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ABSTRACT:
Recently Janus particles have become important in several technological fields because they have interesting

properties compared with homogeneous particles. The interaction of Janus particles with sound waves is of

particular interest for diagnostic purposes, and also in applications in micro- and nanotechnology. In this paper the

authors demonstrate that a method of fundamental solution combined with a T-matrix that is computed from far-field

information can be applied with benefit to analyse the scattering of sound waves by a particular type of Janus sphere.

Moreover, it is shown that this method converges faster than the conventional T-matrix method introduced by

Waterman [(1969). J. Acoust. Soc. Am. 45, 1417–1429]. This is of special importance if orientation averaged scat-

tering quantities are required, or if multiple scattering processes on Janus spheres are considered. This method is

used to demonstrate the interesting phenomenon of an enhanced side scattering intensity that is larger than the for-

ward scattering intensity, and that this effect can be strengthened using a particular configuration of two identical

Janus spheres. Finally, the authors discuss a useful approximation that can be readily applied for two or more Janus

spheres. VC 2020 Acoustical Society of America. https://doi.org/10.1121/10.0001472

(Received 20 March 2020; revised 27 May 2020; accepted 9 June 2020; published online 23 June 2020)

[Editor: Likun Zhang] Pages: 4097–4105

I. INTRODUCTION

Particles with surfaces that comprise two parts with dif-

ferent physical properties are known as Janus particles, after

the two-faced Roman god Janus. The two faces of a Janus

particle endow it with interesting properties that have led to

growing importance of Janus particles in recent years. Janus

particles have been recognised as having enormous potential

in materials science, medicine, biotechnology, and espe-

cially in micro- and nanotechnologies [see Lattuada and

Hatton (2011) and Zhang et al. (2017) for an overview].

In the literature there are different kinds of objects that

are labeled as Janus spheres [see, for example Lattuada and

Hatton (2011) and Zhang et al. (2017)]. For example, two

homogeneous hemispheres, which are made of different

material and joined together, are called Janus spheres.

Another kind comprises a homogeneous spherical base, with

one hemisphere coated with a different material. The latter

kind of Janus sphere is the focus of this paper.

It was demonstrated in Kim et al. (2014) that Janus

spheres with sound-hard and sound-soft faces scatter sound

less strongly than homogeneous spheres. Janus particles are

used as nano- or microswimmers steered by traveling acous-

tic waves for precise drug positioning (Ahmed et al., 2016).

Janus spheres can also be considered as a new class of con-

trast agent in sonography (Bai et al., 2009) and acoustic

flow cytometry (Gnyawali et al., 2019).

In view of the importance of Janus spheres in applica-

tions, there is considerable interest in developing numerical

schemes that can simulate their interaction with sound

waves. Existing numerical schemes for the Janus particles

of our interest are based on a solution of integral equation

reformulations of the acoustic scattering model using the

method of moments (Kim et al., 2014) or a Nystr€om method

(with a panel-based quadrature rule) (Gillman, 2017).

The sound soft spherical cap is a special case of the

Janus spheres considered in this work (the homogeneous

interior of the Janus sphere propagates sound as the exte-

rior). Several techniques have been developed for spherical

caps based on perturbation methods (Collins, 1962; Jain and

Kanwal, 1975; Thomas, 1963) and semi-numerical techni-

ques based on a series expansion of the solution (Miles,

1971; Vinagradov et al., 2000, 2002). We are not aware of

any extensions of these approaches to Janus spheres of the

kind considered in this work.

