
 
 

 
 
 

Macquarie University PURE Research 
Management System 

 
 
 
 
 
 
This is a post-peer-review, pre-copyedit version of an article published as: 
 
 
Mulligan, J., Oslington, G. & English, L. (2020). Supporting early mathematical 
development through a ‘pattern and structure’ intervention program. ZDM 
Mathematics Education 52, 663–676. 
 
The final authenticated version is available online at:  
https://doi.org/10.1007/s11858-020-01147-9  
 
 
 
  

http://doi.org/10.1016/j.yhbeh.2012.12.003
https://doi.org/10.1007/s11858-020-01147-9


 

 

1 

  
Supporting early mathematical development through a ‘pattern and structure’ 

intervention program 
 
 
 
 
 
Abstract  
An Australian longitudinal study of 319 Kindergartners developed, implemented and 
evaluated an intervention, the Pattern and Structure Mathematics Awareness Program 
(PASMAP). It comprised of repetitions and growing patterns, structured counting and 
grouping, grids and shapes, partitioning, additive and multiplicative structures, measurement 
and data, and transformations. Each component was implemented, evaluated and refined as a 
cyclic process in collaboration with co-operating teachers, replacing and extending the 
regular mathematics program. An innovative pedagogical approach was effective in engaging 
students in modelling and representing, visualising and generalising, and sustaining their 
learning. On an interview-based measure of mathematics achievement pre- and post-
intervention, there were significant differences found between the intervention and 
comparison groups at the end of the intervention year (p<0.026) and highly significant 
differences found at the follow-up assessment (p< 0.002) ten months later. A descriptive 
analysis showed students’ progress through five levels of structural development where most 
students advanced through one or more levels as they progressed through the program. The 
upper third of students demonstrated emergent generalisations at the Structural and Advanced 
Structural level which supported early algebraic thinking. Less-able students also showed 
impressive growth—half of these students moved from Pre-structural to at least Emergent 
level over the duration of the program. Students’ growth in structural development is 
exemplified at five points during the intervention through fine-grained analyses of 
mathematical representations and explanations. The study demonstrates that Kindergartners 
are capable of developing mathematical patterns and structural relationships well beyond 
curriculum expectations.  
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Introduction 
 
An awareness of patterns and structures is fundamental to early mathematical development. 
Patterning is salient to mathematical concepts and relationships because it requires the ability 
to identify predictable regularity in number, shape and measure. Typically, patterning with 
young children emphasises simple repetitions (Threlfall 1999), although research evidence 
points to children’s capabilities well beyond repetitions. Mathematical structures focus on the 
ways that concepts are organised, integral to relationships such as equivalence and functional 
thinking. 
 
Over the past decade there have been an increasing number of studies highlighting young 
children’s patterning and structural relationships in mathematics (Björklund and Pramling 
2014; Clements and Sarama 2007; Elia et al. 2018; Kidd et al. 2014; Rittle-Johnson et al. 
2013). Some studies have found patterning to be a predictor of mathematical competence 
(Aunio and Niemivirta 2010; Verdine et al. 2013) and others have established the connection 
between patterning and early algebraic reasoning (Blanton and Kaput 2005; Carraher et al. 
2006; Papic et al. 2011; Warren and Cooper 2008). These studies contribute to the emerging 
body of research emphasising the critical role of spatial skills in mathematical development 
(Mix and Cheng 2012; Rittle-Johnson et al. 2019). Yet despite the research evidence, 
paterning and spatial reasoning have remained subsidiary to number skills, as seen in 
classroom practice and in school curricula more generally. While acknowledging the 
importance of domain-specific studies, there remains a need for research on how patterning, 
spatial skills and structural thinking can be integrated effectively in mathematics teaching and 
learning.  
 
For example, in Australia, the Kindergarten (mean age five years) mathematics curriculum 
covers concepts in three parallel strands: number and algebra, measurement and geometry, 
and statistics and probability (Australian Curriculum and Reporting Authority [ACARA] 
2015). Students are expected to “understand the connections between operations…recognise 
patterns and understand the concepts of variable and function…They build on their 
understanding of the number system to describe relationships and formulate generalisations” 
(ACARA 2015). However, the common classroom practice places an emphasis 
predominantly upon number skills rather than problem solving and reasoning. Despite 
recommendations, the development of a connected approach to learning mathematics is yet to 
be realised, possibly because the curriculum’s parallel strand structure has dissuaded teachers 
from focusing on patterns and relationships in their pedagogy.  
 
In this paper we describe the design and components of a Pattern and Structure Mathematics 
Awareness Program (PASMAP) implemented in a year-long longitudinal study with 
Kindergartners. The PASMAP intentionally addresses the gap between research evidence and 
classroom practice through focusing on an intervention that encourages teachers to broaden 
and enrich children’s patterning and structural thinking. Through qualitative analyses we 
describe students’ structural development supported by exemplars at five intervals during the 
intervention. We address the question: Can young students’ Awareness of Mathematical 
Pattern and Structure (AMPS) develop through the intervention?  
  
1. Related Literature 
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Many recent studies have focused upon discrete aspects of spatial reasoning in the pre-school 
and early schooling years. Björklund and Pramling (2014) for example, investigated how six 
year-olds discern patterns in concrete activities and their capacity to differentiate repeating 
units. They found that children develop ‘pseudo-concepts’ as a transition to developing 
‘proper’ concepts. In line with Papic et al. (2011), these authors highlight the need for 
children to be supported through the process of discerning pattern units. Similarly, a 
longitudinal study of patterning in the pre-school (Lüken 2018) found significant spatial 
development occurs between the age of three and four years. Specifically, this includes the 
ability to refer back to an existing pattern, and to alternate two elements. In a related 
intervention study with 51 first graders (Lüken and Kampmann 2018), pre-school patterning 
and structural abilities positively influenced arithmetic skills in Grade 1 with significant 
differences between pre- and post-test scores for the intervention group.  
 
