/ W d! D d�! D 0º;

where d! and d�! are meant in the distribution sense (see [15]).

Corollary 1.16. Let M be a complete non-compact connected manifold satisfying con-
ditions (VD), (UE), and (VL�) for some � > 4. Let Rk be the curvature operator so that
the Bochner formula for the Hodge Laplacian on k-forms writes �k D N�CRk . Assume
that .Rk/� satisfies condition (K), and that Hk

2 .M/ D ¹0º. Then the Riesz transform on
k-forms .dk C d�k�1/�

�1=2

k
is bounded on Lp, for all p 2 .1; 2�. If moreover .RkC1/� (resp.

.Rk�1/�) satisfies (K) and HkC1
2 .M/ D ¹0º (resp. Hk�1

2 .M/ D ¹0º), then dk�
�1=2

k
(resp.

d�
k�1

�
�1=2

k
) is bounded on Lp, for all p 2 .1;1/.

Of course, there is a corresponding statement in the case 2 < � � 4 where the condi-
tion KerLp .�k/ D ¹0º appears instead of Hk

2 .M/ D ¹0º. There is also a weighted version of
Corollary 1.16. We leave this to the reader.

The result of Corollary 1.16 is useful because one knows how to compute the reduced
L2 cohomology ofM in several important cases, for example ifM is asymptotically Euclidean,
or flat outside a compact set (see [16] and references therein). However, let us point out that the
conditions Hk�1

2 .M/ D Hk
2 .M/ D HkC1

2 .M/ D ¹0º are not optimal to obtain the bounded-
ness of the Riesz transform on k-forms: for example, for k D 0 Corollary 1.16 states that the
Riesz transform is bounded on all the Lp spaces, on an asymptotically Euclidean manifold
(of dimension > 4) if H 1

2 .M/ D ¹0º. By results of [14], one knows how to compute H 1
2 .M/.

Indeed, the asymptotically Euclidean manifold M is diffeomorphic to a compact manifolds
with b punctures, i.e. M ' NM n ¹p1; : : : ; pbº, and each pi corresponds to an end of M ; then

dim.H 1
2 .M// D b1. NM/C b � 1;

so that H 1
2 .M/ D ¹0º if and only if M has only one end, and b1. NM/, the first Betti number

of the compact manifold M , is zero. However, it follows from [19] that for an asymptotically
Euclidean manifold, the boundedness on all Lp spaces of the Riesz transform is equivalent
to M having only one end. Therefore, the condition b1. NM/ D 0 is superfluous.

Let us also mention that in the recent paper [44], boundedness results for the Riesz trans-
form on forms on asymptotically conic manifolds are presented.

Our results also have consequences concerning the Lp cohomology. Analogously to the
case p D 2, the space of reduced Lp cohomology in degree k is defined as

Hk
p .M/ D

¹! 2 Lp.ƒkT �M/ W d! D 0º

cl.dC10 .ƒk�1T �M//
;

where this time the closure cl.dC10 .ƒ
k�1T �M// is taken for the Lp norm. The proof of

[15, Lemma 1.5] (which is attributed there to Gaffney) adapts to the case of p ¤ 2 and shows
that, if M is complete,

dC10 .ƒ
k�1T �M/

Lp

D d¹˛ 2 Lp.ƒk�1T �M/ W d˛ 2 Lpº
Lp

:



Coulhon, Devyver and Sikora, Gaussian heat kernel estimates: From functions to forms 39

This shows that for complete manifolds, the above definition ofLp cohomology coincides with
the one used, for example, in the work of Pansu [52]. In order to compare Lp cohomology
spaces for different values of p, one needs to recall some results from [4] concerning Hardy
spaces of differential forms. In [4], Auscher, McIntosh and Russ introduce, for p 2 Œ1;1�,
Hardy spaces Hp

d
.ƒkT �M/ (resp. Hp

d�
.ƒkT �M/) of exact (resp. co-exact) k-forms. One of

the important features of these spaces is that the Riesz transform d��1=2 (resp. d���1=2) is
always bounded (in fact, is an isometry) fromH

p

d�
.ƒk�1T �M/ toHp

d
.ƒkT �M/ (resp., from

H
p

d
.ƒk�1T �M/ to Hp

d�
.ƒkT �M/). As a consequence, the Hodge projector P D d��1d�

(resp.Q D d���1d ) onto the space of exact (resp. co-exact) forms is bounded from the space
H
p

d
.ƒkT �M/˚H

p

d�
.ƒkT �M/ onto Hp

d
.ƒkT �M/ (resp. onto Hp

d�
.ƒkT �M/). Hence, it

is natural that Lp Hardy spaces appear in the study of the Lp Hodge decomposition onM . By
Lp Hodge decomposition, we mean a decomposition of the following type:

(1.5) Lp.ƒkT �M/ D Ekp ˚ dC
1
0 .ƒ

k�1T �M/
Lp

˚ d�C10 .ƒ
kC1T �M/

Lp

;

whereEkp is a closed subspace ofLp, and the sum is topological. Contrary to itsL2 counterpart
which always holds ifM is complete, the Lp Hodge decomposition (1.5) may or may not hold
on a complete Riemannian manifold M . Also, if one denotes

Dk
p .d/ D ¹˛ 2 L

p.ƒkT �M/ W d˛ 2 Lpº

and
Dk
p .d

�/ D ¹˛ 2 Lp.ƒkT �M/ W d�˛ 2 Lpº;

then (1.5) is equivalent to

(1.6) Lp.ƒkT �M/ D Ekp ˚ dDk�1
p .d/

Lp

˚ d�DkC1
p .d�/

Lp

:

In full generality, it is not even clear that the intersection of dDk�1
p .d/

Lp

and d�DkC1
p .d�/

Lp

is trivial. Notice that (1.5) or (1.6) have the following consequence for the Lp cohomology:

H 1
p .M/ ' Ekp :

The results of [4] imply that, if the Hardy spaces Hp

d
.ƒkT �M/ and Hp

d�
.ƒkT �M/ can be

identified with their natural Lp counterparts, then the Lp Hodge decomposition (1.6) holds
with

Ekp D KerL2.�k/ \ Lp
Lp

:

More precisely, we have the following result from [4]:

Theorem 1.17 ([4]). Assume that M is complete and satisfies (VD), and that for some
p 2 .1;1/,

(1.7) H
p

d
.ƒkT �M/ D R.d/ \ Lp

Lp

; H
p

d�
.ƒkT �M/ D R.d�/ \ Lp

Lp

with equivalent norms. Then the Hodge decomposition (1.6) holds with

Ekp D KerL2.�k/ \ Lp
Lp

:

Moreover, if the heat kernel of �k has Gaussian estimates, then (1.7) holds.

One can now compare spaces of Lp cohomology for different values of p.
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Corollary 1.18. LetM be a complete, non-compact, connected manifold satisfying con-
ditions (VD), (UE), and (VL�) for some � > 4. Let Rk be the curvature operator so that the
Bochner formula for the Hodge Laplacian on k-forms writes �k D N�CRk . Assume that
.Rk/� satisfies condition (K). Let p 2 . �

��2
;1/. If the Lp Hardy spaces Hp

d
.ƒkT �M/ and

H
p

d�
.ƒkT �M/ identify naturally with Lp spaces (1.7), then

Hk
p .M/ D Hk

2 .M/ 'H k.M/:

In particular, if Hk
2 .M/ D ¹0º then

Hk
p .M/ D ¹0º for all p 2

�
�

� � 2
;1

�
:

Notice that a closely related result has been proved in [30, Corollary 8], under the assump-
tion that a global Sobolev inequality holds on M .

Finally, we prove a boundedness result for the Riesz transform on functions d��1=2 that
allows the presence of harmonic 1-forms. It extends [30, Theorem 5] to manifolds satisfying
(VD) and (UE).

Theorem 1.19. LetM be a complete non-compact connected manifold satisfying (VD)
and (UE), and such that Ric� satisfies (K). Assume also that (VL�) holds for some � > 3. Then
the Riesz transform d��1=2 is bounded on Lp for all p 2 .1; �/.

In particular, in the case where M is the connected sum of two Euclidean spaces Rn,
n > 3, one recovers the main result of [19].

Remark 1.20. As a consequence of Theorem 1.19, if M satisfies (VD) and (UE), and
is such that Ric� satisfies (K), then the Riesz transform is bounded on Lp, for all p 2 .1; ı/,
where

ı D sup¹� W (VL�) holdsº;

provided ı > 3. If furthermore M satisfies the local Poincaré inequality (Ploc), it follows from
[32] that ı is equal to the parabolic dimension ofM , that is, the infimum of the numbers p such
thatM is p-parabolic. The interval .1; ı/ for the boundedness of the Riesz transform is actually
sharp, without further assumption on M , as follows from [18, Theorem B]. We point out that
the parabolic dimension has recently proved to be a relevant exponent in problems related to
the Riesz transform: see [31] (gluing results for the Riesz transform), [18] (Riesz transform
on manifolds having quadratic curvature decay), and [32] (Riesz transform of Schrödinger
operators).

1.3. Strategy for the proof of the main result. Let us now explain the ideas involved
in the proof of Theorem 1.1. First, the implication (i)) (iii) is easy enough and we give its
proof right away:

Lemma 1.21. LetM be a non-compact Riemannian manifold satisfying (VD),E a vec-
tor bundle with basis M , and L a generalized Schrödinger operator on E. If (UEL) holds,
then, for every 1 � p < C1,

KerLp .L/ D ¹0º:
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Proof. Assume (UEL). As a consequence, e�tL is uniformly bounded on Lp, for all
p 2 Œ1;1�. Fix p 2 Œ1;1/, and assume ! 2 DLp .L/ satisfies L! D 0. Then

d

dt

�
e�tL!

�
D 0;

in Lp, which implies that for every t � 0,

e�tL! D !:

Let x 2M . By (UEL),

j!.x/j D je�tL!.x/j �
C

V
1
p .x;
p
t /
k!kp:

Letting t !C1, one concludes that !.x/ D 0. Since x is arbitrary, one gets ! � 0. This
shows that KerLp .L/ D ¹0º.

The implications from (iii) to (ii) and from (ii) to (i) will rely in a crucial way on a decom-
position of the operator L: we will consider L as the rough Laplace operator N�, plus RC,
minus R� outside a compact set (which is small in some sense thanks to condition (K)) per-
turbed by a compactly supported part of R�.

More precisely, let K0 be given by condition (K). Let W0 and W1 be the sections of the
vector bundle End.E/ respectively given by

x ! W0.x/ D 1K0.x/R�.x/

and
x ! W1.x/ D 1MnK0R�.x/:

We shall also denote by W0 and W1 the associated operators on sections of E. Set

(1.8) H D N�CRC �W1;

so that
L D H �W0:

That is, L can be seen as H , perturbed by the compactly supported W0. We will sometimes
write W

1=2
0 : by that, we mean that at every point x in M , we take the square root of the

non-negative, self-adjoint endomorphism W0.x/ of Ex , the fiber at x. Let us now detail the
ideas of the proof of (iii)) (ii) and (ii)) (i) of Theorem 1.1. Here and in the rest of the
paper, kT kp!q , 1 � p; q � C1, will denote the norm of a linear operator T from Lp.E; �/

to Lq.E; �/, E being a vector bundle on M .
The implication (ii)) (i) entails five steps:

(1) By domination theory and condition (K), one can transfer Gaussian estimates from
.e�t�/t>0 to .e�tH /t>0 (Proposition 2.3). It follows by [12] that

sup
t>0

.I C tH /�1V
1
p
p
t


p!1

< C1

for all p > �
2

.