Very recent simulations for such Janus spheres were

demonstrated in Rother (2020, Chap. 3) using a numerical

scheme based on Waterman’s T-matrix method (Waterman,

1969). The T-matrix method is a powerful tool for the analy-

sis of scattering processes because it facilitates a very effi-

cient simulation of changes of orientation and multiple

scattering. Such simulations are required for acoustic manip-

ulation of the Janus particle using forces induced by the

interaction between the acoustic field and the particle (Gong

et al., 2019b,a). This is an acoustic analogue of the optical

tweezers (Nieminen et al., 2007). The T-matrix method is

particularly powerful for averaging over all orientations,

a)Electronic mail: stuart.hawkins@mq.edu.au, ORCID: 0000-0003-1642-

613X.
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which is required for simulations of large numbers of par-

ticles with random orientations. We refer to the database

(Mishchenko, 2020) and references therein for the extensive

literature on the T-matrix.

The classical T-matrix method in Rother (2020, Chap.

3) suffers from quite complex convergence behaviour when

applied to Janus spheres, leading to very large T-matrices.

This results in a large numerical effort, particularly for ori-

entation averaging or multiple scattering simulations.

Numerical results in Ganesh and Hawkins (2017) dem-

onstrate that the method of fundamental solutions in Barnett

and Betcke (2008) combined with a T-matrix that is con-

structed from far-field information was able to overcome the

above disadvantages of the classical T-matrix method for

scattering by two-dimensional objects. In this work we dem-

onstrate that this approach can be successfully applied to

scattering by three-dimensional Janus spheres. The com-

bined method of fundamental solutions (Fairweather and

Karageorghis, 1998) and a T-matrix that is constructed from

far-field information (Ganesh and Hawkins, 2008) is

described for scattering by three-dimensional Janus spheres

in Secs. II and III.

We apply this combined method in Sec. IV to demon-

strate the interesting phenomenon of enhanced side scatter-

ing by Janus spheres. It is remarkable that this side

scattering is stronger than the scattering in the forward

direction. Such behaviour has not been observed for spheri-

cal or non-spherical scatterers with homogeneous surfaces.

We anticipate that this effect will be important in applica-

tions, for example, when Janus spheres are used as tracers in

sonography, because it can obviate the need for forward

scattering measurements, for which it is sometimes difficult

to discriminate between the scattered and incident waves.

In Sec. V we demonstrate that the enhanced side scat-

tering effect can be heightened by arranging two Janus

spheres on the x1 axis of the coordinate system. We discuss

a useful approximation, which is related to the famous

double-slit experiment in the Fraunhofer approximation,

that can be applied to simulate scattering of a plane wave

not only by two, but any array of Janus spheres, with per-

pendicular incidence.

II. GOVERNING EQUATIONS

We consider sound-soft/penetrable “SP” Janus spheres

formed by a homogeneous sphere with an infinitely thin

hemispherical shell on which a sound-soft boundary condi-

tion is applied [see Fig. 1(a)]. Without loss of generality, we

assume that the Janus sphere has radius a and is oriented so

that the shell covers the northern hemisphere Cþ ¼ fx : jxj
¼ a and x3 > 0g. The southern hemisphere C� ¼ fx : jxj
¼ a and x3 < 0g is open.

We are interested in the transmission of time harmonic

acoustic waves through the unbounded medium, including

the Janus sphere. The Janus sphere is characterised by the

piecewise constant wavenumber k(x), where

kðxÞ ¼
k1; for jxj < a;

k0; otherwise:

(
(1)

Here k0 ¼ 2p=k and k is the wavelength in the outer region.

The time harmonic acoustic wave is modeled by the

total field

uðxÞ ¼ uintðxÞ; for jxj < a;

uincðxÞ þ uscatðxÞ; for jxj > a;

(

which satisfies the Helmholtz equation

ðr2 þ k2Þu ¼ 0: (2)

The scattered field uscat additionally satisfies the radiation

condition

lim
r!1

r
@

@r
� ik0

� �
uscat ¼ 0; (3)

where r ¼ jxj and the limit holds uniformly with respect to

the direction. The scattered wave is induced by an incident

wave uinc through a boundary condition applied on the shell,

uscatðxÞ þ uincðxÞ ¼ 0;

uintðxÞ ¼ 0;
for x 2 Cþ; (4)

and a transmission condition applied on the open southern

hemisphere,

uscatðxÞ þ uincðxÞ ¼ uintðxÞ;
1

q0

@

@r
uscatðxÞ þ uincðxÞ
� �

¼ 1

q1

@

@r
uintðxÞ;

for x 2 C�:

(5)

Here q0 and q1 are the densities of the media outside and

inside the Janus sphere, respectively.