Other studies have integrated patterning with other concepts, showing benefits for learning 
generally. In a 6-month intervention with low-achieving first graders, an instructional 
program encompassing symmetrical, rotational and growing patterns found that the 
instruction had large, fully mediated effects on both reading and mathematics. Participants 
made substantial improvements, equivalent in some instances of 4 to 8 months (Kidd et al. 
2014). This study supported the proposition to extend instruction beyond simple repetitions, 
characteristic of Kindergarten classrooms, to include more complex patterns and activities. 
More recently, Rittle-Johnson et al. (2019), while assessing the mathematical knowledge of 
73 pre-schoolers, found students’ understanding of repeating patterns and spatial skills 
predictive of concurrent and future mathematics achievement. This raises the question of 
causal relationships between patterning and spatial skills, and mathematics achievement. 
Moreover, the findings support the impetus to incorporate both patterning and spatial skills in 
early mathematics education. 
 
2. Background to the study  
 
Prior to the current study, three related studies were conducted with 4 to 8-year olds focused 
on the assessment and pedagogy of patterns and structures: a study of 103 first graders (aged 
6 to 7 years), a 15-week intervention with Kindergarten (aged 5 to 6 years) and a six-month 
intervention with pre-schoolers (aged 4 to 5 years) (Mulligan and Mitchelmore 2009; 
Mulligan and Mitchelmore 2013; Papic et al. 2011). Pattern and structure were inextricably 
linked with multiplicative reasoning, i.e., establishing the notion of composites, the unit of 
repeat, and partitioning. These studies found young children more capable than previously 
considered—they could represent, abstract and generalise mathematical ideas, albeit in 
emergent forms, prior to formal instruction. Specifically, pre-schoolers could develop an 
understanding of unit of repeat and spatial structuring, retaining and expanding these skills to 
growing patterns when assessed one year later. Interventions with Kindergarten and first 
grade students resulted in impressive growth in the students’ patterning skills and spatial 
structuring such as partitioning, similarity and congruence, unitizing and identifying 
properties of 2D and 3D shapes. Although providing a basis for promoting patterns and 
structures in mathematics learning, the studies were limited in design and delivery, and 
outcomes did not necessarily provide clear indicators of improved general mathematical 
achievement. This led to the pursuit of a larger, systematic evaluation study of a ‘patterns and 
structures’ pedagogical approach and its’ impact on early mathematical development.  
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Consequently, the PASMAP was developed and evaluated longitudinally as a comprehensive 
and more challenging program than that traditionally presented in the first year of schooling. 
Broader in scope and depth than existing curricula, it focused on the didactics of developing 
patterns and structural relationships across a range of mathematical concepts. In the following 
section we provide an overview of our theoretical approach before describing the 
development, rationale and implementation of the PASMAP. 
 
3. Theoretical approach 
 
The emergence of an early years’ curriculum focusing upon structure and patterning 
developed from two fundamental observations. Firstly, that recognising the structural units of 
a pattern is critical to the development of multiplicative and algebraic reasoning. Secondly, in 
line with the work of Mason et al. (2009), we postulated that an understanding of structural 
relationships such as equivalence also relies on noticing patterns. Combined with these two 
ideas we considered the role of spatial structuring as necessary for visualisation and 
organisation of mathematical structures such as an array (Battista 1999). 
 
We have previously defined a mathematical pattern as “any predictable regularity, usually 
involving numerical, spatial or logical relationships…and the way a mathematical pattern is 
organised as its structure. Mathematical structure is most often expressed in the form of a 
generalisation — numerical, spatial or logical relationship which is always true in a certain 
domain” (Mulligan and Mitchelmore 2009 p. 34). The ability to notice and analyse patterns is 
characterised by recognition of the unit of repeat in repetitions (e.g., ABCABC…) and 
identifying the rule in simple growing patterns (e.g., 1, 4, 9, 16…). “Repeating patterns are 
particularly important, since they recur in measurement (which involves the iteration of 
identical spatial units) and multiplication (which involves the iteration of identical numerical 
units)” (Mulligan and Mitchelmore 2009 p. 34). The ability to apply the structure of a pattern 
to another form or context signifies an emergent type of generalisation (Mason et al. 2009). 
 
Our early studies found that some young children spontaneously sought patterns, structures 
and relationships and expressed this through identifying similarities and differences between 
mathematical quantities, objects or relationships. These students demonstrated emerging 
generality when they explained common features of patterns and noticed regularities of 
spatial structures inherent in shapes such as layers or equal-size units. We also found that 
children could recognise relationships such as equivalence, commutativity and functional 
thinking. These composite characteristics of young children’s mathematical thinking can be 
described as an Awareness of Mathematical Pattern and Structure (AMPS). Broadly, AMPS 
features two interdependent components: one cognitive — knowledge of structure, and one 
meta-cognitive — a tendency to seek and analyse patterns (Mulligan and Mitchelmore 2009). 
AMPS is fundamental for developing mathematical concepts. For example, the development 
of number relies on multiplicative structures; understanding properties of shape and 
alignment require spatial structures; and measurement focuses on unit size and structure. 
Thus, we identified a wide range of mathematical concepts giving rise to AMPS including 
explicit forms of relational thinking.  
 