(2) By a general functional analytic statement (Theorem 2.1) in the spirit of [12], the same
resolvent estimates for L instead of H yield Gaussian estimates for .e�tL/t>0, i.e.
(i) holds.
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(3) Thanks to the perturbation formula

.1C tL/�1 D .I � .1C tH /�1tW0/
�1.1C tH /�1;

one passes from the above resolvent estimates on H to the desired resolvent estimates
on L as soon as

sup
�>0

k.I � .H C �/�1W0/
�1
k1!1 < C1:

This is Proposition 4.1, and its proof consists in the following two steps (4) and (5).

(4) By non-parabolicity of M , one deduces that A0 D W
1=2
0 H�1W

1=2
0 is compact on L2,

and under (ii) A0 has spectral radius strictly less than one (see Lemma 4.7).

(5) Consider the operators

B� D .H C �/
�1W0; � � 0:

Then, for all � � 0, B� acting on L1 is compact (Lemma 4.3) and its spectrum is
related to the spectrum of A0. In particular, B� has spectral radius strictly less that one
(Lemma 4.8). By a Neumann series argument, this implies that .I � .H C �/�1W0/

�1

is a well-defined, bounded operator on L1.

For the implication (iii)) (ii), one has three steps:

(1) The first one is that, under (Vp) and non-parabolicity of M , KerLp .L/ D ¹0º implies
KerH1

0
.L/ D ¹0º, where H 1

0 is a natural Sobolev space associated to the quadratic form
of H . This is Lemma 3.1.

(2) The second one is the fact that ifM is non-parabolic, then KerH1
0
.L/ D ¹0º is equivalent

to the compact operator A0 having L2 norm smaller than one (see Lemma 4.7).

(3) The estimate kA0k2!2 < 1 discussed in point (2) is equivalent to the strong subcritical-
ity of L, that is, condition (ii).

1.4. Plan of the paper. In Section 2, we present a general functional analytic statement
in the spirit of [12], Theorem 2.1, which yields Gaussian estimates from resolvent estimates
for a general semigroup. In Section 3, we study L-harmonic sections. In Section 4, we prove
the Lp ! L1 estimates of the resolvent of L that are needed for the proof of Theorem 1.1. In
Section 5, we put the results of Sections 2, 3 and 4 together, to conclude the proof of Theorem
1.1. In Section 6, we prove some related results and consequences of Theorem 1.1, namely
Theorem 1.11 and Corollary 1.16. Finally, in Section 7, we prove a consequence of Theorem
1.1 for the Riesz transform, namely Theorem 1.19.

2. Resolvents and semigroups

This section will be devoted to a new version of the main result in [12], which is of inde-
pendent interest. The new idea with respect to [12] is that we iterate instead of extrapolating,
which enables us to get rid of the assumption of uniform boundedness of the semigroup on L1.
For the heat kernel on functions the latter is given by the Markov property, but in the case of
forms it cannot be taken for granted.
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Let L be a generalized Schrödinger operator acting on sections of E. We recall some
notations that have been introduced in [12]: for 1 � p � q � 1 and  2 R, we consider

sup
t>0

kV

p
t
.I C tL/�1V ıp

t
kp!q < C1(VRVp;q; )

and

sup
t>0

kV

p
t
e�tLV ıp

t
kp!q >1;(VEVp;q; )

where in both inequalities, ı is defined by  C ı D 1
p
�
1
q

. It follows from [12, Corollary 2.1.7]
that if e�tL has Gaussian estimates (UEL), then both conditions (VRVp;q; ) and (VEVp;q; )
hold for all admissible values of the parameters. Using an extrapolation argument, [12, Theo-
rem 1.2.1] provides a converse to that: it asserts that if (VEVp;q; ) (resp. (VRVp;q; )) are sat-
isfied for p D 2 and some q > 2;  2 R (resp. q > 2;  2 R with 2q

q�2
> �), and if moreover

e�tL is uniformly bounded onL1, then (UEL) holds. However, as we have already pointed out,
in our setting, due to the presence of R� it cannot be assumed a priori that e�tL is uniformly
bounded on L1. Nonetheless, we are able to overcome this difficulty by using an iterative
argument (instead of the usual extrapolation argument), which first appeared in [30].

Note that in the following proof, we are going to use several results from [12, Section 4].
These statements are formally written for semigroups acting on functions. But the extension to
self-adjoint semigroups acting on vector bundles is straightforward. The following statement
could easily be formulated in a more abstract setting, namely vector bundles on doubling metric
measure spaces endowed with operators satisfying the Davies–Gaffney estimates. We leave this
to the reader and stick to the Riemannian case.

Theorem 2.1. Let M be a complete Riemannian manifold with the doubling volume
property (VD), E a vector bundle on M , and L a generalized Schrödinger operator on E.
Let 1 � Op < C1. If

sup
t>0

.I C tL/�1V 1
p
p
t


p!1

< C1(RVp;1)

for all Op � p < C1, then (UEL) holds.

Proof. Choose Np D 2.n � 1/ � Op, when n � 2 is an integer. By assumption .RV Np;1/
holds. By duality

sup
t>0

V 1
Np
p
t
.I C tL/�1


1! Np0

< C1;(VR1; Np0)

and by complex interpolation for the family of operators

Tz D V
z
Np
p
t
.I C tL/�1V

1�z
p
p
t
; 0 � <.z/ � 1;

one obtains (see also [12, Proposition 2.1.5])

sup
t>0

V p
t
.I C tL/�1V ıp

t


p!q

< C1(VRVp;q; )

for any p; q such that 1 � p � Np, Np0 � q � C1, 1
p
�
1
q
D  C ı D 1

Np
, and  D 1

. Np�1/q
.
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Next consider the finite sequence 2 D p1 < p2 < � � � < pn D1 such that

1

pk
�

1

pkC1
D
1

Np
;

in others words 1
pk
D

1
2
�
k�1
Np

for k 2 ¹1; 2; : : : ; nº. We can choose p D pk , q D pkC1 and

 D k WD
1

Np � 1

�
1

2
�
k

Np

�
in (VRVp;q; ), which yields

(2.1) sup
t>0

V kp
t
.I C tL/�1V

ıkp
t


pk!pkC1

< C1;

with k C ık D 1
Np

for all k 2 ¹1; : : : ; n � 1º.
Let ˆ be an even function on R and let b̂ be its Fourier transform. Suppose that

(2.2) sup
�2R
j.1C �2/nˆ.�/j < C1

as well as supp b̂ � Œ�1; 1�. We shall prove inductively that

sup
t>0

.I C tL/n�kˆ�ptL�V  0kp
t


2!pk

< C1(Ik)

for k 2 ¹1; : : : ; nº, where  0
k
D 1=2 � 1=pk D

k�1
Np

.
Note first that .I1/, that is,

sup
t>0

.I C tL/n�1ˆ�ptL�
2!2

< C1;

follows from (2.2) and the spectral theorem. Assume now .Ik/ for k 2 ¹1; 2; : : : ; n � 1º. By
[12, Proposition 4.1.1 and Lemma 4.1.3],.I C tL/n�.kC1/ˆ.ptL/V  0kC1p

t


2!pkC1

�
V kp

t
.I C tL/n�.kC1/ˆ.

p
tL/V

 0
kC1
�k

p
t


2!pkC1

:

WriteV kp
t
.I C tL/n�.kC1/ˆ.

p
tL/V

 0
kC1
�k

p
t


2!pkC1

�
V kp

t
.I C tL/�1V

ıkp
t


pk!pkC1

V �ıkp
t
.I C tL/n�kˆ.

p
tL/V

 0
kC1
�k

p
t


2!pk

:

Again by [12, Proposition 4.1.1 and Lemma 4.1.3] ,V �ıkp
t
.I C tL/n�kˆ.

p
tL/V

 0
kC1
�k

p
t


2!pk

�
.I C tL/n�kˆ.ptL/V  0kC1�k�ıkp

t


2!pk

D
.I C tL/n�kˆ.ptL/V  0kC1� 1Npp

t


2!pk

D
.I C tL/n�kˆ.ptL/V  0kp

t


2!pk

;
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hence, by (2.1) and .Ik/, .IkC1/ follows. One has therefore .In/, that is,

sup
t>0

ˆ.ptL/V 1
2p
t


2!1

< C1:

Applying again [12, Proposition 4.1.1 and Lemma 4.1.3], we obtain

(2.3) sup
t>0

V 1
2p
t
ˆ.
p
tL/


2!1

< C1:

Next we consider the function ˆ D Fa defined as the Fourier transform of the function given
by t 7! .1 � t2/a

C
as in [12, Proposition 4.1.6]. As in the proof of [12, Proposition 4.1.6], write,

by spectral theory, Z C1
0

saC
1
2 e�

s
4Fa.
p
stL/ ds D e�tL:

Thus V 1
2p
t
e�tL


2!1

�

Z C1
0

saC
1
2 e�

s
4

V 1
2p
t
Fa.
p
tsL/


2!1

ds

� C

Z C1
0

saC
1
2 e�

s
4

�
1C

1
p
s

��v
2 V 1

2p
st
Fa.
p
tsL/


2!1

ds;

hence, for a large enough,

sup
t>0

V 1
2p
t
e�tL


2!1

� C 0 sup
t>0

V 1
2p
t
Fa.
p
tL/


2!1

;

which is finite by (2.3). Hence

sup
t>0

V 1
2p
t

exp.�tL/

2!1

< C1;

that is, by [12, Corollary 2.1.2], (DUEL). The fact that (UEL) holds now follows from Theo-
rem A.5 in the Appendix.

Actually, an adaptation of the proof of Theorem 2.1 allows us to prove the following
more general result:

Theorem 2.2. LetM be a complete Riemannian manifold satisfying (VD), and letE be
a vector bundle over M . Let L be a generalized Schrödinger operator acting on the sections
of E, and assume that

sup
t>0

.I C tL/�1V 1
p
� 1
q

p
t


p!q

< C1(RVp;q)

for some 2 � p � q < C1. Then .VEVp1;q1; / holds for all  2 R, q0 � p1 � q1 � q.

Notice that, contrary to Theorem 2.1, (RVp;q) is assumed to hold only for one particu-
lar p, and not for all Qp � p <1. The result of Theorem 2.2 might be useful for semigroups
that do not act on the full range of Lp spaces.
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Proof. The proof uses similar ideas to those used in the proof of Theorem 2.1. We only
indicate what has to be changed. Interpolating (RVp;q) with (VRV2;2;0) (which holds by the
spectral theorem), one obtains (VRVr.�/;s.�/;.�/) for all � 2 Œ0; 1�, where

1

r.�/
D
1 � �

2
C
�

p
;

1

r.�/
�

1

s.�/
D �

�
1

p
�
1

q

�
:

By duality and interpolation, one obtains (VRVr;s; ) for all s.�/0 � r � r.�/, 1
r
�
1
s
D �. 1

p
�
1
q
/

and some  2 R (depending on r). The iterative argument of the proof of Theorem 2.1 now
gives (VEV2;r; ) for all  2 R and q0 � r � q. According to [25, Corollary 4.16], one gets
.VEVp1;p1;0/ for all q0 � p1 � q. By duality and interpolation, one finally gets .VEVp1;q1; /
for all  2 R, q0 � p1 � q1 � q.

Let us now focus on the semigroup .e�tH /t>0.

Proposition 2.3. Assume that M satisfies (VD) and (DUE). Assume in addition that
R� satisfies condition (K) and let H be defined by (1.8). Then the heat kernel of H satisfies
the Gaussian estimates .UEH /. In particular, H is non-negative on L2.