FIG. 1. (a) Visualisation of a Janus sphere in axisymmetric configuration

and the coordinate system [Cartesian ðx1; x2; x3Þ and polar ðr; h;/Þ] of the

laboratory frame. (b) Visualisation of the rotated Janus sphere (Eulerian

angles of rotation a and h) showing the incident wave direction (0, 0, 1) and

the scattering plane x2 ¼ 0.
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In this work we consider incident waves that are plane

waves, and we follow the common convention that the inci-

dent wave direction is always in the positive x3-direction of

the laboratory frame. Any non-axisymmetric orientation of

the Janus sphere is described by a rotation of the laboratory

frame into the body frame. The x03-axis of the body frame

coincides with the axis of rotational symmetry of the Janus

sphere [see Fig. 1(b)]. The incident wave is then

uincðxÞ ¼ eik0x3 : (6)

A consequence of the radiation condition (3) is that the scat-

tered wave satisfies

uscatðr; h;/Þ � eik0r

r
u1ðh;/Þ;

where we have used spherical polar coordinates ðr; h;/Þ for

x. Here u1 is known as the far-field and is given by

u1ðh;/Þ ¼ lim
r!1

re�ik0ruscatðr; h;/Þ: (7)

The differential scattering cross section of the Janus

sphere, measured in the plane x2 ¼ 0 is

f ðhÞ ¼ ju1ðh; 0Þj2: (8)

By the optical theorem, the total scattering cross section of

the Janus sphere is

rtotal ¼
4p
k0

Im u1ð0; 0Þ:

III. FAR-FIELD BASED T-MATRIX COMPUTATION

The T-matrix is based on expansions of the incident and

scattered fields in terms of regular wavefunctions

wljðxÞ ¼ jlðk0rÞYljðh;/Þ; (9)

and radiating wavefunctions

/ljðxÞ ¼ h
ð1Þ
l ðk0rÞYljðh;/Þ: (10)

Here jl and h
ð1Þ
l are, respectively, the first kind spherical

Bessel and Hankel functions of order l, and Ylj is the spheri-

cal harmonic

Yljðh;/Þ ¼ ð�1ÞðjþjjjÞ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4p
ðl� jjjÞ!
ðlþ jjjÞ!

s
P
jjj
l ðcos hÞeij/;

(11)

where Pj
l is the associated Legendre function with degree

l and order j.
Using the regular and radiating wavefunctions, the inci-

dent field has expansion

uincðxÞ ¼
X1
l¼0

Xl

j¼�l

bljwljðxÞ; (12)

and the radiating scattered field has expansion

uscatðxÞ ¼
X1
l¼0

Xl

j¼�l

alj/ljðxÞ: (13)

By the linearity of the Helmholtz Eq. (2), there must exist a

matrix T ¼ ðtl0j0;ljÞ such that

ðaljÞ ¼ TðbljÞ: (14)

The matrix T is called the transition matrix or T-matrix. The

T-matrix is given in terms of the far-field by Ganesh and

Hawkins (2008) and Ganesh et al. (2012)

tl0j0;lj ¼ k0il0þ1

ð2p

0

ðp

0

u1lj ðh;/ÞYl0j0 ðh;/Þ sin h dh d/;

(15)

where u1lj is the far-field Eq. (7) associated with the scat-

tered field uscat
lj solving the scattering problems [Eqs.