We further considered more broadly how a lack of AMPS in early mathematics was 
potentially a predictor of mathematical learning difficulties. If so, could we design and 
implement an intervention program that promoted patterning and structural development in 
the early years of schooling that was inclusive for students with learning difficulties? And 
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could this program also provide better opportunities for more able students to recognise and 
build on their AMPS?  
 
4. Design and development of the PASMAP  
 
The design of the PASMAP pedagogical model was guided by the literature and our prior 
studies. These prior studies had implicitly investigated the role of pattern and structure for 
example, in counting, subitising, partitioning and unitizing. During the development phase of 
the PASMAP, key mathematical concepts and processes were combined to form eleven 
components, with some components addressing multiple concepts and processes. Table 1 
indicates the sequence of components and sub-components with selected examples. The focus 
of the ensuing model was upon concepts and processes.  
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Table 1 Number of components and sub-components of the PASMAP  
Component No. Sub-components Selected Examples 
Repeating Patterns 20 Simple and complex 

repetitions 
Border patterns 
 

“My border pattern is 
made from green, red, 
and blue blocks. I have 
12 blocks altogether” 

Structured Counting and Grouping 15 Subitizing 
Equal and unequal 
grouping 
Counting multiples 
Constructing number lines 
and tracks 
Counting patterns 

Show blank horizontal 
line. “Draw the numbers 
from 1 to 10 on the 
line”.  

Grid Structure 10 Constructing grids 
Arrays 
Structuring area 
Co-linearity 

Use a 3 x 5 array. “I’ve 
hidden one row. How 
many are hidden?” 

Structuring Shapes (2D and 3D) 15 Constructing and 
classifying shapes 
Congruence and similarity 
Embedding shapes 
Tangrams and patterns 

Use a cube. Show one 
face of the cube. 
“What’s the same 
What’s different?” 

Partitioning and Sharing 10 Composing and 
decomposing shapes 
Equal grouping 
Unit fractions 
Equal groups and sharing 

“Fold the length into 
three equal parts. How 
many folds are there? 
Show the parts.” 

Base Ten Structure 10 Counting by tens 
Grouping, place value 
Decomposition 
Ten frames, 20 frames 
100 charts 
Number lines and tracks 

“If I start at 3 and add 
by tens what comes next 
in the pattern?”  

Additive Structure 10 Equivalence 
Additive facts 
Inverse relationships 
Estimation 
Mental computation 

“What’s missing?  
3 + 4 = ? + 3” 
“What (number 
sentence) comes next?” 

Multiplicative Structure 20 Equal grouping 
Sharing 
Combinatorial 
Arrays  
Functions 
Commutativity 

“Put four games in each 
box. You have 12 games 
so how many boxes do 
you need?” 

Growing Patterns 10 Number patterns 
Spatial patterns 
Pattern of squares, cubes 
Staircase patterns 

“Use the squares to 
show the pattern 1, 4, 9, 
16…then the 10th no. 
Tell me about it.”  

Structuring Measurement and Data 20 Constructing informal units 
Unitizing length, area, 
volume and mass 
Time and sequence: clock 
face and timeline 

“Guess how many small 
squares will cover the 
area of the large square 
with no gaps or 
overlaps. How many?” 

Symmetry and Transformations 10 Direction and angles 
Symmetry, reflection, 
Rotation  
 

“Take one step forward 
and turn right, repeat 
four times, what shape 
can I make?” 

 



 

 

7 

4.1 Rationale: The PASMAP components 
 
Studies on pre-schoolers’ patterning indicated a fundamental link between patterning and 
multiplicative reasoning through the development of composite units (Papic et al. 2011). 
Thus, foundational to the PASMAP content was the component Repeating Patterns (Table 1). 
Other mathematics programs for children aged 4 to 8 years had emphasised aspects of 
patterning and structural relationships, including equivalence, growing patterns, and 
functional thinking (Warren and Cooper 2008) so these components were integrated into 
Growing Patterns and Additive Structures. The construction of addition and subtraction facts, 
linked to counting processes, was embedded through equivalence, counting patterns and 
inverse relationships. Structured Counting was interrelated with patterns because it developed 
an equal-spacing structure also featured in subitising. Subitising patterns were highlighted as 
a critical process of “groupitizing’ which relies on the spatial structuring of groups (Starkey 
and McCandliss 2014).  
 
Spatial structuring was considered necessary for visualising and organising mathematical 
structures (Battista 1999). This was central to Grid Structure based on studies by Battista et 
al. (1998) and Outhred and Mitchelmore (2000) on rectangular figures and arrays. It was 
expected that students could construct the row-by-column structure of arrays and recognise 
equal-groups structure. We envisaged how students might conceptualise and co-ordinate units 
of area and volume so tasks were designed to support co-linearity and unitizing. 
Multiplicative Structure was prioritised because it involved processes such as repetition, 
equal grouping, partitioning and unitizing.  
 
Several research programs directed our attention to measurement and geometry, such as 
‘Building Blocks’ and ‘Measure Up’ (Clements and Sarama 2007; Dougherty and Zillioux 
2003) respectively. Based on the work of Clements et al. (2009) Structuring Shapes engaged 
students in composing and decomposing geometric shapes integral to an understanding of 
congruence and area. These activities also encouraged Partitioning and Sharing and the use 
of equal grouping. Further, the development of unitizing (Lamon 1996) featured in the 
activities aimed at developing part-whole relations and elementary concepts of unit fractions. 
Our approach to measurement focused on relational thinking, using the principles of the 
‘Measure Up’ project (Dougherty and Zillioux 2003). Structuring Measurement provided 
learning experiences in constructing and representing units of measurement: length, area, 
volume, capacity, mass and time. An understanding of measuring focused on composite units 
and how these units were applied in various contexts. This involved understanding the 
relationship between unit size and quantity. The focus on spatial structuring also encouraged 
the students to develop connections between concepts such as length, perimeter, area and 
volume by exploring unitizing, properties of squares and rectangles and building cubes and 
prisms.  
 