Proof. By domination theory (see [45]),

je�tH!j � e�t.��W1/j!j;

where
W1.x/ D kW1.x/kx D 1MnK0.x/kR�.x/kx :

It is therefore enough to prove Gaussian upper estimates for the semigroup .e�t.��W1//t>0.
For � � 0,

.�C �/�1.x; y/ D

Z C1
0

e��tpt .x; y/ dt � G.x; y/;

hence

sup
x2M

Z
M

.�C �/�1.x; y/W1.y/ d�.y/ � sup
x2M

Z
MnK0

G.x; y/kR�.y/ky d�.y/:

Therefore condition (K) yields

sup
x2M

Z
M

.�C �/�1.x; y/W1.y/ d�.y/ < 1;

thus, as we already observed,

sup
��0

k.�C �/�1W1k1!1 < 1:

It follows by a standard Neumann series argument that

(2.4) sup
t>0

k.I � .I C t�/�1tW1/
�1
k1!1 < C1:

Now write the perturbation formula

(2.5) .I C t .� �W1//
�1
D .I � .I C t�/�1tW1/

�1.I C t�/�1
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and observe that by (DUE)

(2.6) sup
t>0

.I C t�/�1V 1
p
p
t


p!1

< C1

for any p > �
2

(see [12]). It follows from (2.4), (2.5) and (2.6) that

sup
t>0

.I C t .� �W1//�1V 1
p
p
t


p!1

< C1

for any p > �
2

. According to Theorem 2.1, we conclude that the heat kernel of H has Gaussian
estimates. In particular, it is bounded on L2 (and, in fact, on Lp for all p 2 Œ1;1�). But,
denoting by dP.�"�1;�"/ D 1.�"�1;�"/.H / the projection-valued measure on the part of the
spectrum of H lying in the interval .�"�1;�"/, " > 0, one has by the spectral theorem that
kdP.�"�1;�"/k2!2 � 1, and assuming that dP.�"�1;�"/ ¤ 0,

ke�tHdP.�"�1;�"/k2!2 � e
"t
!1 as t !1:

This implies that

ke�tHk2!2 � e
"t
!1 as t !1;

which is a contradiction. Thus,

dP.�"�1;�"/ D 0;

that is, the spectrum of H does not intersect the interval .�"�1;�"/. Since this is true for
all " > 0, one concludes that H is non-negative.

Remark 2.4. In fact, up to increasing the compact K0, one can assume that � �W1
is subcritical. Proposition 2.3 then also follows from [32, Theorem 4.1], proved by a differ-
ent method, namely using a h-transform to pass from the Schrödinger operator � �W1 to
a weighted Laplacian.

As a straightforward consequence of Proposition 2.3 and [12, Corollary 2.1.7], we obtain
the following:

Lemma 2.5. Assume that M satisfies (VD) and (DUE). Assume in addition that R�
satisfies condition (K) and let H be defined by (1.8). Then we have the following weighted
estimates of the heat kernel and of the resolvent of H :

sup
t>0

e�tHV ıp
t


p!q

< C1(EVp;q)

for any 1 � p � q � 1 and ı D 1
p
�
1
q

, and

sup
t>0

.I C tH /�1V ıp
t


p!q

< C1(RVp;q)

for any 1 � p � q � C1 such that ı D 1
p
�
1
q
< 2
�

.

This will be used in the proof of Theorem 1.1.
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3. Strong subcriticality and L-harmonic sections

Introduce QH , the quadratic for associated to H ,

QH .!/ D

Z
M

jr!j2 C hRC!;!i �

Z
MnK0

.R�!;!/;

and denote by H 1
0 the completion of C10 .E/ for the norm

k!k2QH
D QH .!/:

Note that the space H 1
0 depends on H , that is, on L and on K0. Then define KerH1

0
.L/ to be

the set of ! 2 H 1
0 such that L! D 0 in the distribution sense. We claim that if " > 0 is small

enough so that

sup
x2M

Z
MnK0

G.x; y/kR�.y/ky dy < 1 � ";

then for all ! 2 C10 .E/,

(3.1) QH .!/ � "

Z
M

jr!j2:

In order to prove this, consider the operator P D .1 � "/r�r �W1. By an obvious adapta-
tion of Proposition 2.3, the heat kernel of P has Gaussian estimates. In particular, since P is
self-adjoint on L2, it has to be non-negative. In terms of quadratic forms, this means that for
all ! 2 C10 .E/,

(3.2) .1 � "/

Z
M

jr!j2 �

Z
MnK0

.R�!;!/ � 0:

Thus, (3.1) holds. Note that if K0 D ;, this proves Remark 1.4.
Now, the non-parabolicity of M is equivalent to the existence of a positive function �

such that, for every u 2 C10 .M/,

(3.3)
Z
M

�u2 �

Z
M

jruj2

(see e.g. [54]). Using (3.1), (3.3) and the Kato inequality (see e.g. [45, Proposition 2.2])
jr!j � jrj!jj a.e., one obtains for all ! 2 C10 .E/,

(3.4)
Z
M

�j!j2 � QH .!/:

In particular, this shows that H 1
0 injects into L2loc so it is a function space. Note that as a con-

sequence of inequality (3.4), KerL2.H / D ¹0º. Indeed, by self-adjointness, every element !
of KerL2.H / lies in the domain of the quadratic form QH , and satisfy QH .!/ D 0, which
by (3.4) implies that ! � 0. This allows us to define operators H�˛, ˛ > 0, by means of the
spectral theorem: these are defined as f .H /, where f .x/ D x�˛ for x > 0, and f .0/ D 0;
since KerL2.H / D ¹0º, the spectral measure does not charge 0, and so the value of f at 0 does
not matter. Equivalently, one can use the heat kernel to define H�˛:

H�˛ D
1

�.˛/

Z 1
0

t˛�1e�tH dt:
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If ˛ D 1
2

, there is yet another equivalent way to define H�1=2: the operator H�1=2, defined by
the spectral theorem, is an isometric embedding from C10 endowed with the L2 norm, to H 1

0 ,
and thus extends by density to a bounded operator fromL2 toH 1

0 . It turns out that this operator
is a bijective isometry from L2 to H 1

0 , and on H 1
0 \ L

2 it coincides with the operator H�1=2

defined by the spectral theorem. See [29, Section 3] for more details; the proofs are written
for the scalar Laplacian, but use only the self-adjointness and inequality (3.3), so by (3.4) they
easily adapt to our present context.

Note that under condition (V1) (which we recall under assumptions (VD) and (UE)
holds if and only if M is non-parabolic), the operator H�1 has a well-defined, finite kernel
outside of the diagonal: indeed, using the fact that the heat kernel of H has Gaussian estimates,
and the formula

H�1 D

Z C1
0

e�tH dt;

it follows that for every x ¤ y,

kH�1.x; y/ky;x � C

Z C1
d2.x;y/

dt

V .x;
p
t /
< C1:

Lemma 3.1. Assume that M is non-parabolic and satisfies (VD) and (UE), and condi-
tion (Vp) for some p 2 Œ1;C1�. Then

KerL2.L/ � KerH1
0
.L/ � KerLp .L/:

In particular, if M is non-parabolic and satisfies .V 2/, then

KerH1
0
.L/ D KerL2.L/:

As another consequence, if M satisfies (VL�), then for every p 2 . �
��2

;1�,

KerH1
0
.L/ � KerLp .L/:

Proof. Let ! 2 KerL2.L/. By elliptic regularity, since W 2 L1loc, it follows that ! is
C
1;˛
loc for some ˛ 2 .0; 1/. Then, in the distribution sense,

H! D W0!;

and since W0 has compact support, H! 2 L2. Hence, ! is in the domain of the quadratic
form QH associated to H . Therefore (see [29, Proposition 3.2]) ! 2 H 1

0 . We conclude that
KerL2.L/ � KerH1

0
.L/.

We now want to prove the inclusion

KerH1
0
.L/ � KerLp .L/

if (Vp) holds. Let ! 2 KerH1
0
.L/. Again, by elliptic regularity, ! is C 1;˛loc for all ˛ 2 .0; 1/.

Define
Q! D �H�1W0 !:

We claim that ! D Q!. That is to say, ! is the solution of the equation Hu D �W0 ! of “min-
imal growth” at infinity. To see this, notice that since ! belongs to KerH1

0
.L/, the following

holds in the distribution sense:
H .! � Q!/ D 0:
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Writing
Q! D H�1=2.H�1=2W

1=2
0 /W

1=2
0 !;

and using the facts that H�1=2 W L2 ! H 1
0 , that H�1=2W

1=2
0 is bounded on L2 (from the

fact that W0 has compact support and [29, Proposition 3.4], see also Lemma 4.5), and that
W
1=2
0 ! 2 L2, one gets that Q! 2 H 1

0 . Therefore, for every ' 2 C10 .E/,

0 D

Z
M

.! � Q!;H'/

D

Z
M

.H1=2.! � Q!/;H1=2'/

D h! � Q!; 'iH1
0
:

Since by definition C10 .E/ is dense in H 1
0 , one gets

! D Q!

inH 1
0 . But by (3.4),H 1

0 injects into L2loc, hence ! D Q! almost everywhere. Since ! and Q! are
both C 1;˛loc , one gets that the equality ! D Q! holds pointwise on M . Thus,

(3.5) ! D �H�1W0 !:

We claim that since W0 has compact support, by (Vp) the operator H�1W
1=2
0 is bounded

on Lp. Indeed,

H�1W
1=2
0 D

Z C1
0

e�tH W
1=2
0 dt;

hence

kH�1W
1=2
0 kp!p �

Z 1

0

ke�tH W
1=2
0 kp!p dt C

Z C1
1

ke�tH W
1=2
0 kp!p dt:

Since W
1=2
0 2 L1loc, we have kW1=2

0 kp!p < C1 andZ 1

0

ke�tH W
1=2
0 kp!p dt � C

Z 1

0

ke�tHkp!p dt < C1

thanks to Proposition 2.3. Now, since W0 is supported in K0,Z C1
1

ke�tH W
1=2
0 kp!p dt �

Z C1
1

ke�tHkL1.K0/!LpkW
1=2
0 kp!1 dt:

By (EVp;q), for a fixed x0 2 K0,

ke�tHkL1.K0/!Lp �
C

ŒV.x0;
p
t /�1�

1
p

:

Finally, kH�1W1=2
0 kp!p < C1 by (Vp). To conclude the argument, we note that ! 2 L1loc

(since ! is C 1;˛loc for all ˛ 2 .0; 1/) and since W0 has compact support, one gets that W
1=2
0 ! is

in Lp. Therefore Q! is in Lp. By (3.5), we conclude that ! is in Lp. Consequently, one has
shown that

KerH1
0
.L/ � Lp:
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The converse inclusion between kernels can also be established assuming extra properties
on the Green function:

Lemma 3.2. Assume that M is non-parabolic. Let x0 2M and p 2 Œ2;1/ such that
G. � ; x0/, the Green function with pole at x0, is in Lp outside a ball centered at x0. Then

KerLp .L/ � KerH1
0
.L/:

In particular, if M satisfies (UE) and (VD), and if � and � > 2 are the exponents from (VD�)
and (VL�), then for all p > �

��2
, p � 2, one has

KerLp .L/ � KerH1
0
.L/:

Proof. Let ! 2 KerLp .L/. We first claim that, as in the proof of Lemma 3.1,

(3.6) ! D �H�1W0!