(2)–(5)] with incident wave uinc ¼ wlj. In practice the series

[Eqs. (12) and (13)] must be truncated for l ¼ 0;…;N for

some parameter N. After choosing the truncation parameter

N, we approximate the integral in Eq. (15) using a

2ðN þ 1Þ � ðN þ 1Þ point Gauss-Legendre quadrature rule.

To construct the T-matrix using Eq. (15) we compute u1lj
for l ¼ 0;…;N and j ¼ �l;…; l using the method of funda-

mental solution (Barnett and Betcke, 2008; Fairweather and

Karageorghis, 1998). In particular, we use the ansatz

uscat
lj ðxÞ ¼

Xn

p;q¼1

Gðx; rinypqÞ cin
lj;pq;

uint
lj ðxÞ ¼

Xn

p;q¼1

G1ðx; routypqÞ cout
lj;pq;

(16)

where

Gðx; yÞ ¼ 1

4p
eik0jx�yj

jx� yj ; G1ðx; yÞ ¼
1

4p
eik1jx�yj

jx� yj ; (17)

and the discrete source locations are the points rin ypq and

rout ypq lying on spheres with radii rin and rout, respectively,

satisfying rin < a < rout. Here

ypq ¼ pðhp;/qÞ; (18)

where p is the spherical polar coordinates mapping

pðh;/Þ ¼ ðsin h cos /; sin h sin /; cos hÞT ; (19)

and h1;…; hn are the nodes of the n point Gauss-Legendre

rule on ½0; p�, and /1;…;/n are the nodes of the n point

rectangle rule on ½0; 2p�.
Requiring the ansatz (16) to satisfy the boundary condi-

tions (4) and (5) at points

xpq ¼ pðhþp ;/mid
q Þ; p ¼ 1;…; 2m; q ¼ 1;…;m (20)
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and

xpq ¼ pðh�p ;/mid
q Þ; p ¼ 1;…; 2m; q ¼ 1;…;m; (21)

respectively, leads to a 8m2 � 2n2 overdetermined linear

system. Here h6
1 ;…; h6

2m are the nodes of the 2 m point mid-

point rules on ½0; p=2� and ½p=2; p�, respectively, and

/mid
1 ;…;/mid

m are the nodes of the m point midpoint rule on

½0; 2p�. The least squares solution of this system is effi-

ciently computed for each of the ðN þ 1Þ2 right-hand sides

[corresponding to taking each of the ðN þ 1Þ2 regular wave-

functions as the incident wave] using a direct solver.

Once the coefficients cin
lj;pq have been found for the inci-

dent field uinc ¼ wlj, our approximation to the far-field u1lj is

u1lj ðh;/Þ �
Xn

p;q¼1

G1ðpðh;/Þ; ypqÞ cin
lj;pq; (22)

where

G1ðx̂; yÞ ¼ 1

4p
e�ik0x̂�y: (23)

IV. SCATTERING BY A SP JANUS SPHERE

In this section we present numerical results that estab-

lish the reliability of our algorithm and demonstrate the

interesting phenomenon of enhanced side scattering by

Janus spheres. In all our experiments we use the incident

plane wave [Eq. (6)] with propagation direction in the posi-

tive x3-direction, and the differential scattering cross section

[Eq. (8)] is calculated in the laboratory plane x2 ¼ 0.

We fix the density of the medium outside the Janus

sphere to be q0 ¼ 1 and fix the radius of the Janus sphere to

be a¼ 1. Unless otherwise stated, we choose the T-matrix

truncation parameter based on the size parameter x ¼ k0a
using Wiscombe’s formula (Wiscombe, 1980)

N ¼ xþ 4x1=3 þ 1;

and we fix the number of sources parameter n¼ 100 in Eq.

(16). In all cases we choose the collocation parameter

m¼ n.

In Fig. 2 we plot the differential scattering cross section

of a Janus sphere with density q1 ¼ 1:5 and size parameter

k0a ¼ 6 in axisymmetric orientation. A comparison with

results obtained using Waterman’s T-matrix method in

Rother (2020, Fig. 3.36) shows excellent agreement (the two

results are visually indistinguishable). In Fig. 3 we demon-

strate the convergence of our far-field-based T-matrix

method with respect to the T-matrix truncation parameter N.