Base Ten Structure focused on the multiplicative nature of the numeration system, through 
structured counting and equal grouping with attention to grouping by tens and to quinary-
based structure. This component drew upon prior studies where structural elements of the 
base ten system were identified (such as grouping, partitioning, and patterning) within 
students’ representations of number (Thomas et al. 2002).  
 
Based on the work of English (2010) we anticipated that young students could organise and 
represent their own data, developing features such tables, tallies and categories. Thus, 
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Structuring Data focused on collecting simple categorical data, organising it in the form of a 
table and representing it pictorially in the form of a picture graph.  
 
Young children are known to develop the notion of symmetry in their play and can 
spontaneously notice and construct symmetrical figures (Seo and Ginsburg 2004; Papic et al. 
2011). Symmetry and Transformations encompassed a dynamic view of transformation —
reflection (flipping), translation (sliding) and rotation (turning)—and the corresponding 
symmetries. Line symmetry was represented dynamically where children compared the 
matching half of their portrait (see Figure 7).  
 
4.2 The PASMAP Pedagogical model  
 
The PASMAP pedagogical approach was conceptualised and trialled using a design research 
method where each component was implemented, evaluated and refined as a cyclic process in 
collaboration with co-operating teachers (Cobb et al. 2003). Lessons adopted a cycle of 
teaching, reflection, refinement and re-teaching. Sub-components were implemented as a 
sequence of a priori tasks that were loosely connected and sequenced in increasing levels of 
difficulty based on previous trials. Each mathematical process of the model was presented in 
sequence—modelling and representing, visualising and generalising, and sustaining 
(Mulligan and Mitchelmore 2016, 2018). Modelling involved the students or teachers 
constructing or organising physical models such as block patterns, which were copied and 
refined then represented by the student.  
 
The process of visualisation was integral to learning: models and representations were hidden 
from view requiring students to reproduce their representations from memory. This process 
was based on Wheatley’s (1996) Quick Draw activities where children reproduced 2D 
geometric drawings from memory. In line with Wheatley, the teacher encouraged discussion 
about differences in how the drawings were remembered and represented. For highly-able 
students this also encouraged simple ‘emergent’ generalisations such as expressing 
commutativity, and early algebraic reasoning. Thus, the emphasis of the pedagogical process 
focused on conceptual structures and relationships where students were encouraged to form 
connections between concepts and representations. For example, students explored how odd 
numbers were represented as an L-shape pattern, connected with the pattern of squares. The 
aim was an integrated challenging pedagogical model, leading to generalised mathematical 
learning. While each element was built upon previous tasks, there was no intention to 
speculate on explicit learning trajectories for each PASMAP component or to view the 
sequence as a fixed learning progression.  
 
5 Method 
 
5.1 Context 
 
The study was conducted in four metropolitan primary schools, two in Sydney, in the state of 
New South Wales (NSW) and two in Brisbane in the state of Queensland (Qld.) Australia. 
Three of four schools were state public schools and one Brisbane school was independent. 
The schools served families from socio-economic backgrounds of low to middle incomes and 
drew students from a wide range of cultures. Students with a background of a first language 
other than English were: 68% from School 1; 54% from School 2; 39% from School 3 and 
12% from School 4. From each school, four Kindergarten (school entry) classes and their 



 

 

9 

teachers were recruited to participate in the study. Using a quasi-experimental model, two 
classes from each school were randomly assigned as experimental and two as comparison. 
Teachers of the experimental classes agreed to implement the PASMAP while comparison 
classes continued with their regular mathematics program for the school year.  
 
5.1.1 Participants 
 
Following consent, the sample totalled 316 (159 males and 157 females) students dispersed 
across 16 classes, with 312 retained at the end of the first school year, and 303 at the end of 
the second year. Students were aged between 4 years 6 months and 5 year 6 months (mean 5 
years, 2 months) at commencement of the study. An assessment of mathematics achievement 
using the standardised I Can Do Maths [ICDM] (Doig and de Lemos 2000) indicated that the 
groups were well matched. Following this, two groups of students from each PASMAP class, 
representing the top and bottom quartiles in ICDM scores, were selected as case studies (95 
students).  
 
5.2 Assessments 
 
Three hundred and sixteen students were assessed by the research team prior to the study 
commencing with an interview, the Pattern and Structure Assessment (PASA) (Mulligan and 
Mitchelmore 2013; Mulligan et al., 2015). The PASA was re-administered at the end of 
Kindergarten, and at the end of the second year of schooling. Trained researchers 
administered the ICDM and the PASA to individual students. Both assessments followed a 
protocol with scoring assigned consistently, attaining an intercoder reliability of 0.89. 
 
The PASA assessed a wide range of mathematical aspects: counting, repetitions, growing 
patterns, embedding shapes, partitioning, 2D and 3D shapes, visualisation, arrays and base 
ten structure, measurement and graphing. Some tasks required the student to draw their 
response accompanied by an explanation. The assessment utilised the same items in the same 
order at the three testing points, but some more complex items were added at the third follow-
up assessment. The PASA and ICDM scores were used to construct a Rasch scale providing a 
measure of the students’ AMPS. Qualitative analyses of the PASA responses were coded for 
structural levels described in Table 2. 
 
