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We introduce a convenient formalism to evaluate the phase of a light signal propagating on a general
curved background. It allows us to obtain a transparent relation between the frequency-shift and the phase
difference in large-scale optical interferometry for a general relativistic setting, as well as to derive compact
expressions generalizing the Doppler effect in one-way and two-way schemes. Our recipe is easily
applicable to stationary spacetimes, and in particular to the near-Earth experiments where the geometry is
described in the parametrized post-Newtonian approximation. As an example, we use it to evaluate the
phase difference arising in the optical version of the Colella-Overhauser-Werner experiment.
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I. INTRODUCTION

Optical interferometry has been crucial in formulation
and testing the special and general theories of relativity
from the early times until present day [1–5]. Relative
motion between the emitter and the detector, as well as
propagation in a gravitational field, lead to changes in
frequency—the Doppler effect and the gravitational red-
shift, respectively—that are used in precision tests of
relativity [4–11]. The kinematic and gravitational effects
are often competing, and strenuous efforts are made to
separate the effects of relative motion from pure gravita-
tional effects in both frequency and phase measurements
[8,11–14].
As long as the effects of quantum electrodynamics and/

or quantum gravity are not important [15], the propagation
of the electromagnetic field is governed by the appropriate
classical wave equations on a fixed curved background
[4,16,17]. For the minimally coupled electromagnetic field
the vector potential Aμ satisfies the linear equation

□Aμ − Rμ
νAν ¼ 0; ð1Þ

where□ ≔ ∇μ∇μ, with∇μ the covariant derivative and Rμ
ν

the Ricci tensor that are associated with the background
metric gμν.
The standard approach in classical and quantum optics

[3,18] is to describe the wave propagation by means of
geometric optics and, if necessary, its corrections. These are
derived by considering a decomposition of the vector
potential as

AμðxÞ ¼ aμeiΦðxÞ þ eiΦðxÞ X∞
n≥1

ω̃−nAμ
nðxÞ; ð2Þ

where Φ is the phase (or eikonal function), the amplitudes
An are slowly-varying on the appropriate scales and the
large parameter ω̃ is related to the peak frequency of the
solution [3,4,17]. The eikonal and the amplitudes can be
determined from the equations for the coefficients of the
various ω̃−n terms that are obtained by inserting this vector
potential into the wave equation and imposing the Lorentz
gauge ∇μAμ ¼ 0.
In this work our motivation is twofold. While the theory

behind the calculation of the phase difference in optical
interferometric experiments is long-established, not all of
the implicit relations that are valid in a nonrelativistic
setting can be directly used in implementations involving
arbitrary motion in a curved spacetime. This is so even
in the post-Newtonian and post-Minkowskian regimes
[19–21], where expressions for the time transfer function
and the Doppler shift can be derived [22–25]. First, in Sec. II
by using the invariance of the phase under arbitrary coor-
dinate transformations, we arrive to an explicit expression for
the phase-difference that depends on the proper emission
time and frequency and that is valid in a general spacetime—
see Eq. (7) and Eq. (10). These equations are a straight-
forward application of known results, but their explicit
expressions were never applied for optical interferometry
in curved spacetimes. Second, when applied to a particular
large-scale optical interferometry setup, namely the optical
version of the Colella-Overhauser-Werner (COW) experi-
ment [26], as we present in Sec. III, our recipe allows to
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simply relate thephase-difference—seeEq. (16)—to thewell
known frequency-shift, for which extended results are
presented in literature [22,23,25].
To make our presentation self-contained we show in

Appendix how the frequency-shift, including the effects of
both gravity and the relative motion (e.g., Doppler), can be
easily obtained. This is essentially a restatement of known
results [22–25,27], but it is presented in a form that is
particularly convenient for the post-Newtonian analysis.
Both of these aspects are critical in satellite-based gravi-

tational experiments, either in the LISA gravitational wave
antenna [13] or in the proposed optical tests of the Einstein
equivalence principle (EEP) [28,29]. In particular, this work
provides the conceptual basis for the interferometric redshift
experiment aimed at testing the EEP proposed in Ref. [30],
where a Doppler-cancellation scheme isolating the desired
gravitational effect is introduced.