Comparison with Fig. 3.37 in Rother (2020) shows that the

far-field-based T-matrix attains comparable accuracy to the

classical T-matrix in Rother (2020) using a much smaller N.

In particular, while N¼ 15 was sufficient to achieve conver-

gence with the method presented in Sec. III, a truncation

parameter of N¼ 36 was necessary using Waterman’s T-

matrix method. Furthermore, the convergence behaviour in

Fig. 3 is much smoother than that in Rother (2020, Fig.

3.37), making convergence easier to assess. In Fig. 4 we

demonstrate the fast convergence of our far-field-based T-

matrix method with respect to the number of sources param-

eter n in Eq. (16).

In Fig. 5 we plot the orientation averaged differential

scattering cross section of the Janus sphere in Fig. 2. The

orientation averaging was performed using a 2ðN þ 1Þ2
point Gauss-Rectangle rule, which integrates the differential

scattering cross section obtained from the expansion [Eq.

(13)] exactly. We include in the figure the differential scat-

tering cross sections of sound-soft and penetrable spheres

(with matching material parameters) for comparison. While

FIG. 2. Differential scattering cross section of a Janus sphere in axisymmetric orientation (Eulerian angles of rotation a ¼ 0�; h ¼ 0�) with size parameter

k0a ¼ 6:0, interior wavenumber k1 ¼ 1:5 k0, and density q1 ¼ 1:5 computed using N¼ 15. The total scattering cross section is rtotal ¼ 7:54.
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there are large differences between the penetrable sphere

and the Janus sphere, the results for the Janus sphere and the

sound-soft sphere are similar, with larger differences only in

the near forward and back-scattering regions.

In Fig. 6 we plot the differential scattering cross section

of a rotated Janus sphere with density q1 ¼ 1:5 and size

parameter k0a ¼ 3. (The orientation of the Janus sphere in

the laboratory frame is visualised in Fig. 7.) A comparison

with results obtained using Waterman’s T-matrix method in

Fig. 3.51 in Rother (2020) again shows excellent agreement.

Figure 6 exhibits an interesting and unusual phenome-

non wherein the strongest scattering is in the approximate

direction h ¼ 20�. If an ensemble of identical Janus particles

were considered, with Eulerian angle h ¼ 90� and randomly

orientated with respect to the Eulerian angle a [see

Fig. 1(b)], then an observer located in the forward direction

would observe a bright ring with an opening angle of 20�. A

similar ring—the 22� halo phenomenon—is well known

from light scattering by hexagonal ice columns. There are

two important differences between these effects. First, we

observed this phenomenon for Janus spheres at lower size

parameters, where the Geometric Optics (GO) approxima-

tion cannot be applied. In contrast, the halo effect of hexag-

onal ice columns appears only at very large size parameters

and its opening angle of 22� is well explained by the GO

approach. The total field plotted in Fig. 7 for the Janus

sphere configuration of Fig. 6 suggests that this phenomenon

is caused by diffraction from the shadow edge of the sound-

soft shell. Second, for hexagonal ice crystals the maximum

scattered intensity always occurs in the forward direction.

However, for the Janus particle, the side scattering intensity

FIG. 4. Total scattering cross-section of the Janus sphere in Fig. 2 as a func-

tion of the number of sources parameter n.

FIG. 5. Orientation averaged differential scattering cross section of a Janus

sphere with size parameter k0a ¼ 6:0, interior wavenumber k1 ¼ 1:5 k0, and

density q1 ¼ 1:5 computed using N¼ 15.