5.3 Data sources 
 
Evaluation data comprised student work samples and explanations, photographs, artefacts and 
observation notes collected for each sub-component of the PASMAP (see Table 1). Other 
data included videos of a sample of PASMAP lessons and interviews with case study 
students. Records of the PASMAP learning experiences and the regular mathematics program 
were collected from both experimental and comparison teachers respectively. The regular 
mathematics program was limited to unitary and skip counting, representing number, order 
and comparison, forming equal groups up to 10, 2D and 3D dimensional shape, and informal 
measurement.  
 
5.4 Professional learning 
 
Teachers of the PASMAP classes (n = 8) participated in a two-day professional learning (PL) 
program led by the research team on the theoretical approach, the scope, pedagogy and 
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implementation of the PASMAP. The PL program included workshops on identifying 
students’ AMPS across the range of mathematical concepts, and analysing lessons and 
student work samples illustrating the 47 PASMAP components and levels of strucutral 
development. The teachers categorised a number of examples of students’ responses into one 
of five levels of structural development (see Table 2). Following this process, the teachers 
evaluated how PASMAP aligned with the Australian F-10 Curriculum: Mathematics 
(ACARA 2015) and school mathematics programs.  
 
5.5 The PASMAP Implementation 
 
The PASMAP was provided to the teachers in the form of lesson guidelines for each of the 
47 sub-components. These comprised approximately 150 learning experiences that were 
organised by pedagogical processes. The teachers adapted the lessons to accommodate their 
individual teaching styles, to differentiate for learners’ abilities and needs, and to integrate 
their classroom norms. 
 
Teacher guidelines describing students’ expected learning outcomes used exemplars drawn 
from previous studies and pilot work (Mulligan et al. 2013). The PASMAP completely 
replaced and extended the regular Kindergarten mathematics program, though retaining some 
counting and arithmetic, informal measure and geometry. The PASMAP approach was 
implemented but with content from the regular program. For example, students folded shapes 
into quarters in different ways and drew these from memory instead of the regular approach 
of colouring pre-determined quarters.  
 
Teachers implemented the PASMAP over four school terms, each comprising 10 weeks. On 
average the PASMAP was implemented for four hours per week for 37 weeks with three 
intermittent two-week holidays periods. At each school, the comparison classes implemented 
their regular program for the same duration as the experimental classes. However, 
implementation time varied considerably between schools, ranging from one 40-minute 
lesson per day to more than five one-hour lessons per week.  
 
During the implementation of the PASMAP, lessons were observed by a member of the 
research team weekly. Observations included attention to the case study students. The 
teachers were given release from teaching time to debrief with the research team, for 
discussion, planning and reflection. This process ensured a high degree of fidelity of the 
program implementation. Although lessons varied in pace at each school the number and 
scope of learning experiences was implemented consistently for each sub-component. 
  
5.6 Analyses 
 
To evaluate the impact of the PASMAP intervention we conducted an analysis of covariance 
(ANCOVA) on the ICDM and PASA scores to ascertain differences in mathematics 
achievement obtained at pre- and post-test, and at delayed post-test (see Mulligan et al. 2013 
for initial analysis). Covariates were initial ICDM and PASA scores, and factors were school, 
ability (high vs low) and group (PASMAP vs comparison). A single Rasch scale was 
constructed to incorporate both the PASA items and the ICDM items on a continuum. 
 
Qualitative analyses were conducted for evidence of the students’ structural development 
during the PASMAP for the eight experimental classes. The analysis of students’ responses to 
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the PASMAP learning tasks utilised categories of structural development also applied in the 
analysis of PASA tasks (see Table 2). The categories represented increasingly sophisticated 
characteristics of pattern and structure leading to simple forms of generalisation at the 
Advanced Structural level.  
 
Table 2 Descriptors of levels of structural development  
 

Response category Characteristics  

Advanced structural Accurate, efficient and generalised 
use of the underlying structure 

Structural A correct but limited use of the 
underlying structure 

Partial structural Shows most relevant features of the 
pattern but inaccurately organised 

Emergent Shows some relevant features of 
pattern but incorrectly organised 

Pre-structural Shows at most, limited and 
disconnected features of pattern 

 
  
Student work samples were collated following the lessons for each PASMAP sub-component 
and assigned one level of structural development. Where students produced several work 
samples, the example showing the highest level of structural development was considered 
representative. A moderation process was implemented where a member of the research team 
and the participating teacher independently coded each work sample and assigned one of five 
structural levels. For each of the components an inter-rated reliability of 0.89 was achieved 
after resolution of inconsistencies.  
 
6. Results  
 
The quantitative analysis found that the development of AMPS resulted in concomitant 
improvement in mathematics achievement as measured by the PASA but not on the ICDM 
test (see Mulligan et al. 2013). Total scores on the PASA and ICDM administered at the end 
of the intervention and at the retention point ten months later, were analysed using an analysis 
of covariance (ANCOVA). Analysis of the ICDM scores indicated no significant interactions 
or main effects apart from a school effect. However, the ANCOVA found there were highly 
significant differences between the PASMAP and comparison groups at each PASA 
assessment point: modest differences at the end of the PASMAP intervention (p<0.026) and 
highly significant at the follow-up assessment (p< 0.002) ten months later (see Mulligan et al. 
2013). A single Rasch scale was constructed using the PASA and ICDM scores including all 
items along a continuum. The item map indicated that the PASA items and the students were 
reasonably well matched; in comparison, the ICDM items at the lower end of the scale did 
not sufficiently challenge the majority of students. The scale’s order of item difficulty on 
PASA items supported a measure of the students’ overall level of AMPS. 
 