In order to prove this, denote
Q! D �H�1W0!I

then
H .! � Q!/ D 0:

The local Harnack inequality on the support of W0 implies that for some constant C > 0,

(3.7) C�1G.x; x0/ � G.x; y/ � CG.x; x0/; y 2 supp.W0/; d.x; supp.W0// � 1:

Hence, the assumption on the Green function implies that Q! is inLp. Denote ˛ D Q! � !. Then
˛ is in Lp, and by the Kato inequality,

j˛j�j˛j D
1

2
�j˛j2 C jrj˛jj2

D .r�r˛; ˛/ � jr˛j2 C jrj˛jj2

� �..RC �W1/˛; ˛/

Denote W.x/ D kW1kx � 0. Then

.� �W /j˛j � 0:

Hypothesis (K) implies, according to [32, Lemma 3.5], that there exists a positive function h
such that .� �W /h D 0 and for some constant C > 0,

C�1 � h.x/ � C for all x 2M:

Denote by P the operator (“ground state transform” of � �W )

P D h�1.� �W /h:

Then a standard computation shows that

P D �
1

h2
div.h2r� /:

Hence,
div.h2rj˛j/ � 0:
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According to [53, Theorem 4.1] and the remark after it, j˛j has to be constant. However, j˛j
is in Lp and M has infinite volume, hence j˛j D 0, and (3.6) is proved. The first part of the
lemma now follows from the fact that the operator H�1W0 is bounded from Lp toH 1

0 . To see
this, write

H�1W0 D H�1=2.H�1=2W
1=2
0 /W

1=2
0 :

The multiplication by W
1=2
0 is bounded from Lp to L2.supp.W0//, the operator H�1=2W

1=2
0

is bounded on L2 (Lemma (4.5)), and finally by definition the operator H�1=2 is bounded
from L2 to H 1

0 . Therefore, the operator H�1W0 is bounded from Lp to H 1
0 , and it follows

from (3.6) that ! belongs to KerH1
0
.L/. Thus, we have proved that

KerLp .L/ � KerH1
0
.L/:

Concerning the second part of the lemma, on must prove that if p > �
��2

, then G. � ; x0/ is
in Lp. By integrating (UE), one gets easily

G.x; x0/ � Cd.x; x0/
2�� :

By (VD�), the volume of an annulusA.x0; 2l ; 2lC1/ D B.x0; 2lC1/ n B.x0; 2l/ is bounded by
a constant times 2�l . DecomposingM as the union of B.x0; 2/ and the annuli A.x0; 2l ; 2lC1/,
l � 1, and using the estimate

G.x; x0/ � C2
.lC1/.2��/ for all x 2 A.x0; 2l ; 2lC1/;

one sees easily that G. � ; x0/ is in Lp, for all p such that the sumX
l�1

2.lC1/.2��/pC�

is finite. It is not hard to see that this happens precisely for p > �
��2

. This concludes the
proof.

We now prove the result that was claimed in Remark 1.10:

Proposition 3.3. Let u 2 C1.R3/ such that u.x/ D jxj�1 for all jxj � 1, u.x/ > 0 for
all x 2 R3, and let V D �u

u
, and L D � � V . Then L is non-negative, does not satisfy ( EUE),

and

KerLp .L/

´
D ¹0º for 1 � p � 3;

¤ ¹0º for p > 3:

Proof. Notice that u is a positive solution of Lv D 0. Therefore, as a consequence of
the Agmon–Allegretto–Piepenbrink theorem (see [1]), L is non-negative. Clearly, we have
u 2 KerLp .L/ for every p > 3, which shows that for p > 3, KerLp .L/ ¤ ¹0º. By Lemma 1.21,
KerLp .L/ D ¹0º for all p 2 Œ1;1/ is necessary for the validity of ( EUE); we can thus conclude
that ( EUE) does not hold for L. It remains to show that for every 1 � p � 3, KerLp .L/ D ¹0º.
First, notice that from the ultracontractivity bound

ke�t�kp!1 � Ct
� 3
2p ;

one has
ke�tLkp!1 � Ce

Ct t�
3
2p ;
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whereC is an upper bound for V . In particular, it is finite for any fixed t > 0. Since any element
of KerLp .L/ is invariant under e�tL, this shows that

KerLp .L/ � Lp \ L1:

It is thus enough to prove that KerL3.L/ D ¹0º. Let v 2 KerL3.L/. Define

g D ��1V v:

Then g satisfies �g D V v, therefore �.v � g/ D 0. Since V is smooth and compactly sup-
ported, V v is in L2. On R3,��1 is bounded from L2 to L6, and therefore g � v 2 L6. But by
a result of Yau [63], for any q 2 .0;1/, there is no non-zero Lq-harmonic function on a com-
plete manifold. As a consequence, v D g. Using the fact that the Green function on R3 is (up to
a multiplicative constant) jx � yj�1, one finds that if

R
M V.y/v.y/ dy ¤ 0, then as jxj ! 1,

(3.8) g.x/ � jxj�1:

Also, if
R
M V.y/v.y/ dy D 0, then as jxj ! 1,

(3.9) g.x/ . jxj�2;

If (3.8) is satisfied, v D g cannot be in L3, a contradiction. Therefore, (3.9) is satisfied, and
this implies that

lim
jxj!1

v.x/

u.x/
D 0:

We are going to prove that v � 0. Let " > 0. Take R > 0 big enough so that for all jxj D R,

(3.10) jv.x/j � "u.x/:

Since L is non-negative, it satisfies the comparison principle on the ball of center 0 and radius
R, and given that v and u are both solutions of Lw D 0, one deduces from (3.10) that for every
jxj � R,

jv.x/j � "u.x/:

Fix x 2 R3, then for every " small enough so that R > jxj, one has

jv.x/j � "u.x/:

Letting "! 0, henceR!1, one finds that v.x/ D 0. Since this is true for all x 2 R3, v � 0.
As a consequence,

KerL3.L/ D ¹0º:

To conclude this section, we prove the result that was claimed in Remark 1.12.

Proposition 3.4. Let M D R2 ]R2 be a connected sum of two Euclidean planes. Then
the Hodge Laplacian on 1-forms E� is not strongly subcritical, and for every p > 2,

KerLp . E�/ ¤ ¹0º:

If moreover the gluing is made in such a way that M has genus zero, then

KerL2. E�/ D ¹0º:
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Proof. It follows from a result of Magniez [50] that since � D 2 for M , if E� were
strongly subcritical, then d� E��1=2 would be bounded on Lp for all p 2 .1; 2�. This would
imply by duality that the Riesz transform d��1=2 on functions is bounded on Lp, p 2 Œ2;1/,
which is known to be false (see [19]). Thus, E� cannot be strongly subcritical.

Let us now prove the two statements concerning KerLp . E�/. We first observe that there
is a compact set K such that M nK is isometric to two copies of R2 nD, where D is the
disk of center zero and radius, say, 1. Applying the Möbius transformation f .z/ D 1

z
on each

copy of R2 nD, we see that M nK is conformally equivalent to the disjoint union of two
Euclidean unit disks, punctured at their center. We can thus compactify M by adding the two
punctures p and q, and obtain a compact Riemann surface .†; g/ such that M is conformal to
.† n ¹p; qº; g/. Moreover, the metric g coincide with the standard spherical metric on a neigh-
borhood of p and of q. By general theory of Riemann surfaces (see e.g. [35, p. 51]), there
exists a meromorphic (complex) differential � on †2, that is, holomorphic on †2 n ¹p; qº and
has singularity dz

z
at p, and �dz

z
at q. It gives rise to a meromorphic differential Q� on M , with

the following asymptotic:

(3.11) Q�.�/ � �
d�

�
; � !˙1M ;

where “going to C1M ” means going to infinity in the copy of R2 corresponding to p, and
“going to �1M ” means going to infinity in the copy of R2 corresponding to q. Considering
! D Q�C NQ�, one obtains a (real) harmonic 1-form on M , and from (3.11), it is obvious that
! 2 Lp for all p > 2. Thus, we have proved that

KerLp . E�/ ¤ ¹0º; p > 2:

We finally prove the statement concerning KerL2. E�/. The fact that M has genus zero means
that † is topologically a two-dimensional sphere S2. Thus, M is conformal to a sphere with
two punctures .S2 n ¹p; qº; g/. By conformal invariance of the Dirichlet integral, every har-
monic 1-form ! onM with a finite L2 norm gives rise to a harmonic 1-form Q! on S2 n ¹p; qº.
Since Q! is in L2, by Weyl’s lemma its singularities at p and q are removable, and thus Q!
extends to an L2-harmonic 1-form on .S2; g/. Since H 1.S2;R/, the first De Rham cohomol-
ogy group of S2 is trivial, the Hodge theorem implies that Q! � 0, and thus ! � 0. This proves
that KerL2.M/ D ¹0º.

4. Spectral radius estimates

In order to obtain Gaussian estimates for .e�tL/t>0, a crucial step will be to pass from
(RVp;q) to a similar estimate for L, by writing, as in [30], the standard perturbation formula

.1C tL/�1 D .I � .1C tH /�1tW0/
�1.1C tH /�1;

that is, passing to the resolvent by setting � D 1
t
,

.LC �/�1 D .I � .H C �/�1W0/
�1.H C �/�1:

The term .H C �/�1 is taken care of by Proposition 2.3. We now have to study the factor
.I � .H C �/�1W0/

�1. The key to prove Theorem 1.1 is the following proposition.
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Proposition 4.1. Assume that M satisfies conditions (VD), (UE) and (V1), and that
KerH1

0
.L/ D ¹0º. Then the operator .I � .H C �/�1W0/

�1 is a well-defined bounded opera-
tor on L1 and

sup
�>0

k.I � .H C �/�1W0/
�1
k1!1 < C1:

Before being able to prove Proposition 4.1, we first have to make a few preliminary
observations. For � � 0, we introduce the two operators

A� D W
1=2
0 .H C �/�1W

1=2
0

and
B� D .H C �/

�1W0:

There are two main ideas for the proof of Proposition 4.1: the first one is that the L1 spectrum
of B� is related to the L2 spectrum of A�. The second one is that the spectral radius of A�

being strictly less than 1 is equivalent to the strong subcriticality of L, which will be shown
to be equivalent to the more geometric condition KerH1

0
.L/ D ¹0º. The first idea goes back to

the seminal work of B. Simon on Schrödinger operators in Rn (see [60, Lemma 3.9]), whereas
the second one appears in [30], for manifolds satisfying a global Sobolev inequality.

We now present a sequence of lemmas, that will be used in the proof of Proposition 4.1.

Lemma 4.2. Assume thatM satisfies (VD), (UE) and (V1), and that R� satisfies con-
dition (K). Let H be defined by (1.8). Then the kernel .H C �/�1.x; y/ converges uniformly as
�! 0C to H�1.x; y/ on compact sets ofM 2nDiag.M/, where Diag.M/ WD ¹.x; x/ W x 2M º.

Proof. Notice first that Z 1
1

dt

V .x0;
p
t /
�

Z 1
1

dt

t
�
2

;

so (V1) implies � > 2. Let QK be a compact set of M 2 n Diag.M/, and denote

d. QK;Diag.M// D � > 0:

It is straightforward to check that d.x; y/ � � if .x; y/ 2 QK. Write

H�1.x; y/ � .H C �/�1.x; y/ D

Z C1
0

�
1 � e��t

�
e�tH .x; y/ dt;

By Proposition 2.3,

(4.1) ke�tH .x; y/ky;x �
C

V.x;
p
t /
e�

�2

Ct

for .x; y/ 2 QK and t > 0. But by (VD�),

V.x;
p
t / � ct

�
2 V.x; 1/ if t � 1:

Let NK be the projection of QK on the first coordinate. Since NK is compact, there is a constant
c > 0 such that if .x; y/ 2 QK, then

V.x; 1/ � c;

therefore
V.x;

p
t / � c0t

�
2 if t � 1:
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Now, for all .x; y/ 2 QK, Z 1

0

�
1 � e��t

�
e�tH .x; y/ dt


y;x

�

Z 1

0

�
1 � e��t

�
ke�tH .x; y/ky;x dt

�

Z 1

0

�
1 � e��t

�
t�

�
2 e�

�2

Ct dt < C1;

which converges to 0 as �! 0C by dominated convergence sinceZ 1

0

t�
�
2 e�

�2

Ct dt < C1:

We now deal with the integral from 1 toC1. By (4.1),

ke�tH .x; y/ky;x �
C

V.x;
p
t /

for .x; y/ 2 QK and t � 1. Fix x0 2M . By (VD) there exists a constant C NK;x0 such that

sup
x2 NK

1

V.x;
p
t /
�

C NK;x0

V.x0;
p
t /
;

hence for all .x; y/ 2 QK,Z C1
1

�
1 � e��t

�
ke�tH .x; y/ky;x dt � C

0
NK;x0

Z C1
1

�
1 � e��t

� 1

V.x0;
p
t /
dt;

which converges to 0 as �! 0C by dominated convergence thanks to condition (V1). It shows
that

kH�1.x; y/ � .H C �/�1.x; y/ky;x ! 0

as �! 0C, uniformly for .x; y/ 2 QK and concludes the proof of Lemma 4.2.