FIG. 3. Total scattering cross-section of the Janus sphere in Fig. 2 as a function of the truncation parameter N. (a) Far-field-based T-matrix; (b) classical T-

matrix (Rother, 2020, Fig. 3.37).
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exceeds that in the forward direction. We believe that this

effect is worth studying in more detail—numerically and by

experiment—in the future because it may result in interest-

ing applications. The evolution of this side scattering phe-

nomenon can be seen in Fig. 8 where we plot the differential

scattering cross section as a function of scattering angle and

size parameter k0a. The scattering maximum is marked by

the dashed line.

V. MULTIPLE SCATTERING BY TWO SP JANUS
SPHERES

In this section we demonstrate that the enhanced side

scattering effect observed in Sec. IV for a single Janus

sphere is heightened for two Janus spheres. The multiple

scattering simulations are performed using GMRES (Saad

and Schultz, 1986) to iteratively solve the block linear sys-

tem in Olaofe (1970), which involves the far-field-based

T-matrix described in Sec. III. We present a useful approxi-

mation that avoids solving such a linear system when the

Janus spheres are not too close to each other. This results in

an acceleration of the simulations for such arrays.

In Fig. 9 we plot the differential scattering cross section

of two identical rotated Janus spheres with identical material

parameters and size parameters as used for the Janus sphere

in Fig. 6. The Janus spheres are both located on the x1-axis

with the same orientation and centres separated by distance

FIG. 6. Differential scattering cross section of a rotated Janus sphere

(Eulerian angles of rotation a ¼ 0�; h ¼ 90�) with size parameter

k0a ¼ 3:0, interior wavenumber k1 ¼ 1:5 k0, and density q1 ¼ 1:5 com-

puted using N¼ 10. The total scattering cross section is rtotal ¼ 6:37.

FIG. 7. (Color online) Absolute value of the total field plotted in the labora-

tory plane for a Janus sphere with size parameter k0a ¼ 3, interior wavenum-

ber k1 ¼ 1:5 k0, and density q1 ¼ 1:5. The sound-soft boundary is marked by

a solid line; the transmission boundary is marked by a dashed line.

FIG. 8. (Color online) Differential scattering cross section of a rotated

Janus sphere (Eulerian angles of rotation a ¼ 0�; h ¼ 90�) as a function of

size parameter k0a. The interior wavenumber is k1 ¼ 1:5 k0 and the density

is q1.

FIG. 9. Differential scattering cross section of two identical rotated Janus

spheres (Eulerian angles of rotation a ¼ 0�; h ¼ 90�) with size parameter

k0a ¼ 3:0, interior wavenumber k1 ¼ 1:5 k0, and density q1 ¼ 1:5 with sep-

aration k0d ¼ 18:0 computed using N¼ 10. The total scattering cross sec-

tion is rtotal ¼ 12:63.
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d with k0d ¼ 6. The figure shows enhanced side scattering

compared with the single Janus sphere in Fig. 6, and, in

particular, a sharper peak in the direction with the strongest

scattering. In Fig. 10 we plot the differential scattering

cross section as a function of scattering angle and size

parameter k0a. In Fig. 11 we plot the differential scattering

cross section as a function of scattering angle and distance

parameter k0d. In Fig. 12 we plot the differential cross sec-

tion for k0d ¼ 84.

If interactions between two identical Janus spheres are

neglected, then using the translation of origin for the far-

field [see, for example, Eq. (21) in Dufva et al. (2008)], the

single-scattering far-fields u11 and u12 of the first and second

scatterers, respectively, are related by

u12 ðh;/Þ ¼ e�ik0x̂�zu11 ðh;/Þ;

where

x̂ ¼
sin h cos /

sin h sin /

cos h

0
B@

1
CA; z ¼

d cos a

d sin a

0

0
B@

1
CA

are the observation direction and the position vector of the

second scatterer, respectively. It follows that the far-field in

the scattering plane x2 ¼ 0 (that is, / ¼ 0) of the laboratory

frame admits the approximation

u1ðh; 0Þ � 1þ e�ik0d sin h cos að Þu11 ðh; 0Þ; (24)

where d cos a is the component of the displacement vector

from the first to second Janus spheres in the scattering plane.