6.1. Qualitative Analyses of students’ levels of structural development  
 
A descriptive analysis was employed to interpret evidence of the students’ structural 
development during the PASMAP. Fig. 1 indicates changes in the PASMAP group’s level of 
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structural development at five implementation points. Initial data collected first (T1) shows 
the majority of students at Pre-structural (36%) or Emergent (39%) levels. Some modest 
change is shown at T2, two months later where Pre-structural responses decrease to 29% 
along with some improvements at the other three levels. There are marked differences at the 
third data point (T3), six months later where the growth in Partial Structural responses can be 
seen at the same time as a marked decrease in Pre-structural and Emergent responses.  
 

 
 
Fig 1 Percentage of PASMAP students by structural level at five PASMAP implementation 
times T1 to T5 (n=158).  
 
At the fourth data point (T4) Pre-structural responses decrease and there is moderate increase 
for Partial Structural responses. The pattern of responses at the fifth data point (T5) shows 
growth at the Partial Structural (36%) and Structural levels (22%) with 16% of students 
demonstrating Advanced Structural responses. Growth at the Advanced Structural level 
provided evidence of the development of emergent generalisations, exemplified in the 
students’ representations, and verbal and written explanations, albeit for a modest number of 
highly-able students. A key outcome was that over half of the students who were at the Pre-
structural level at T1 advanced to Emergent level (T5) by developing skills such as forming 
and using grids, partitioning and embedding 2D shapes and recognising and using line 
symmetry.  
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6.2 Students’ development of AMPS through the PASMAP  
 
The following sections illustrate features of structural development at each of five levels 
shown in Figure 1. The examples are drawn from data collected sequentially during the 
implementation period allocated for each of five PASMAP components: Repetitions and 
Border Patterns (T1), Ten Frames (T2), Embedding 2D Shapes (T3), Pattern of Squares (T4) 
and Symmetry and Transformation (T5). These components were selected because they 
provide evidence of students’ developing structural awareness sequentially at five intervals, 
two months apart.  
 
6.2.1 Repetitions and border patterns 
 
The PASMAP commenced with a sequence of tasks focused on simple and complex 
repetitions. These tasks focused on establishing understanding of the unit of repeat based on 
an ‘equal groups’ structure, for example, “three units of two makes six”. After modelling an 
alternating sequence of two different coloured cubes (AB) vertically (a ‘tower’), or 
horizontally (a ‘train’), students identified the units of repeat and the total number of items in 
the pattern. Students also explored other ways to represent repetitions spatially.  
 
Fig. 2 shows examples of the student’s formation of three AB units of repeat before and after 
pedagogical support.  
 

 
 

Emergent structure Structural 
 
Fig 2 A student’s attempt at grouping an AB pattern before and after support.  
 
After screening the pattern from view the students were challenged to visualise, reconstruct, 
and draw the pattern from memory. The next step encouraged students to replicate the 
structure of the pattern using different media so as to promote simple generalisation. For 
example, the AB structure was represented using different objects, physical movements or 
sounds. Students were asked to explain why their pattern was the same or different. If 
students were successful, a similar process ensued for complex repetitions such as ABB or 
ABC patterns. After extending the ABC pattern structure ten times, a highly-able student 
explained, “I know that every third object is blue no matter how far I go with the pattern”. 
We considered this explanation as evidence of emergent generalisation because the student 
articulated the notion of a general rule.  
 
During the first component, Repeating Patterns, students were challenged to transform their 
linear patterns into square borders. For example, they predicted whether it was possible to 
make an AB pattern as a complete border of 12 blocks (6 x AB units) and 16 blocks (4 x 
ABCD units). Some students were able to complete this task successfully and others required 
scaffolding through the use of a template. Students were then challenged to screen their 
pattern, visualise, and draw it from memory. Fig. 3a shows an example of one student’s 
difficulty visualising and drawing the shape of the pattern and forming units of repeat, and a 
second attempt, in the lesson following (Fig. 3b) where the emergent structure of the square 
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is shown but it is not represented as a unit of repeat. Rather, it is represented as individual 
alternating colours, where the student explained, “It’s blue then white, then blue again”. In 
contrast, a highly-able student could represent a border as four units of four colours (Fig. 3c) 
and then symbolised the pattern as repeated addition (Fig. 3d).  
 

 

 

  
(a) Emergent (b) Emergent (c) Structural (d) Advanced 

Structural 
 
Fig 3 Two student’s responses to drawing from memory a two-colour border (Student 1 a, b) 
and a four-colour border (Student 2 c, d).  
 
6.2.2 Ten frames 
 
Ten frames were used regularly in the PASMAP to model quinary-based structure (5 x 2), 
and to support counting patterns, grouping, additive facts and inverse relationships. Although 
students used the ten frame to model quantities and combinations, the structural features of 
the frame were not recognised by some students (see Fig. 4 Pre-Structural and Emergent 
responses). Following counting and modelling tasks, the students were able to identify the 
structure of the ten frame and discuss its purpose. Students’ visualisation and representation 
of the frame from memory revealed increasingly developed structural features. 
  

 
 

 

 

 

 

 

 

  
Pre-
structural 

Emergent  Emergent  Partial 
 

 Structural Advanced  

 
Fig 4 Individual student representations of ten frames by structural level. 
 