1. Notation

We label the coordinates of a spacetime point as
xμ ¼ ðt; x⃗Þ, where x⃗ designates a triple of spacelike
coordinates ðx1; x2; x3Þ. These are given in a “global”
coordinate frame, in contrast to any other “local” reference
frame (fr)—such as the one of emitter, mirror, detector,
etc.—that can be established, with the trajectories para-
metrized either by their proper time τfr or by the global
coordinate time t. We use the signature ð−;þ;þ;þÞ for the
metric. The quantity r ≔ jx⃗j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1Þ2 þ ðx2Þ2 þ ðx3Þ2

p
always stands for length of the Euclidean vector x⃗. Both
co- and contravariant vectors on a three-dimensional curved
space are designated by the boldface font, e.g., k. Unless
stated otherwise we use G ¼ c ¼ 1.

II. PHASE EVALUATION IN A GENERAL
RELATIVISTIC SETTING

1. The laws of geometric optics

Within the domain of validity of geometric optics [3,17]
the wave vector kμ ≔ −∇μΦ≡ −∂μΦ defines the propa-
gation and the spatial periodicity of the wave. It is null [in
all orders of the asymptotic expansion of Eq. (2)] and thus it
satisfies the eikonal equation:

kμkμ ¼ ∂μΦ∂μΦ ¼ 0; ð3Þ

which is a restatement of the null condition in terms of the
phase function. Taking the gradient of the null condition,
∇μðk · kÞ ¼ 0, results in the propagation equation for the
wave vector, that is

kμ∇μkν ¼ 0; ð4Þ

where the geodesic is affinely parameterised.
The three-dimensional hypersurfaces of constant Φ are

null. In the high-frequency limit ω̃ → ∞, these are the

hypersurfaces of constant phase. The integral curves of kμ

form a twistfree null geodesic congruence. These geodesics
are the light rays of geometric optics. These rays can be also
be thought of as trajectories of fictitious photons that
generate the hypersurface ΠΦ of constant phase Φ and
at the same time are orthogonal to it due to Eq. (3) [4,16].
The eikonal equation [Eq. (3)] is the Hamilton-Jacobi
equation for massless particles on a given background
spacetime. Its specific solution is determined by prescribing
the phase on some initial spacelike hypersurface, e.g.,
Φðt ¼ t0; x⃗Þ. In the causticfree domain the value of Φ at
some point ðt; x⃗Þ is obtained by tracing the geodesic that
passes through it to the point on the initial hypersuraface.
If we consider the vectorial nature of electromagnetic

waves, the polarizationvector is defined asfμ ≔ aμ=
ffiffiffiffiffiffiffiffiffiffi
aμa�μ

p
.

It is transversal to the null geodesic generated by kμ, and the
Lorentz gauge condition implies the parallel propagation
equation for the polarization: fμkμ ¼ 0 and kμ∇μfμ ¼ 0.
Solutions of theHamilton-Jacobi equation are particularly

simple in stationary spacetimes, where the metric tensor is
independent of the time coordinate. In such spacetimes
existence of the timelike Killing vector ∂0, such that
∂0gμν ¼ 0, ensures that ω0 ¼ −ðk½t0; x⃗0�Þ0 is constant along
the geodesic.
If the frequency is fixed in the proper frame of a

static observer then ω0 has same value on all geodesics

that emanate from x⃗0. Given the orthonormal tetrad eðAÞμ ,

A ¼ 0;…3, the conserved frequency is ω0 ¼ −eðAÞ0 kA ¼
const, where kA are components of the wave 4-vector in the
proper frame of the observer. The 4-velocity of the observer
defines its time axis. For a static observer in a stationary
spacetime it is eð0Þμ ¼ δμ0=

ffiffiffiffiffiffiffiffiffiffi−g00
p

, and thus by orthogon-

ality of the tetrad eðIÞ0 ¼ 0, for I ¼ 1, 2, 3. As a result the
conserved frequency depends only on the proper frequency
and the metric.
Static observers in stationary spacetimes follow the