The following lemma is crucial for our study. It will be used first in the proof of Lem-
ma 4.8, and again directly in the proof of Proposition 4.1.

Lemma 4.3. Under the assumptions of Lemma 4.2, for any � 2 Œ0;C1/, B� is com-
pact on L1, sup��0 kB�k1!1 < C1; and the map � 7! B� 2 L.L1; L1/ is continuous
on Œ0;1/.

For the proof of Lemma 4.3, we shall use Lemma 4.2 as well as the following compact-
ness criterion, which follows from the Arzelà–Ascoli theorem (see [34, Corollary 5.1]):

Lemma 4.4. Let T be an integral operator with continuous kernel k.x; y/. Assume that
there exists a compact subset K of M such that k.x; y/ is supported in M �K, and

lim
R!1

sup
x2MnB.x0;R/

Z
K

jk.x; y/j d�.y/ D 0

for some x0 2M . Then T is compact on L1.
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Proof. Consider a family of functions �R 2 Cc.M/, R > 1, such that 0 � �R.x/ � 1
for all x 2M , �R.x/ D 1 for all x 2 B.x0; R/ and �R.x/ D 0 for all x … B.x0; 2R/. Let
TR be an integral operator with continuous kernel �R.x/k.x; y/. By hypothesis, the norm
kT � TRk1!1 converges to zero whenR goes to infinity. Hence it is enough to show that the
operators TR are compact for all R > 1. But every TR has continuous, compactly supported
kernel. It follows that the kernel is uniformly continuous and the standard argument based on
the Arzelà–Ascoli theorem shows that an operator with uniformly continuous kernel is compact
on L1 (and in fact on any other Lp spaces). See e.g. [47, Example 4.1].

Proof of Lemma 4.3. Let K0 be the compact set from condition (K). Decompose

B� D T� C S� D �.H C �/
�1W0 C .1 � �/.H C �/

�1W0;

where � 2 C10 .M/ is a cut-off function such that � � 1 on K1 WD ¹x W d.x;K0/ � 1º. The
reason why we introduce T� is the following: the kernel of B� is C 1;˛loc , ˛ 2 .0; 1/, outside
the diagonal, and singular on the diagonal. The operator T� captures the “near-diagonal" part
of B�.

Step 1. We start by showing that

sup
��0

kT�k1!1 < C1;

T� is compact on L1 for every � � 0, and the map � 7! T� 2 L.L1; L1/ is continuous
at � D 0. Write

T� D

Z C1
0

e�t��e�tH W0 dt

so that

kT�k1!1 �

Z C1
0

k�e�tH W0k1!1 dt:

We split the integral into
R 1
0 C

RC1
1 , and estimate both terms. By Proposition 2.3, we have

ke�tHk1!1 � C , so that Z 1

0

k�e�tH W0k1!1 dt < C1:

Also, Z C1
1

k�e�tH W0k1!1 dt

�

Z C1
1

k�k1ke
�tH
kL1.K0/!L1.K1/ dt

Z
K0

kW0.x/kx d�.x/:

But
R
K0
kW0.x/kx d�.x/ is finite since W0 2 L

1. Write

ke�tHkL1.K0/!L1.K1/ D sup
x2K1; y2K0

ke�tH .x; y/ky;x :

As in Lemma 4.2,Z C1
1

sup
x2K1; y2K0

ke�tH .x; y/ky;x dt � CK0;K1

Z C1
1

1

V.x0;
p
t /
dt < C1;
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where x0 2 K1 is a point that is fixed. ThereforeZ C1
1

k�e�tH W0k1!1 dt < C1:

Consequently,
sup
��0

kT�k1!1 < C1:

Let us prove now that the map � 7! T� 2 L.L1; L1/ is continuous for all � 2 Œ0;C1/.
We have

kT�0 � T�00k1!1 �

Z C1
0

.e��
0t
� e��

00t /k�e�tH W0k1!1 dt:

We have just seen that
RC1
0 k�e�tH W0k1!1 dt < C1. It follows by the dominated con-

vergence theorem that
lim
�0!�00

kT�0 � T�00k1!1 D 0:

Let us now show that T� is compact on L1.
Using local Hölder regularity estimates (see e.g. [37, Theorem 8.24]) for solutions of

.HC�/u D W0f and the fact that .HC�/�1W0 sendsL1 toL1loc (by the above arguments),
one obtains in a similar way as above that

kT�f kC˛ � Ckf k1:

By the Arzelà–Ascoli theorem the embedding C ˛loc ,! L1 is compact, and thus T� is compact
on L1. This concludes the first part of the proof of Lemma 4.3.

Step 2. Let us now turn to S�, and show that S� is a compact operator on L1, that

sup
��0

kS�k1!1 < C1;

and that the map � 7! S� is continuous at � D 0. By Proposition 2.3, the heat kernel of H has
Gaussian estimates. Using the expression .H C �/�1 D

RC1
0 e��te�tH dt , it follows that the

kernel of .H C �/�1 can be estimated by

k.H C �/�1.x; y/ky;x � C

Z C1
d2.x;y/

dt

V .y;
p
t /
;

where C is independent of �. Now, S�.x; y/ D 0 unless y 2 K0 and x 62 K1, in which case
d.x; y/ � 1. Thus

kS�.x; y/ky;x � C

Z C1
1

dt

V .y;
p
t /
� C 0

Z C1
1

dt

V .y0;
p
t /
;

where y0 2 K0 is fixed. By (V1), the above integral is finite. Finally,

kS�k1!1 � C

for some constant C independent of �.
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Also, since
lim
x!1

kS�.x; y/ky;x D 0;

uniformly for y 2 K0, and since by elliptic regularity S�.x; y/ is C 1;˛ (since it has support
outside of the diagonal), Lemma 4.4 implies that S� is compact on L1. Let us show that
� 7! S� is continuous at � D 0. First, notice that for every " > 0, there exists K0 b K" b M

such that for every � � 0,
k�MnK"S�k1!1 � ":

Together with the fact that the kernel .H C �/�1.x; y/ converges to H�1.x; y/ uniformly on
compact sets of M 2 n Diag.M/ (see Lemma 4.2), this implies that � 7! S� 2 L.L1; L1/ is
continuous at � D 0.

Step 3. Finally, let us prove the continuity of � 7! B� 2 L.L1; L1/ at a point �0 > 0.
Write

k.H C �0/
�1W0 � .H C �/

�1W0k1!1

D j� � �0j k.H C �/
�1.H C �0/

�1W0k1!1:

Take j� � �0j �
j�0j
2

. Then

k.H C �/�1k1!1 �
C

�
�
2C

�0
:

Since k.H C �0/�1W0k1!1 � C , we get that for � close enough to �0,

k.H C �/�1.H C �0/
�1W0k1!1 � C:

Thus,
lim
�!�0

k.H C �0/
�1W0 � .H C �/

�1W0k1!1 D 0;

which shows the claim.

Let us now present a lemma which is an adaptation of [29, Corollary 3.1, Proposition 3.5]
and of the proof of [29, Theorem 3.1] to the case of generalized Schrödinger operators acting
on sections of a vector bundle:

Lemma 4.5. Assume that M is non-parabolic. Then, for all � � 0, the two operators
.H C �/�1=2W0 and W0.H C �/

�1=2 are compact on L2, and adjoint one another.

Proof. We only explain how to prove the compactness in L2 of the operator

U0 D W0H
�1=2:

Once this is done, the compactness of W0.H C �/
�1=2 follows from the formula

W0.H C �/
�1=2

D U0H
1=2.H C �/�1=2;

and from the fact that .H C �/�1=2 is a contraction on L2, by the spectral theorem. The other
claims of the lemma are then proved following [29], using only functional analysis arguments
that generalize easily to the case of generalized Schrödinger operators, acting on sections of
a vector bundle. Let us just mention that the fact that the operators W0H

�1=2 and H�1=2W0

are adjoint one another is not completely obvious, because it is a non-trivial fact that H�1=2W0

is bounded onL2. See [29, Proposition 3.4] and the proof of [29, Theorem 3.1] for more details.
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Now, let us come back to U0. First, by the definition of H 1
0 ,

H�1=2 W L2 ! H 1
0

is an isometry. Next, recall that by (3.1) and (3.4),

H 1
0 ,!

QW
1;2

loc ;

where
QW
1;2

loc WD ¹! 2 L
2
loc W r! 2 L

2
locº:

We claim that

(4.2) QW
1;2

loc D W
1;2

loc ;

where W 1;2
loc is defined as the space of ! with ! ı ' 2 W 1;2.RnCm/, for every local trivializa-

tion ' W B �Rm � RnCm ! E of the vector bundle E !M . Here, n is the dimension ofM ,
m is the dimension of a fiber of E, and B is the unit ball in Rn. Obviously, W 1;2

loc �
QW
1;2

loc .
For the converse, let us take a local trivialization ' W B �Rm � RnCm ! E of E !M ,
around a point p 2M ; in the natural coordinates induced by ', every section ! of E writes
! D

Pm
jD1 !

j ej , for some basis e1; : : : ; em of Rm, and r! writes

r! D

mX
kD1

 
d!k C

mX
jD1

Akj !
j

!
ek;

where the matrix .Akj .x//1�j;k�m is the connection form of r and smooth in the point x 2M .
Assuming now ! 2 QW

1;2
loc , one has Akj !

j ek 2 L
2.B/, and thus d!j 2 L2.B/ for all j . Thus,

! is in W 1;2
loc , and we conclude that (4.2) holds. Therefore, one obtains

H�1=2 W L2 ! H 1
0 ,! W

1;2
loc :

By the Rellich–Kondrachov theorem, the embedding

W 1;2.K0/ ,! L2.K0/

is compact, and since W0 is L1 and has (compact) support included in K0, the composition

W0H
�1=2

W L2 ! L2.K0/

is compact.

We will also need the following result, which follows from arguments used in [30, Defi-
nition 6] that remain valid even if M does not satisfy a global Sobolev inequality:

Lemma 4.6. Assume that M is non-parabolic. Then the following are equivalent:

(i) There exists � > 0 such that

kH�1=2W0H
�1=2
k2!2 � 1 � �:

(ii) L is strongly subcritical.

(iii) KerH1
0
.L/ D ¹0º.
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Proof. Notice that by Lemma 4.5, the operator

H�1=2W0H
�1=2

D .H�1=2W
1=2
0 /.W

1=2
0 H�1=2/

is self-adjoint, compact on L2. Then, mutatis mutandis, the proof of [30, Definition 6] (see also
[30, Remark 2]) applies, and shows the equivalence of (i) and (iii). For the sake of complete-
ness, let us detail a bit more: for u 2 L2, define ! D H�1=2u 2 H 1

0 . Then

.H�1=2W0H
�1=2u; u/ � .u; u/ ” .H�1=2W0!;H

1=2!/ � .H1=2!;H1=2!/

” .W0!;!/ � QH .!/:

The latter inequality is true since L D H �W0 is non-negative, hence

.H�1=2W0H
�1=2u; u/ � kuk2; u 2 L2:

Since H�1=2W0H
�1=2 is self-adjoint, this yields

kH�1=2W0H
�1=2
k2!2 � 1:

Since H�1=2W0H
�1=2 is compact on L2, either 1 is eigenvalue of H�1=2W0H

�1=2, or (i) is
satisfied for some � > 0. But using that

L D H1=2.I �H�1=2W0H
�1=2/H1=2;

it can be shown that H�1=2 is an isometry from KerL2.I �H�1=2W0H
�1=2/ to KerH1

0
.L/.