Fig. 4 represents typical examples from six individual students’ drawings from memory, four 
months into the PASMAP implementation. The Pre-structural response depicts the student’s 
image of “tall buildings with bridges” representing the ten frame in vertical orientation. 
Emergent structure is depicted as single units or attempts to represent two rows of five. 
Partial structure is shown where the student represents the two-wise or five-wise patterns 
(quinary-based structure). A Structural response shows the 5 x 2 squares drawn using a row 
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and column grid while an Advanced Structural response shows the use of co-linearity (row 
and column structure) and the spontaneous construction of additive facts drawn as a 
sequence.  
 
6.2.3 Embedding two-dimensional shapes 
 
Students were given experience embedding 2D smaller shapes within larger shapes. In the 
following example students were required to visualise how many small triangles fitted into a 
large hexagon (without overlaps or gaps) given one triangular shape. Some students used the 
triangle as an iterable unit, turning or flipping it over repeatedly to fill the shape. In the Pre-
structural representation (Fig. 5) the student drew triangle-like shapes without attempting to 
partition the hexagon. In the Emergent example, the student used the triangular shape but 
could not partition the space accurately. The Partial Structural response mimics a star shape, 
where the student used the structure of the hexagon without partitioning. In the Structural 
response the student partitioned the shape using six individual lines approximating accurate 
partitioning. An Advanced Structural response extended this strategy by explaining, “I know 
there’s three symmetry lines of symmetry so it’s double that, six pieces (triangles)”. This was 
considered an emergent generalisation connected with the student’s experiences of patterns of 
symmetry.  
 

     
Pre-structural Emergent  Partial  Structural Advanced  

 
Fig 5 Pre-structural to Advanced Structural representations of embedding triangles in a 
hexagon. 
 
6.2.4 Pattern of squares 
 
Following tasks focused on constructing and representing square and rectangular grids, 
students gradually learned that a grid can be drawn using equally-spaced, perpendicular lines 
and that a square grid contains the same number of equally-sized rows and columns. Number 
patterns, multiplication and commutativity emerged as well as area measurement. These ideas 
were linked with a sequence of tasks focused on growing patterns, where the pattern of 
squared numbers was constructed using square tiles and grid cards. Students investigated cut- 
outs of grid cards in rows or columns with the number of small squares resulting in the 
pattern (1, 4, 9, 16, 25). Students were asked to make and draw the pattern from memory 
“What comes next in the pattern so it is getting bigger each time?”  
 
Fig. 6 shows four increasingly sophisticated examples: the Emergent example replicates the 
grid enlarged; the first Partial Structural response depicts the pattern growing in one 
dimension by four squares each time; the second Partial Structural response grows the pattern 
vertically by three squares each time where a student explains, “there are tops on some towers 
and my number pattern goes up by threes”. The Structural response presents the pattern of 
individual squares 3 x 3 and 4 x 4 rather than using row and column alignment. 
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Emergent Partial (1) 

 

 

Partial (2) Structural 
 
Fig 6 Progression from Emergent to Partial and Structural responses  
  

The students working at the Structural level or beyond were challenged by questions such as, 
“Can you continue the pattern and work out what the tenth large square will look like? What 
number patterns can you see? Can you make a growing pattern using a pattern of triangles? ”. 
Students then explored growing patterns using cubes where they constructed and explored 2 x 
2, 3 x 3 and 4 x 4 cubic structures. 
 
6.2.5 Symmetry and transformations  
 
The students used small mirrors and folding paper pattern blocks to find the symmetry of 
basic shapes. The focus was on establishing a pattern from symmetry lines where the student 
could explain that the number of parts in the shape was always twice the number of mirror 
lines, for example, “The square has two lines and four parts and the triangle has three lines 
and six parts”. 
 
Class discussion drew attention to the body as symmetrical. In one task, students observed 
their facial features in a mirror and were asked to identify why their face was symmetrical. 
The students then drew a picture of their face and folded the picture back along the line of 
symmetry. They placed this half on another piece of paper and drew the other half of their 
face in order to make a symmetrical picture.  
 
Some students made several attempts before they achieved a reasonably symmetrical picture. 
They discovered, for example, that their two eyes were the same size and the same distance 
from the mirror line (but on opposite sides). Most difficult was the reflection of irregular 
shapes, for example, the ears or hairline. Fig. 7 below illustrates some typical drawings of the 
students’ faces that range from non-symmetrical to showing accurate symmetry (Pre-
structural to Advanced Structural).  
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Pre-structural Emergent  Partial  Structural Advanced  

 
Fig 7 Student’s symmetrical drawings of their face 
 
Pre-structural responses typically repeated the facial features on the opposite side of the 
drawing without responding to the symmetry in the original picture. At the next level, 
Emergent drawings recognised a line of symmetry, while the majority of facial features were 
still repeated. Partial Structural features were easily discerned through a direct attempt to 
match the features of other half of the face. Structural and Advanced Structural drawings both 
reflected clearly a line of symmetry with the Advanced Structural exhibiting equal spacing, 
partitioning, patterning and quantitative accuracy about features. This was demonstrated 
through matching features such as eyelashes, number of teeth or the number of locks of hair.  
 