congruence of timelike Killing vectors ∂0 that defines a
projection from the space-time manifold M onto a three-
dimensional space Σ3. Using the Landau-Lifshitz formal-
ism [31–33] the spacetime domain is foliated by the
hypersurfaces of simultaneity Σ3ðtÞ with respect to the
static observer. This time t is the universal time that we use
below. The foliation introduces the time-independent spa-
tial metric γmn that determines geometric properties of
the three-dimensional space Σ3. The three coordinates of
the point xμ ¼ ðx0 ¼ t; x⃗Þ ∈ Σ3ðtÞ are just the triple
x⃗ ¼ ðx1; x2; x3Þ. Both spatial vectors and covectors on this
space are obtained by simply retaining the spatial compo-
nents, as km ¼ km, and km ¼ γmnkn ≡ km.
Intersection of the hypersurface of simultaneity Σ3ðtÞ

with the hypersurface of the constant phase ΠΦ results in
the instantaneous two-dimensional surface Π2ðt;ΦÞ of the
constant phase of the wave front. While the four-vector k
is tangent to the world line of a fictitious photon and
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orthogonal to the null hypersurface ΠΦ, its three-
dimensional projection k is perpendicular to the surface
of constant phase Π2 and tangent to the light ray in the
space Σ3. In static spacetimes the geodesic equation and the
evolution equation of polarization can be conveniently
written in a three-dimensional form [32,33]. If ðt; x⃗Þ is
connected to ðt0; x⃗0Þ by a null geodesics, then the coor-
dinate travel time depends only on the spatial coordinates
via some function Tðx⃗; x⃗0Þ such that t − t0 ¼ Tðx⃗; x⃗0Þ.
Thus the leading term of the asymptotic expansion leads

to the three laws of geometric optics [3,4,17]. Namely:
(i) Fields propagate along null geodesics. In stationary

spacetimes their propagation can be visualized as the
advance of a two-dimensional surface of constant
phase in three-dimensional space that is guided by
the light rays.

(ii) Polarization is parallel-transported along the rays.
(iii) Intensity satisfies the inverse-area conservation law.

The superposition of two or more light waves results in the
appearance of interference. Phases, intensities and polar-
izations of the individual waves are calculated in the
approximation of geometric optics according to the above
rules (i)-(iii).

2. Phase evaluation

Consider now a single null geodesic segment that
connects two points—ðtE; x⃗EÞ and ðtD; x⃗DÞ—belonging
to two timelike trajectories which are parametrized by
their respective proper times, as sketched in Fig. 1. One,
sμdetðτdetÞ, represents a detector and the other, sμtxðτtxÞ,
represents the transmitter. In the frame of the point-like
transmitter, the phase of the emitted signal at the emission
instant τtxE is ΦEðτtxE Þ and can be written as

ΦEðτtxE Þ ¼ −ωtxðτtxE − τtx0 Þ; ð5Þ

where we assume a constant proper frequency ωtx and τtx0
determines the initial phase. We recall that the local
frequency ωfr of the optical signal with wave vector k in
some frame that is moving with the four-velocity uμfrðτfrÞ
is ωfr ¼ −uμfrkμ.
Since the optical phase is constant along a spacetime

trajectory of the photon, the phase of the signal that is
detected at the spacetime location xμD ¼ sμdetðτdetD Þ equals to
the phase of the emitted signal at xμE. Given the detection at
xμD of the signal with kμ, the coordinates of the emission
event xμE ¼ sμtxðτtxE Þ are found as the intersection of the
backward propagated geodesic from the detection point
with the wordline of the emitter, that is

sμtxðτtxE Þ ¼ ξμðσ; kÞ; ð6Þ

where σ is the affine parameter and ξμðσ; kÞ is the spacetime
trajectory of the photon. Using (i) the detected phase in
terms of the properties of the emitter is given by

ΦDðτdetD Þ ¼ ΦEðτtxE ðkÞÞ: ð7Þ

When it does not lead to confusion we simply write
τE ≡ τtxE and τD ≡ τdetD implying that we use the explicit
form of the trajectories sμtxðτtxÞ and sμdetðτdetÞ to establish
the relationship between the proper times of the emission
and detection of a signal in the respective frames. For a
trajectory that consists of several geodesic segments the
time procedure remains the same, but, in addition to the flight
time, the phase changes at the nodes (such as π phases at
the reflections) should be added to the final expression for
the phase.
We notice that, from the constancy of phase [Eq. (7)], it

is possible to obtain the well-known relationship [23–25]
between the detected frequency ωdet and the transmitted
one ωtx, according to