Thus, 1 is anL2 eigenvalue of H�1=2W0H
�1=2 if and only if KerH1

0
.L/¤¹0º, and this proves

that (i) and (iii) are equivalent.
Let us now prove the equivalence of (i) and (ii). First, let us assume (ii), that is, for

some " > 0,

hR�!;!i � .1 � "/h.r
�
r CRC/!; !i for all ! 2 C10 .E/:

Since
hR�!;!i D hW0!;!i C hW1!;!i;

one gets

hW0!;!i � .1 � "/h.r
�
r CRC � hW1!;!i/!; !i for all ! 2 C10 .E/:

So
hW0!;!i � .1 � "/QH .!/ for all ! 2 H 1

0 :

As before, this implies that

hH�1=2W0H
�1=2u; ui � .1 � "/kuk2 for all u 2 L2

and since H�1=2W0H
�1=2 is self-adjoint on L2,

kH�1=2W0H
�1=2
k2!2 � 1 � ";

that is, (i) with � D ". Conversely, assume that (i) holds. Then by the same argument, we obtain

hW0!;!i � .1 � �/QH .!/ for all ! 2 H 1
0 :



62 Coulhon, Devyver and Sikora, Gaussian heat kernel estimates: From functions to forms

Therefore

hR�!;!i D hW0!;!i C hW1!;!i � .1 � �/h.r
�
r CRC/!; !i C �h�W1/!; !i

for all ! 2 C10 .E/. By (3.2), there is " > 0 such that

hW1!;!i � .1 � "/hr
�
r!;!i;

so
hR�!;!i � .1 � �C .1 � "/�/h.r

�
r CRC/!; !i:

Setting
.1 � �C .1 � "/�/ D 1 � ˛

with ˛ > 0, one obtains that L is .1 � ˛/-strongly subcritical. This concludes the proof that (i)
is equivalent to (ii).

We will actually need the following slight variation of Lemma 4.6:

Lemma 4.7. Assume that M is non-parabolic. For every � � 0, the operator A� is
self-adjoint and compact on L2. Furthermore, the following are equivalent:

(i) There is � 2 .0; 1/ such that for all � � 0,

kA�k2!2 � 1 � �:

(ii) L is strongly subcritical.

(iii) KerH1
0
.L/ D ¹0º.

Proof. Denote U� D .H C �/
�1=2W

1=2
0 . Then by Lemma 4.5,

U�� D W
1=2
0 .H C �/�1=2;

and noticing that
A� D U��U�;

one concludes by Lemma 4.5 that A� is self-adjoint, compact on L2. Let us now observe that,
since kU�

�
U�k2!2 D kU

�
�
k22!2 , for any " > 0, the following two conditions are equivalent:

kA�k2!2 � .1 � "/
2 for all � � 0;

and
kU��k2!2 � 1 � " for all � � 0:

Remarking that U�
�
D U0H

1=2.HC�/�1=2, and that H1=2.HC�/�1=2 is contractive on L2

by the spectral theorem, it follows that the latter condition is equivalent to

kU0k2!2 � 1 � ";

that is,

(4.3) k QA0k2!2 � .1 � "/
2;

where
QA0 D U0U�0 D H�1=2W0H

�1=2:

Thus, (i) is equivalent to (4.3). By Lemma 4.6, (4.3) holds for some " > 0 if and only if (ii)
or (iii) hold, which proves the claim.
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Let us now recall some notation about the spectrum of a bounded linear operator. If T is
a bounded operator on Lp, p 2 Œ1;1�, denote by �p.T / the spectrum of T . Also, denote by

rp.T / D max¹j�j W � 2 �p.T /º

the spectral radius of T . We recall the well-known property that

lim
n!C1

kT nk
1
n
p!p D rp.T /:

Lemma 4.8. Assume that

kA�k2!2 � 1 � � for all � � 0;

for some � 2 .0; 1/. Then
r1.B�/ � 1 � �

for all � � 0.

Proof. Let � 2 �1.B�/ n ¹0º. Recall that by Lemma 4.3, B� is compact on L1; by
Fredholm theory for compact operators on Banach spaces (see [46]), there exists a non-zero
function ' 2 L1 such that B�' D �', that is,

(4.4) .H C �/�1W0' D �':

Applying W
1=2
0 to both sides of (4.4) yields

W
1=2
0 .H C �/�1W0' D �W

1=2
0 ';

that is,
A�W

1=2
0 ' D �W

1=2
0 ':

Notice that W
1=2
0 ' 6� 0, since otherwise one would get B�' D 0, that is, � D 0, which is

a contradiction. Also, since ' 2 L1, using the fact that W0 has compact support, one sees that
W
1=2
0 ' 2 L2. As a consequence,

� 2 �2.A�/:

By Lemma 4.7, there is � > 0, independent of �, such that

kA�k2!2 � 1 � �:

Therefore,
j�j � 1 � �:

Since this is true for every � 2 �1.B�/ n ¹0º, one gets, by the definition of the spectral radius,
that r1.B�/ � 1 � �.

We are now ready to give the proof of Proposition 4.1.

Proof of Proposition 4.1. Let M satisfy the assumptions. It follows from Lemma 4.8
that, for every � � 0, the spectral radius of B� on L1 is less than 1 � �. In particular, we have
1 62 �1.B�/, and thus .I �B�/

�1 is a bounded operator on L1. It remains to show that

sup
��0

k.I �B�/
�1
k1!1 < C1:
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First, recall that by (an easy case of) Lemma 2.5,

k.H C �/�1k1!1 �
C

�
:

On the other hand, W0 being compactly supported acts on all L1 spaces. Thus there exists
ƒ > 0 such that for every � � ƒ,

kB�k1!1 D k.H C �/
�1W0k1!1 �

1

2
:

It follows that for every � � ƒ,

k.I �B�/
�1
k1!1 � 2:

It remains to show that k.I �B�/
�1k1!1 is bounded for � 2 Œ0;ƒ�. For this, it is

enough to prove that � 7! .I �B�/
�1 2 L.L1; L1/ is continuous on Œ0;1/. Let �0 � 0.

Since, by Lemma 4.8,

lim
n!C1

kBn
�0
k
1
n
1!1 � 1 � �;

there exists N such that kBN
�0
k
1
N
1!1 � 1 �

�
2

, hence for some ˛ 2 .0; 1/,

kBN
�0
k1!1 � 1 � ˛:

Now we know by Lemma 4.3 that the map � 7! B� 2 L.L1; L1/ is continuous on Œ0;1/.
Therefore, for � close enough to �0, one has

kBN
� k1!1 � 1 �

˛

2
:

By Lemma 4.3 again, there is a constant C � 1 such that for every � � 0,

kB�k1!1 � C:

Thus, for every n � N and � close to �0,

kBn
�k1!1 � C

N

�
1 �

˛

2

�Œ n
N
�

:

Thus, the series
P
n�0 kB

n
�
k1!1 converges uniformly for � close to �0, and this implies the

continuity of � 7! .I �B�/
�1 at �0. The proof of Proposition 4.1 is complete.

5. Proofs of Theorem 1.1, Remark 1.6, Corollary 1.7 and Proposition 1.2

Proof of Theorem 1.1. Observe first that under the assumptions of the theorem M is
non-parabolic, therefore Lemma 4.7 applies and (ii) is equivalent to KerH1

0
.L/ D ¹0º.

Let H be defined by (1.8). By Lemma 2.5,

(5.1) sup
t>0

.I C tH /�1V
1
p
p
t


p!1

<1
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for all p > �
2

. Since L D H �W0, one may write the perturbation formula

(5.2) .1C tL/�1 D .I � .1C tH /�1tW0/
�1.1C tH /�1:

Assume now (ii), hence KerH1
0
.L/ D ¹0º. Thus Proposition 4.1 applies and, taking � D 1

t
,

yields

(5.3) sup
t>0

k.I � .1C tH /�1tW0/
�1
k1!1 < C1:

Gathering (5.1), (5.2), and (5.3), one obtains

sup
t>0

.I C tL/�1V 1
p
p
t


p!1

<1

for all p > �
2

. By Theorem 2.1, this implies .UEL/. We have proved that (ii) implies (i).
By (VL�), M satisfies .V p) for all p 2 . �

��2
;C1/, and by Lemma 3.1, for all such p,

KerH1
0
.L/ � KerLp .L/:

Consequently, (iii) implies that
KerH1

0
.L/ D ¹0º;

i.e. (ii). Thus, we have proved so far that (iii)) (ii)) (i). By Lemma 1.21, (i) implies (iii), so
(i), (ii) and (iii) are equivalent.

If � > 4, then by (VL�), condition (V 2) is satisfied, and Lemma 3.1 implies that

KerL2.L/ D KerH1
0
.L/;

thus L is strongly subcritical if and only if KerL2.L/ D ¹0º.

Proof of Remark 1.6. Recall that by non-parabolicity ofM , condition (V1) is satisfied.
By Lemma 4.7, the strong subcriticality of L implies that

KerH1
0
.L/ D ¹0º:

Thus, the conclusion of Proposition 4.1 holds, the proof of the implication (ii)) (i) of Theo-
rem 1.1 applies, and shows that (UEL) holds.

Proof of Corollary 1.7. First, it is classical that if M is non-parabolic, then the strong
subcriticality of L implies that L is subcritical; this is because, by the strong subcriticality
condition, the quadratic form of L is bounded from below by "

R
M jruj

2. Thus, by (3.1), the
completion of C10 .M/ under the norm hL1=2u;L1=2ui injects continuously into L2loc, which
implies that L is subcritical. This shows that (ii) implies (iii).

Furthermore, by Remark 1.6, if L is strongly subcritical, then the heat kernel of L has
Gaussian estimates. Thus, (ii) implies (i).

Next, let us show that (ii) and (iii) are equivalent. Let us introduce the notations

W0.x/ WD 1K0.x/V�.x/

and
W1.x/ WD 1MnK0.x/V�.x/:
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Assume that L is subcritical, and let us prove by contradiction that V� is strongly subcritical. If
it is not the case, then by Lemma 4.7 there exists ' 2 KerH1

0
.L/ n ¹0º. By the definition ofH 1

0 ,
there is a sequence of smooth compactly supported functions .'n/n2N such that

'n ! ' in H 1
0 :

Notice that since L is non-negative, for every u 2 C10 .M/,Z
M

W0u
2
� QH .u/;

where we recall that QH is the quadratic form of H D �C VC �W1. Thus,Z
M

W0u
2
� kuk2

H1
0

<1

for every u 2 H 1
0 , so the convergence of .'n/n2N to ' in H 1

0 implies that

lim
n!1

Z
M

W0'n D

Z
M

W0':

Consequently,

lim
n!1

�
QH .'n/ �

Z
M

W0'
2
n

�
D QH .'/ �

Z
M

W0'
2:

But since ' 2 KerH1
0
.L/, one obtains by integration by parts that for every  2 C10 .M/,

QH .';  / �

Z
M

W0' D 0;

and by the density of C10 .M/ in H 1
0 , we conclude that

QH .'/ �

Z
M

W0'
2
D 0:

Thus,

lim
n!1

�
QH .'n/ �

Z
M

W0'
2
n

�
D 0:

Furthermore, by (3.4), .'n/n2N converges to ' in L2loc, so ' is a null-state (see [54, Defini-
tion 1.1]) of L. By [54, Theorem 1.4], this implies that L is critical, which is a contradiction.
This shows that (iii) implies (ii).

It remains to show that (i) implies (iii). Assume (i). Then for all x ¤ y,Z 1
1

je�tL.x; y/j dt � C

Z 1
1

dt

V .x;
p
t /
:

SinceM is non-parabolic and satisfies (VD) and (UE), it follows that condition (V1) holds, so
the above integral is finite. This implies that L is subcritical. So, (iii) holds, which concludes
the proof.