7 Discussion 
 
The PASMAP intervention resulted in a significant and positive impact on the students’ 
development of AMPS. The difference between the experimental and the comparison classes 
was even greater when measured by the PASA one year after the program had discontinued, 
highlighting its effectiveness. While we cannot explicitly account for the sustained growth in 
structural development during the second year of schooling, the Grade 1 teachers reported 
that the PASMAP students were able to represent and explain their representations and make 
connections between mathematical ideas. The students’ experience of concepts such as unit 
of repeat and equal grouping, impacted on their new learning in the first grade. In effect they 
had an advantage over the comparison students when more traditional forms of instruction 
were introduced, such as multiplication facts, informal measure and properties of shapes—
they had already developed multiplicative concepts, constructed units of measure and 
explored relationships between 2D and 3D shapes. The findings here are consistent with our 
study of pre-schoolers, emphasising the importance of children’s pattern recognition in 
supporting later multiplicative and algebraic reasoning (Papic et al. 2011). The role of spatial 
structuring was also critical to the students’ mathematical development reflected in concepts 
such as partitioning, congruence, equal spacing and co-linearity. Another crucial element was 
the role of spatial visualisation and visual memory in the PASMAP approach. Students were 
required to ‘draw or reproduce from memory’ their representations or models. However, the 
influence of working memory was not measured explicitly in the intervention.  
 
The project enabled longitudinal analyses of the qualitative growth in students’ structural 
development. Previous studies of Kindergarten students had not provided either the depth or 
the scope of our study. One of the strengths of the PASMAP program was providing students 
with the opportunity to focus on the key mathematical components sequentially over many 
weeks. This contrasts with the faster pace and relatively superficial coverage of concepts 
afforded through regular programs. The growth in students’ structural development supported 
changes in their mathematical thinking, exemplified through their representations and 
explanations gleaned from both the PASA and PASMAP data. Our qualitative analyses 
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allowed us to distinguish structural features of the students’ PASA responses and compare 
these with the student’s developing PASMAP learning profile.  
 
The PASMAP tasks may have elicited students’ spontaneous connections with other 
components and/or prior learning experiences or in some cases students showed gaps in their 
development of particular components. The sequence of components did not represent a 
particular learning trajectory but most students advanced through one or more stages of 
structural development as they progressed through the PASMAP components. This 
development was not necessarily observed to be at the same pace or shown in the same way 
for individuals. A most promising finding was that the upper third of students demonstrated 
emergent generalisations at the Structural and Advanced Structural level, with most 
components developing in a parallel and interrelated fashion. Clearly these Kindergarten 
students were capable of mathematics beyond the curriculum. Less-able students also showed 
impressive growth — half of these students moved from Pre-structural to at least Emergent 
level over the duration of the PASMAP. Perhaps the most significant finding was the 
PASMAP challenged the most capable young students to develop mathematical relationships; 
their emergent generalisations appeared to support early algebraic thinking.  
 
8 Limitations  
 
Our study ensured consistency in mathematical content, methodology and close supervision 
of the program, which supported the fidelity of the intervention. However, there are some 
limitations, including those that reflect the constraints of classroom practice.  
 
In this analysis, students in the experimental groups have been categorised at one of five 
structural levels at five PASMAP intervention points; the exemplars are representative of 
features of structural development for five components. However, it cannot be assumed that 
the same pattern of development may have occurred for every PASMAP component and sub-
component. 
 
Lesson time devoted to PASMAP varied between schools, resulting in variation in teaching 
for sub-components. Within each school, however, lesson time was consistent for each of the 
four classes, with an average lesson time of four hours per week. Furthermore, differences in 
teacher pedagogical style and mathematical content knowledge may have influenced the 
PASMAP implementation.  
 
Nevertheless, the analysis could not account for individual variations in growth across all 
components over the 37-week intervention. We could not generalise whether any specific 
component of the PASMAP contributed to students’ structural growth more so than others. 
One of our goals was to evaluate the components over a significant time frame. To achieve 
this, we relied on eight teachers to implement PASMAP with researcher support and this 
involved considerable commitment. In future, our research might be improved by conducting 
a study with fewer teachers or minimal researcher presence, containing systematic trials of 
each component or combinations of these.  
 
9 Implications and further research 
 
Following this evaluation study, The PASMAP was expanded in scope and depth to include 
learning sequences such as alignment, unitizing the number line, structuring data, fractions 
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and proportionality, mental rotation and perspective-taking for students in Grades 1 to 3 
(Mulligan and Mitchelmore 2016). Further classroom-based evaluation is being undertaken in 
Australian school systems and internationally, with teachers working collaboratively with the 
PASA data to inform their planning and use of PASMAP. A key issue is the need to address 
the complex learning needs of students that remains a challenge for teachers because of such 
a wide range of individual differences. The PASMAP pedagogical model can address this 
challenge by supporting individuals to review, share, compare and refine their models and 
representations.  
 
Further studies on the impact of the program in other educational and cross-cultural settings, 
and across a wider and more diverse range of students are necessary to provide a more 
coherent picture of the significance of the research. Establishing what’s common and 
effective across a range of early mathematics programs remains a challenge for researchers at 
international level (Andrews and Sayers 2015). A common goal is addressing disadvantage as 
well as promoting differentiated mathematics education from the pre-school years. These 
issues were highlighted at the International Congress for Mathematical Education13 (Elia et 
al. 2018), the International Group for the Psychology of Mathematics Education (Björklund 
et al. 2018), and as a theme of this special issue.  
 
Further, research on the factors influencing the effectiveness of professional learning about 
the PASMAP as well as investigating teachers’ understanding about implementation, is 
warranted. What we want to ensure is that PASMAP remains aligned with its pedagogical 
model. The underlying issue is the need to support teachers in developing a deeper awareness 
of how capable young children are, and that early mathematics can be conceptualised, 
represented and generalised. The broader aim for early childhood mathematics education 
research is to adopt a holistic view, where integrated mathematical processes such as 
developed in PASMAP can contribute to a more coherent approach to improving 
mathematics teaching and learning. 
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