ωdet¼−
dΦD

dτD
¼−

dΦE

dτD
¼
�
−
dΦE

dτE

�
dτE
dτD

¼ωtx
dτE
dτD

; ð8Þ

where dτE=dτD can be obtained by differentiating the
coordinate-time transfer [24]

tDðτDÞ − tEðτEÞ ¼ TðsdetðτDÞ; stxðτEÞÞ: ð9Þ

In the above equation, T is the function that implicitly
captures the relation between the proper time of emission
and detection in the respective frames (see Appendix for
more details and the explicit expressions in the case of
post-Newtonian expansion). In a stationary spacetime the T
function depends only on spatial coordinates: in this case,
T ¼ Tðx⃗D; x⃗EÞ represents the interval of coordinate time
that takes a null particle to travel from x⃗E to x⃗D.
Consider now a two-beam interference where the beams

arrive to the detector via two different paths. Here we

FIG. 1. A schematic representation of the world lines of the
emitter (trajectory sμtx), the detector (trajectory sμdet) and the light
ray ξμ between the emission event E and the detection event D
(dotted straight line).

LARGE-SCALE OPTICAL INTERFEROMETRY IN GENERAL … PHYS. REV. D 101, 104052 (2020)

104052-3



assume that the acquired phase is only due to space-time
propagation and not to additional phase shifts due to optical
elements (such as mirrors). Let the first and the second
beams that arrive at xD to have the wave vectors k1 and k2,
respectively. Then, the phase difference at xD is given by

ΔΦðτDÞ ¼ ΦEðτEðk2ÞÞ −ΦEðτEðk1ÞÞ; ð10Þ

where, in general, τEðk1Þ ≠ τEðk2Þ due to the back-
propagation, which is different for the two paths. The
above relation shows that the phase difference measured at
the space-time location xμD is equal to the difference
between the phases at the transmitter evaluated at the
two emission times τEðk1Þ and τEðk2Þ.

III. APPLICATION TO LARGE-SCALE OPTICAL
INTERFEROMETRY

Measurements of the gravitational redshift provide one
of the fundamental tests of general relativity and metric
theories of gravity in general [4,5,11,19]. Possible viola-
tions of the equivalence principle (and, specifically of the
assertion that outcomes “of any local nongravitational
experiment is independent of where and when in the
universe it is performed” [5]) can occur as a result of a
subtle interplay between different sectors of the Standard
Model and its extension. In this regard a purely optical test
based on large-scale optical interferometry provides a new
type of a probe.
A basic version of the interferometric redshift experi-

ment that tests the “where” part of the above assertion and
is known as the “optical-COW” [28,29] is represented in
Fig. 2. A light pulse is coherently split into two on the
ground by using an interferometer of temporal imbalance
τl ¼ l=c, with l the length of the optical delay line. The two
pulses are recombined at the satellite by using another
interferometer with the same imbalance τl. Since the two
interferometers sit at different gravitational potentials there
will be a gravitational phase difference between the two
interfering paths. It is estimated as [21,29]

φgr ¼
2π

λ

ghl
c2

; ð11Þ

where g is the Earth’s gravity, h the satellite altitude and
λ ¼ 2πc=ω the sent wavelength. Putting the emitter on a
ground-station (GS) and the detector on a low-Earth-orbit
spacecraft (SC), φgr results of the order of few radians,
supposing, as in Ref. [29], a delay of l ¼ 6 km, λ ¼
800 nm and h ¼ 400 km. However, if the relative motion
of the emitter and the detector is taken into account [21],
then the first-order Doppler effect is roughly 105 times
stronger than the desired signal φgr.
Now we provide a careful evaluation of the phase

difference and show its relation to the frequency-shift.
This analysis underlines the Doppler cancellation scheme

that is proposed in Ref. [30] to optically bound the violation
of the EEP down to 10−5, a precision of the same order of
the best absolute results obtained so far [9,10].
The key events of the “optical-COW” experiment are

depicted on Fig. 3.
Due to the Earth motion, the two pulses that recombine at

the SC at the point D2 of the diagram leave the GS at two

FIG. 2. Schematic representation of the interferometric redshift
measurement. For the stationary emitter and detector the only
relevant effect is the difference in the coordinate time intervals
that correspond to the same proper delay time τl.