Proof of Proposition 1.2. The proof of the proposition follows from Lemma 3.1 and the
following lemma.
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Lemma 5.1. Under the assumptions of Theorem 1.1, KerH1
0
.L/ is finite dimensional.

Proof. From an obvious adaptation of [30, proof of Lemma 1], H�1=2 is an isomor-
phism between KerL2.I �H�1=2W0H

�1=2/ and KerH1
0
.L/. Due to Lemma 4.5, the operator

H�1=2W0H
�1=2 is self-adjoint, compact on L2. Hence, KerL2.I�H�1=2W0H

�1=2/ is finite
dimensional, and the result follows.

6. Proofs of Theorem 1.11, and Corollaries 1.14, 1.16 and 1.18

Proof of Theorem 1.11. In the case � < 2, one can prove directly – that is, without iter-
ating – that

(6.1) sup
t>0

kV
1=2
p
t
.I C tL/�1k2!1 <1:

We define H in a way that is different from the one used in the proof of Theorem 1.1: let us
denote H D N�CRC. We pass to � D 1

=
t , and write

.LC �/�1 D .H C �/�1=2.I � .H C �/�1=2R�.H C �/
�1=2/�1.H C �/�1=2:

Denote
QA� WD .H C �/

�1=2R�.H C �/
�1=2;

and assume first that R� is in L1. Since

k.H C �/�1=2k2!2 � �
�1=2;

for � > 0 the operator QA� is self-adjoint, bounded on L2. Then, by the proof of Lemma 4.6,
the strong subcriticality assumption on L implies that there exists " > 0 such that for all � > 0,

k QA�k2!2 � 1 � ":

We emphasize that here, contrary to Lemma 4.7, one has to restrict ourselves to � > 0 in order
that QA� acts on L2, because R� is not in general compactly supported. If R� is only in L1loc
but not in L1, then by an approximation argument, one proves that QA� is still self-adjoint
on L2 and has norm bounded by 1 � ". Therefore, the Neumann series

.I � QA�/
�1
D

X
n�0

QAn
�

converges in operator norm on L2, and as a consequence

sup
�>0

k.I � QA�/
�1
k2!2 <1:

Hence,

kV
1=2
p
t
.I C tL/�1k2!1

� kV
1=2
p
t
.I C tH /�1=2k2!1k.I � QA�/

�1
k2!2k.I C tH /�1=2k2;2

� CkV
1=2
p
t
.I C tH /�1=2k2!1.I C tH /�1=2k2;2:
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By the spectral theorem,
sup
t>0

k.I C tH /�1=2k2;2 � 1:

In the case � < 2, by Lemma 2.5, we get

sup
t>0

kV
1=2
p
t
.I C tH /�1=2k2!1 <1:

Thus, one obtains
sup
t>0

kV
1=2
p
t
.I C tL/�1k2!1 <1:

This implies (UEL). In the case � D 2, by Lemma 2.5, one obtains that for all p 2 Œ2;1/,

sup
t>0

kV
1=2
p
t
.I C tH /�1=2k2!p <1:

By Theorem 2.2, this implies .VEV/p;q; , for all 1 < p � q <1 and all  2 R. Therefore,
(6.1) is proved.

Proof of Corollary 1.16. By Corollary 1.13, the heat kernel of �k has Gaussian esti-
mates. By integration by parts, .d C d�/��1=2

k
is an isometry on L2, and the first claim now

follows from [59, Theorem 5].
If moreover RkC1 satisfies (K) and HkC1

2 .M/ D ¹0º for some p 2 . �
��2

;1/, then by
Corollary 1.13, the heat kernel of �kC1 has Gaussian estimates. Thus, by the same argument
d�
kC1

�
�1=2

kC1
is bounded from Lp.ƒkC1T �M/ to Lp.ƒkT �M/, for all p 2 .1; 2�. Taking the

adjoint, we deduce that ��1=2
kC1

dk is bounded from Lp.ƒkT �M/ to Lp.ƒkC1T �M/. Using
the fact that the Hodge Laplacian and d commute, we deduce that dk�

�1=2

k
is bounded on Lp,

for all p 2 .1;1/. The proof for d�
k�1

�
�1=2

k
is the same, starting from the boundedness of

dk�1�
�1=2

k�1
on Lp, p 2 .1; 2/, and taking the adjoint.

Proof of Corollary 1.18. Thanks to theL2 Hodge decomposition and Theorem 1.17, we
need to prove that

KerL2.�k/ \ Lp
Lp

D KerL2.�k/:

According to Lemmas 3.1 and 3.2, under the assumptions of Corollary 1.18,

KerLp .�k/ D KerL2.�k/:

Furthermore, according to Proposition 1.2, KerL2.�k/ is finite dimensional, hence its Lp

closure is itself, and the result is proved.

7. Proof of Theorem 1.19

We follow the strategy developed originally in [30]: the proof is by a perturbation argu-
ment, using the Gaussian estimates result from Theorem 1.1. By hypothesis, Ric� satisfies
condition (K), so by Theorem 1.1 we know that there is a non-negative, smooth, compactly sup-
ported potential W such that E�CW is strongly subcritical, and the heat kernel e�t. E�CW/ has
Gaussian estimates. Here, we have identified the potential W with the operator W times the
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identity acting on 1-forms. More precisely, W is chosen so that

sup
x2M

Z
M

G.x; y/k.RicCW/�.y/ky dy < 1:

Furthermore, since W is non-negative,Z
M

jd!j2 C jd�!j2 � h. E�CW/!; !i for all ! 2 C10 .E/:

Thus, d�. E�CW/�1=2 is bounded on L2. Since e�t. E�CW/ has Gaussian estimates, by [59]
one deduces that d�. E�CW/�1=2 is bounded on Lq for all q 2 .1; 2/. Taking the adjoint, one
gets that . E�CW/�1=2d is bounded on Lq , for all q 2 Œ2;1/. However, due to the presence
of the potential W , one cannot commute the operators d and . E�CW/�1=2. In what follows,
we fix 3 < p < �. Denote K0 the (compact) support of W . The proof of Theorem 1.19 relies
on the following two claims.

Claim 1. The operator d.�CW/�1=2 is bounded on Lp.

Claim 2. The operator d��1=2 � d.�CW/�1=2 is bounded on Lp.

Indeed, assuming for the moment the validity of these two claims, we conclude that
d��1=2 D .d��1=2 � d.�CW/�1=2/C d.�CW/�1=2 is bounded on Lp. Since M satis-
fies (VD) and (UE), it follows from [22] that d��1=2 is also bounded on Lq , for all q 2 .1; 2/.
Since 3 < p < � is arbitrary, one concludes by interpolation that d��1=2 is bounded on Lp,
for all p 2 .1; �/. This finishes the proof of Theorem 1.19.

Proof of Claim 1. Given the volume lower estimate (VL�), the proof is a simple adap-
tation of the proof of [30, Theorem 16]. It relies on ideas developed in [17]. Let us explain
briefly the main steps of the proof. The idea is to show that one can commute the operators
d and . E�CW/�1=2, modulo an error which is bounded in Lp. First, the Gaussian estimates
satisfied by e�t. E�CW/ and (VL�) imply that for all 1 � r � s � 1,

(7.1)
e�t. E�CW/


Lr .K0/!Ls

.
1

t
�
2
. 1
r
� 1
s
/

for all t � 1:

By subordination, (7.1) implies

(7.2)
e�tp E�CW


Lr .K0/!Ls

.
1

t�.
1
r
� 1
s
/

for all t � 1:

Notice that since W � 0, a similar estimate holds for the Poisson semigroup of �CW (that
is, on functions); we will use it in the following form:

(7.3)
e�tp�CW


Lp!L1.K0/

.
1

t
�
p

for all t � 1:

Furthermore, for all 1 � q � 1,

(7.4)
e�tp�CW


Lq!Lq

� 1 for all t > 0

(this follows from e�.�CW/ � e�t�, and subordination). Consider the vector bundle E over
RC �M , whose fiber at .t; p/ is ƒ1T �M . Acting on sections of E, consider the elliptic
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operator (the wave operator)

P D �
à2

àt2
C E�CW ;

with Neumann boundary conditions at the boundary t D 0. Let G be the Green function of P ,
whose kernel is given explicitly by

(7.5) G .�; s; x; y/ D

Z 1
0

 
e�

.��s/2

4t � e�
.�Cs/2

4t

p
4�t

!
e�t.

E�CW/.x; y/ dt:

Then, for u 2 C10 .M/, one has the approximate commutation relation

(7.6) e��
p
E�CWdu D de��

p
�CWu � G

�
P
�
de��

p
�CWu

��
(see [30] or [20] for more details). Denote

EŒu� D G
�
P
�
de��

p
�CWu

��
:

Integrating (7.6) from t D 0 to1, one obtains

(7.7) . E�CW/�1=2du D d.�CW/�1=2u �

Z 1
0

EŒu�.�/ d�:

It is easy to compute that

(7.8) P
�
de��

p
�CWu

�
D �

�
e��
p
�CWu

�
.dW/;

which has (compact) support included in K0. It follows, using the heat kernel estimates (7.1)
and (7.2), that

(7.9)
 Z 1

0

EŒu�.�/ d�


p

. kukp

(see the computation below, where the assumption � > 3 is needed). Since we know that
. E�CW/�1=2du is bounded on Lp, from (7.7) and (7.9) one deduces that d.�CW/�1=2

is bounded on Lp.

Proof of Claim 2. Note that [30, proof of Theorem 15] cannot be adapted to the present
setting, but given the volume estimate (VL�) and the fact that W has compact support, one can
use instead ideas from [2, Section 3.6]. The argument is presented in details in [20, proof of
Theorem 4.1, Step III].

Proof of estimate (7.9). First, by (7.8) and (7.3), (7.4), and the fact that W has compact
support, one has

(7.10)
P

�
de��

p
�CWu

�
1
C
P

�
de��

p
�CWu

�
p

.
1

.1C �/
�
p

kukp:

The proof of (7.9) now follows the computations in [17]: first, denote

f .t; x/ D P
�
de�t

p
�CWu

�
.x/:
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Then
EŒu�.�; x/ D

Z
RC�M

G .�; s; x; y/f .s; y/ ds d�.y/

and Z 1
0

EŒu�.�; x/ d� D

Z
R2
C
�M

G .�; s; x; y/f .s; y/ d� ds d�.y/:

Integrating (7.5), one finds thatZ 1
0

G .�; s; x; y/ d� D
1

4�

Z 1
0

� Z s

�s

e�
v2

4t dv

�
e�t.

E�CW/.x; y/
dt
p
t

D
2
p
�

Z 1
0

e�r
2

� Z s2

4r2

0

e�t.
E�CW/ dt

�
dr:

Therefore,Z 1
0

EŒu�.�; x/ d� D
2
p
�

Z
R2
C

� Z s2

4r2

0

.e�t.
E�CW/f .s; � //.x/ dt

�
dr ds:

Since e�t. E�CW/ has Gaussian estimates, it is uniformly bounded on Lp, and thereforee�t. E�CW/f .s; � //

p

. kf .s; � /kp .
1

.1C s/
�
p

kukp for all t � 1:

Also, by the fact that f .s; � / has support included in K0, (7.1) and (7.10), for all t > 1,e�t. E�CW/f .s; � //

p

. ke�t. E�CW/
kL1.K0/!Lpkf .s; � /k1

.
1

t
�
2
.1� 1

p
/

1

.1C s/
�
p

kukp:

Hence, Z 1
0

EŒu�.�; � / d�


p

.
�Z

R2
C

� Z s2

4r2

0

1

max.1; t
�
2
.1� 1

p
//

1

.1C s/
�
p

dt

�
dr ds

�
kukp:

The above integral is equal toZ
¹2r
p
t�sº

e�r
2 1

max.1; t
�
2
.1� 1

p
//

1

.1C s/
�
p

dt dr ds;

which, since p < �, is easily seen to be equal to

�

� � p

Z
R2
C

e�r
2 1

max.1; t
�
2
.1� 1

p
//

1

.1C 2r
p
t /
�
p
�1
drds;

which is finite if and only if p > �
��1

and � > 3. By assumption, these two conditions are
satisfied, and thus  Z 1

0

EŒu�.�; � / d�


p

. kukp;

that is, (7.9).
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A. Domination, Bochner formulas and Davies–Gaffney on weighted manifolds

In this Appendix, we plan to explain:

(1) Why standard domination theory extends to the weighted case.