This approximation is analogous to Fraunhofer’s celebrated

double slit experiment where the far-field is the sum of the

far-fields of the two slits, each multiplied by a phase term

that describes the position of the slit in the slit plane. The

approximation (24) is easily extended to arrays with more

than two non-identical and differently oriented Janus

spheres. A similar approximation was given in Gaunard

et al. (1995) and Rother (2020) for homogeneous bispheres.

In practice the field scattered by each Janus sphere is

incident on the other Janus sphere, so that the spheres inter-

act. However, Fig. 6 shows that the scattering intensity in

the directions of the other Janus spheres (h ¼ 90�; 270�) is

much smaller than the intensity in other directions, which

motivates this approximation. In Fig. 13 we show that the

relative error in the approximation (24) is acceptably small

provided the separation satisfies k0d > 15. The separation

k0d ¼ 15 corresponds to a gap between the Janus spheres of

FIG. 10. (Color online) Differential scattering cross section of two identical

rotated Janus spheres (Eulerian angles of rotation a ¼ 0�; h ¼ 90�) as a

function of size parameter k0a. The interior wavenumber is k1 ¼ 1:5 k0, the

density is q1 ¼ 1:5, and the separation is k0d ¼ 18:0.

FIG. 11. (Color online) Differential scattering cross section of two identical

rotated Janus spheres (Eulerian angles of rotation a ¼ 0�; h ¼ 90�) as a

function of distance parameter k0d. The interior wavenumber is k1 ¼ 1:5 k0,

the density is q1 ¼ 1:5, and the size parameter is k0a ¼ 3:0. The cross sec-

tion A is shown in Fig. 9 and the cross section B is shown in Fig. 12.

FIG. 12. Differential scattering cross section of two identical rotated Janus

spheres (Eulerian angles of rotation a ¼ 0�; h ¼ 90�) with size parameter

k0a ¼ 3:0, interior wavenumber k1 ¼ 1:5 k0, and density q1 ¼ 1:5 with sep-

aration k0d ¼ 84:0 computed using N¼ 10. The total scattering cross sec-

tion is rtotal ¼ 12:63.
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1.5 times the diameter. The approximation (24) is very

cheap to compute in comparison to solving the linear system

in Olaofe (1970).

Finally, we observe that if the Janus spheres are both

located on the x2-axis then the approximation (24) becomes

u1ðh; 0Þ � 2u11 ðh; 0Þ: (25)

In particular, the scattering intensity is quadrupled, indepen-

dent of the distance between the scatterers. This result holds

because the displacement vector for the Janus spheres is

orthogonal to the observation direction. This is a remarkable

result because it is often assumed that the scattering by an

ensemble of scatterers becomes independent only if the dis-

tances between the individual scatterers exceeds a certain

value (van de Hulst, 1981). That this assumption does not

apply for this special configuration is of some importance

and should be kept in mind when performing experiments

on ensembles of scatterers.

VI. CONCLUSIONS

Janus particles comprising a homogeneous sphere with

a sound-soft hemispherical shell exhibit unusual acoustic

scattering properties, including enhanced side scattering

compared with homogeneous spheres. Numerical results in

Sec. IV demonstrate the evolution of the enhanced side scat-

tering for size parameters between 1 and 5 and suggest it

arises as a result of diffraction effects from the shadow edge

of the shell. Further results in Sec. V show how interference

effects from pairs of Janus particles can enhance the side

scattering effect. The numerical results are obtained using

the method in Sec. III, which combines the method of funda-

mental solutions with the far-field-based T-matrix. The

method presented in this paper to solve the scattering prob-

lem on Janus spheres exhibits improved convergence that

results in less computational effort than the conventional T-

matrix approach. However, both methods produce accurate

and comparable results.
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