FIG. 3. Sequence of events in the experiment. The red line PI
represents the signal that is delayed on board of the SC, and the
blue line PII is the one delayed at the GS prior to transmission.
The proper time intervals between the events D1 and D2 (at the
SC) and C and E2 (at the GS) are both equal to the proper
temporal imbalance τl.
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different times: the signal that takes the short path in the
GS-interferometer leaves the ground at τE1

, while the pulse
that takes the long arm is delayed by τl and departs at τE2

.
The interference condition for the paths PI and PII at D2

implies that the phase of the delayed pulse has to be
evaluated at the instant τC ≔ τE2

− τl. Indeed, by taking
into account the presence of the delay-lines (d.l.) and of the
back-propagation [Eq. (7)] in the given path, we have that

ΦDðτD2
jPIÞ¼d:l:ΦDðτD1

Þ¼ð7ÞΦEðτE1
Þ ð12Þ

ΦDðτD2
jPIIÞ¼ð7ÞΦEðτE2

Þ¼d:l:ΦEðτCÞ; ð13Þ

where τD1
≔ τD2

− τl and τC ≔ τE2
− τl.

Hence, the phase difference detected at the SC, accord-
ing to Eq. (10) and by using Eq. (5), is

ΔΦ ¼ ΦEðτE1
Þ −ΦEðτCÞ ¼ −ωtxðτE1

− τCÞ: ð14Þ

The above relation has a clear physical meaning: the phase
difference measured on the satellite is obtained by the
difference of the phases at the transmitter evaluated at the
(proper) times τE1

and τC, which correspond to the emission
times of the light detected at the eventD2 and that followed
the path PI and PII respectively. The above difference of
phases at the transmitter is simply obtained as the proper
frequency ωtx multiplied by the time difference τC − τE1

.
Wewill now show that for a sufficiently short proper delay

time τl the phase difference in this scheme is proportional to
the frequency difference ωdet − ωtx. In fact, by defining
ΔτE ≔ τE2

− τE1
, we have that τE1

− τC ¼ τl − ΔτE. The
proper time difference ΔτE can be found from the relation

ΔτE ≃
dτE
dτD

τl ð15Þ

if only the leading term in τl is kept. Hence,

ΔΦ ≃ −ωtxτl

�
1 −

dτE
dτD

�
≃ ðωdet − ωtxÞτl; ð16Þ

where the last equality follows from Eq. (8). This expression
is the first-order approximation in τl and is valid if both vE ≫
aEðdtE=dτEÞτl and vD ≫ aDðdtD=dτDÞτl hold, where aE
and aD are accelerations of the GS and SC at the emission
and the detection times, respectively. In the case of the post-
Newtonian metric, the explicit relation between ωdet and
ωtx is given by thewell known one-way frequency-shift [22]
(see also Eq. (A18) of Appendix).

IV. SUMMARY

Many of the implicit assumptions of optical interferom-
etry, such as the relationships between distance and time, or
even the logical consistency of the assumption that two

interfering beams have the same central frequency, are not
valid in the relativistic setting. However, the primary
interpretation of the phase difference as arising from
the difference in the emission times allows to obtain
compact expressions that provide the conceptual basis
for analysis of large-scale interferometric experiments in
general spacetimes.
The constancy of the phase on propagating wave

surfaces in the geometric optics approximation allows
for a simple generalization of the Doppler effect affecting
the frequency to curved spacetimes. The resulting expres-
sion does not require transformations between reference
frames for its use.
Moreover, in the limit of short delay times, the phase

difference in the described interferometric measurement of
the gravitational redshift is proportional to this frequency
difference, confirming the original order of magnitude
estimates and the unavoidable dominance of the first-
order Doppler effect in the one-way interferometric redshift
experiment.
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APPENDIX: FREQUENCY-SHIFT EVALUATION