(2) What is the Bochner formula for the weighted Hodge Laplacian.

(3) Why Gaussian off- and on-diagonal estimates for a generalized non-negative Schrödinger
operator L D r�r CR are equivalent.

In all this section, .M;�/, � D ef dx, will be a complete weighted manifold, and let E !M

be a vector bundle with a connection compatible with the metric. Recall the weighted Laplacian
�� D � � .rf;r� /, and the weighted rough Laplacian N�� D r��r acting on sections of E.

A.1. Standard domination theory extends to the weighted case. We first state a for-
mula relating the weighted rough Laplacian to the unweighted one:

Lemma A.1. The following formula hold, for � smooth, compactly supported section
of E:

N��.�/ D N�.�/ � rrf �:

Proof. It is easy to see by integration by parts that r�� D e
�f r�ef . Let p be a point

of M , and let .e1; : : : ; en/ be an orthonormal basis of TpM . Notice that r� is a section of
T �M ˝ƒkT �M , and that r� acts on a section ˛ ˝ ! of T �M ˝ƒkT �M at the point p
according to the formula

r
�˛ ˝ !jp D �

nX
iD1

p̨.ei /rei!jp:

So we see that
e�f r�˛ ˝ ef !jp D r

�˛ ˝ !jp � ˛.rf /!jp:

Writing that at p,

r� D

nX
iD1

e�i ˝rei � D

nX
iD1

˛i ˝ !i ;

we see that
nX
iD1

˛i .rf /!i jp D rrf �jp:

Recalling that N�� D e�f r�ef r, we get

N��.�/ D N�.�/ � rrf �:

The following extension of the results of [45] holds:

Theorem A.2. For any smooth, compactly supported section � of E, and every t � 0,

je�t
N���j � e�t�� j�j:
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Proof. We follow G. Besson’s proof of Theorem 20 in the appendix of [7]. For " > 0,
define

j�j" D .j�j
2
C "2/

1
2 :

The only thing that is unclear is whether the formula

(A.1) ��j�j" D
. N���; �/

j�j"
�

�
jr�j2

j�j"
�
.r�; �/

j�j"

�
;

appearing in [7, p. 173] holds in the weighted case. If it is the case, then the whole proof of
[7, Theorem 20] extends to the weighted case. Our starting point is formula (A.1), which holds
for � the Riemannian measure, by [7]. Using Lemma A.1, we see that

. N���; �/ D . N��; �/ �
1

2
.rf / � .j�j2/;

and thus
. N���; �/

j�j"
D
. N��; �/

j�j"
C .rf / � j�j":

On the other hand,

��.j�j"/ D �j�j" � .rf;rj�j"/ D �j�j" � .rf / � j�j":

Thus, from the fact that (A.1) holds for the Riemannian measure, we see that it also holds in
the weighted case.

A.2. The Bochner formula for the weighted Hodge Laplacian. We now proceed to
the Bochner formula for the Hodge Laplacian. We first need to recall some facts about differ-
ential forms. Given a vector field X and a differential form ˛ of degree k, the contraction of X
and ˛ is �X˛, a differential form of degree k � 1 defined by

�X˛.X1; : : : ; Xk�1/ D ˛.X;X1; : : : ; Xk�1/:

We will need the fact that the adjoint operation of iX isX[^, whereX[ is the 1-form associated
to X . Also of use for us will be the Cartan formula for the Lie derivative LX! of a form !

with respect to a vector field X :

LX! D d.�X!/C �X .d!/:

Let us now consider the weighted Hodge Laplacian

E�� D dd
�
� C d

�
�d:

Here, d�� is the adjoint of d , which of course depends on the measure �. For a discussion
concerning the domain of d�� and E��, we refer the reader to [13]. Let us just mention that
since M is complete, E�� as defined above is equal to the closure of the essentially self-adjoint
operator dı C ıd , where ı is the formal adjoint of d .

Lemma A.3. The following formulas hold:

d�� D d
�
� �rf

and
E�� D E� �Lrf :
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Proof. By integration by parts, we see that

d�� D e
�f d�ef :

Using an easy integration by parts and that the adjoint of �X is X[^, it is not hard to see that
for u 2 C10 .M/ and � 2 ƒkT �M ,

d�.u�/ D ud�� � �ru�:

This implies that
d�� D d

�
� �rf :

Now, by the Cartan formula,

E�� D d.d
�
� �rf /C .d

�
� �rf /d

D dd� C d�d � d�rf � �rf d

D E� �Lrf ;

which is the claimed result.

For a smooth function u onM , recall that the Hessian of u is the symmetric .0; 2/-tensor
defined as

Hessu.X; Y / D rXrY u � rrXY u:

Following [33], we introduce Hu, the Hessian operator of u, which is an operator acting on
differential forms. Given a point p of M , consider an orthonormal basis .ei /niD1 of TpM , and
let .e�i /

n
iD1 be the dual basis. Then Hu is defined by

Hu! D
X
i;j

Hessu.ei ; ej /e�j ^ �ei!:

We will need the following formula relating the Lie derivative and the covariant derivative on
differential forms, and which is proved in [33, Lemma 1.1]:

(A.2) Lru D rru �Hu:

We are now ready to prove:

Theorem A.4. The following Bochner formula for the weighted Hodge Laplacian on
k-forms holds:

E�� D N�� CRk �Hf :

Proof. By Lemma A.3 and the unweighted Bochner formula,

E�k;� D N�CRk �Lrf :

By Lemma A.1, we get that

E�k;� D N�� CRk �Lrf Crrf :

Then the result follows from (A.2).

Despite the fact that all the ingredients needed for the proof of Theorem A.4 are quite
classical, to the authors’ knowledge, the result of Theorem A.4 has never been stated explicitly
in the literature, even if closely related formula are proved in [13]. Let us explain now why the
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result of Theorem A.4, in the particular case k D 1, implies easily the formula for the iterated
carré du champ �2 of the weighted Laplacian (see [6, Proposition 3]). According to [6], �2 is
defined by

�2.u; v/ D
1

2

�
��.ru;rv/ � .r��u;rv/ � .ru;r��v/

�
:

Then the following formula for the iterated carré du champ of a weighted Laplacian is pre-
sented in [6, Proposition 3]:

(A.3) �2.u; v/ D �.Hessu;Hessv/ � .Ric � Hessu/.ru;rv/:

Notice that in [6], the Laplacian is taken with the opposite sign convention, which changes the
sign of �2; that is why our formula (A.3) has opposite sign. We claim that (A.3) follows quite
easily from Theorem A.4: notice first that since the weighted Hodge Laplacian commutes with
the differential d ,

.r��u;rv/ D .d��u; dv/ D . E��du; dv/;

which, by Theorem A.4 for k D 1 and the fact that R1 identifies canonically with the Ricci
curvature, gives

.r��u;rv/ D . N��du; dv/C Ric.du; dv/ � .Hf du; dv/:

It is easy to see from the definition of Hf that

.Hf du; dv/ D Hessf .ru;rv/:

Thus, using the symmetry of Hessf ,

1

2

�
.r��u;rv/C .ru;r��v/

�
(A.4)

D
1

2

�
. N��du; dv/C .du; N��dv/

�
C Ric.du; dv/ � Hessf .ru;rv/:

Next, let us compute ��.ru;rv/: by Lemma A.1,

��.ru;rv/ D ��.du; dv/

D �TrX;Yr2X;Y .du; dv/C .rrf du; dv/C .du;rrf dv/

D �TrX;Y .r2X;Y du; dv/ � Tr.du;r2X;Y dv/ � 2TrX;Y .rXdu;rY dv/

C .rrf du; dv/C .du;rrf dv/

D . N�du; dv/C .du; N�dv/ � 2TrX;Y .rXdu;rY dv/

C .rrf du; dv/C .du;rrf dv/

D . N��du; dv/C .du; N��dv/ � 2TrX;Y .rXdu;rY dv/:

Using the fact that Hessh can be computed by the formula

Hessh.X; Y / D .X;rYrh/;

one sees that
TrX;Y .rXdu;rY dv/ D .Hessu;Hessv/:

Thus, by (A.4),

�2.u; v/ D �Ric.ru;rv/C Hessf .ru;rv/ � .Hessu;Hessv/;

which proves (A.3).
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A.3. Equivalence of Gaussian off- and on-diagonal estimates. Finally, we want to
explain why off- and on-diagonal (Gaussian) estimates (UEL), (DUEL) are equivalent for
a generalized non-negative Schrödinger operator L D r�r CR, R 2 L1loc. Let us state this
as a theorem:

Theorem A.5. Let .M;�/ be a complete, non-compact weighted Riemannian manifold,
and let L D r�r CR, R 2 L1loc be a non-negative generalized Schrödinger operator acting
on sections ofE !M . Then the on-diagonal estimate (DUEL) and the Gaussian off-diagonal
estimate (UEL) for the heat kernel of L are equivalent.

The proof of this theorem relies on a general principle according to which the validity of
the Davies–Gaffney estimates for the heat operator of L (or, equivalently, speed of propaga-
tion 1 for the associated wave equation) is enough to pass from on-diagonal estimate for the
heat kernel to Gaussian off-diagonal estimates. See [59]. Let us introduce the Davies–Gaffney
estimate: for every �k , k D 1; 2, smooth sections of E, that coincide with the zero section
respectively outside of the geodesic ball B.xk; rk/,

(A.5) jhe�tL�1; �2ij � Ce
� r

2

4t k�1k2k�2k2 for all t > 0;

for all 0 � r < d.x1; x2/ � .r1 C r2/. Thus, the results of [59] have the consequence that
(DUEL) together with (A.5) imply (UEL). Thus, in order to prove Theorem A.5, it is enough
to prove that (A.5) holds. For this, we follow a strategy developed first in [59], and improved
later on in [25].

Proof. Following the argument at the end of the proof of [25, Theorem 3.3], we see
that it is enough to prove (A.5) for L D r�r D N��, the weighted rough Laplacian. For this
purpose, let us take � 2 C1.M/ such that jr�j � � for some real number �. Take �0 a smooth
compactly supported section, let �t WD e�tL�0, and define the energy

E.t/ D

Z
M

j�t j
2e� d�:

Then the proof of [59, Theorem 6] or [25, Theorem 3.3] shows that in order to prove (A.5), it
is enough to prove the estimate

(A.6) E 0.t/ �
�2E.t/

2
:

Thus, let now show (A.6). We compute

E 0.t/

2
D �

Z
M

.r�r�t ; �t /e
� d�

D �

Z
M

.r�t ;rt .e
��t / d�

D �

Z
M

jr�t j
2e� d� �

Z
M

.r�t ; d� ˝ �t /e
� d�

� �

Z
M

jr�t j
2e� d�C

Z
M

jr�t j
2e� d�C

1

4

Z
M

jd�j2j�t j
2e� d�

D
�2

4
E.t/;
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where we have used the fact that r.f �/ D df ˝ � C f r�, by the definition of a (Koszul)
connection, and the inequality jd� ˝ �t j � jd�jj�t j. This proves (A.6), and concludes the proof
of Theorem A.5.
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