1. Emission-detection frequency-shift

On a generic background we obtain the frequency-shift
of Eq. (8) by differentiating Eq. (9) and solving

dtD
dτD

¼ dtE
dτE

dτE
dτD

þ ∂T
∂sμdet u

μ
D þ ∂T

∂sμtx u
μ
E
dτE
dτD

ðA1Þ

for dτE=dτD. Here the four-velocities are

uμD ¼ dsμdet
dτD

; uμE ¼ dsμtx
dτE

; ðA2Þ

dtD
dτD

¼ u0D;
dtE
dτE

¼ u0E; ðA3Þ

and the proper time is related to the coordinate time via

dτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jg00j − g0kvk − gklvkvl

q
dt: ðA4Þ

The above expression allows to evaluate the frequency-
shift in a generic background by noting that Eq. (8) can be
rewritten as
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ωdet ¼ ωtx
dτE
dtE

dtE
dtD

dtD
dτD

: ðA5Þ

A more explicit expression is possible in a stationary
spacetime, where Eq. (9) reduces to

tD ¼ tE þ Tðx⃗D; x⃗EÞ; ðA6Þ

where Tðx⃗D; x⃗EÞ is the interval of coordinate time that takes
a null particle to travel from x⃗E to x⃗D, yielding

1 ¼ dtE
dtD

þ ∂T
∂x⃗D · v⃗D þ ∂T

∂x⃗E · v⃗E
dtE
dtD

: ðA7Þ

For the near-Earth experiments the spacetime is well-
approximated by the post-Newtonian expansion [4,19,20].
The parametrized post-Newtonian formalism admits a
broad class of metric theories of gravity, including general
relativity as a special case. The key small parameter is
ϵ2 ∼ GM=c2r ∼ v2=c2, where v is the velocity of a massive
test particle or of some component of a gravitating body.
The metric including the leading post-Newtonian terms (up
to the second order in ϵ) is stationary and it is given by

g00 ¼ −1þ 2U; gij ¼ δijð1þ 2UÞ; ðA8Þ

with U≡Uðx⃗Þ ≔ GMQðr; θÞ=rc2 denoting the gravita-
tional potential around the Earth, including the quadrupole
term

Qðr; θÞ ≔ 1 −
1

2
J2

R2

r2
ð3 cos2 θ − 1Þ; ðA9Þ

where J2 ¼ 1.083 × 10−3 is the normalized quadrupole
moment and the higher-order terms [34,35]. R is the
Earth equatorial radius. Given the established bounds on
the post-Newtonian parameter γ [5] we set ð1þ γÞ ¼ 2 in
the metric.
For a spherically-symmetric Earth in the leading post-

Newtonian expansion, the photon time-of-flight is given by
[19,20]

TPPNðx⃗D; x⃗EÞ ¼ T0ðx⃗D; x⃗EÞ þ T2ðx⃗D; x⃗EÞ; ðA10Þ

where T0ðx⃗j; x⃗iÞ ≔ jx⃗j − x⃗ij is the flat spacetime result and
the leading post-Newtonian term is

T2ðx⃗j; x⃗iÞ ≔ 2M ln
rj þ x⃗j · n̂ij
ri þ x⃗i · n̂ij

; ðA11Þ

with ri ≔ jx⃗ij the Euclidean length and

n̂ij ≔
x⃗j − x⃗i
jx⃗j − x⃗ij

¼ x⃗j − x⃗i
rij

ðA12Þ

is the Euclidean unit vector along the Newtonian propa-
gation direction. For what follows, we note that

∂T0

∂x⃗j ðx⃗j; x⃗iÞ ¼ n̂ij ¼ −
∂T0

∂x⃗i ðx⃗j; x⃗iÞ; ðA13Þ

and that TPPNðx⃗; x⃗0Þ correctly satisfies (up to the second
order in ϵ) the eikonal equation in Eq. (3) with the metric of
Eq. (A8), i.e.,���� ∂T0

∂x⃗ ðx⃗; x⃗0Þ
����2 ¼ 1;

∂T0

∂x⃗ ðx⃗; x⃗0Þ ·
∂T2

∂x⃗ ðx⃗; x⃗0Þ ¼ 2Uðx⃗Þ:

ðA14Þ

Then, in the leading post-Newtonian approximation
using Eq. (A10) we obtain

dtE
dtD

¼
1 − n̂ED · v⃗D − ∂T2∂x⃗D · v⃗D
1 − n̂ED · v⃗E þ ∂T2∂x⃗E · v⃗E

¼ 1 − n̂ED · v⃗D
1 − n̂ED · v⃗E

þOðϵ3Þ;

ðA15Þ

and the metric gives

dτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2U − v2

p
dtþOðϵ4Þ; ðA16Þ

allowing us to write, for example,

dτE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2UE − v2E

q
dtE ðA17Þ

so that at the second order in ϵ we obtain the
standard expression for the one-way (1w) frequency-shift
[11,12,22,35]

ωdet

ωtx

����
1w

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2UE − v2E
1 − 2UD − v2D

s �
1 − n̂ED · v⃗D
1 − n̂ED · v⃗E

�
þOðϵ3Þ

¼ 1þ n̂ED · ðv⃗E − v⃗DÞ

þ UD −UE þ 1

2
ðv2D − v2EÞ þ ðn̂ED · v⃗EÞ2

− ðn̂ED · v⃗DÞðn̂ED · v⃗EÞ þOðϵ3Þ: ðA18Þ

The first-order contribution provides the usual Doppler
effect depending on the relative velocity between the
transmitter and the detector:

ωdet

ωtx

����ðϵÞ
1w

¼ n̂ED · ðv⃗E − v⃗DÞ: ðA19Þ

2. Emission-reflection-detection frequency-shift

In many practical situations, prior to the detection, the
beam is reflected by a moving mirror. This is for example
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the case of the experiment realized in Ref. [36] and also
the situation analyzed in Ref. [27]. We illustrate the
analysis in this setting by considering the motion in a
stationary spacetime. The path from the emission event E
to the detection D now comprises two geodesic segments,
E → M → D, where M stands for mirror. Hence, Eq. (A6)
is replaced by a pair of equations

tD ¼ tM þ Tðx⃗D; x⃗MÞ; ðA20Þ

tM ¼ tE þ Tðx⃗M; x⃗EÞ; ðA21Þ

that conveniently decompose the flight time tD − tE.
Now, the constancy of the phase allows to write
ωdet=ωtx ¼ dτE=dτD—see Eq. (8)—and the analogue to
Eq. (A5) now passes through M as

ωdet ¼ ωtx
dτE
dtE

dtE
dtM

dtM
dtD

dtD
dτD

: ðA22Þ

In the post-Newtonian approximation the two central ratios
in the equation above are evaluated analogously to
Eq. (A15) by using Eqs. (A20)–(A21), yielding

dtE
dtM

¼ 1 − n̂EM · v⃗M
1 − n̂EM · v⃗E

þOðϵ3Þ ðA23Þ

dtM
dtD

¼ 1 − n̂MD · v⃗D
1 − n̂MD · v⃗M

þOðϵ3Þ ðA24Þ

and thus the two-way (2w) frequency-shift [22] is (up
to Oðϵ3Þ)

ωdet

ωtx

����
2w

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2UE − v2E
1 − 2UD − v2D

s �
1 − n̂EM · v⃗M
1 − n̂EM · v⃗E

��
1 − n̂MD · v⃗D
1 − n̂MD · v⃗M

�
þOðϵ3Þ

¼ 1þ n̂EM · ðv⃗E − v⃗MÞ þ n̂MD · ðv⃗M − v⃗DÞ þUD − EE þ 1

2
ðv2D − v2EÞ

− ðn̂EM · v⃗MÞðn̂EM · v⃗EÞ þ ðn̂EM · v⃗EÞ2 − ðn̂MD · v⃗DÞðn̂MD · v⃗MÞ þ ðn̂MD · v⃗MÞ2
þ ½n̂EM · ðv⃗M − v⃗EÞ�½n̂MD · ðv⃗D − v⃗MÞ� þOðϵ3Þ: ðA25Þ

If the emission and detection occur at the same ground station, then the first factor on the right-hand side of above equation
equals to unity.
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