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ABSTRACT
We present results of a study on the roughness-induced receptivity of the boundary layer that exists in the flow due to a rotating sphere.
Our approach exploits a computational methodology that allows us to capture the full range of fundamental fluid physics that arises
in the flow from the early collision of boundary layers due to the sphere’s rotation to the development of a radial jet and subsequent
instabilities in the spatially and temporally developing flow. We demonstrate that the flow can exhibit a transient convective instability
in the form of a spiral vortex, but ultimately the boundary layer returns to a laminar state. Consideration is also given to the impact
of this transient instability on the radial jet, which when advected into the radial jet at the sphere’s equator serves to render the jet
turbulent.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0012795., s

I. INTRODUCTION

The flow induced by a rotating sphere has received consid-
erable attention over the past 70 years. Early interest was focused
upon the boundary layer that forms during the initial spin-up
from rest of the sphere to a constant angular speed. Howarth1 was
the first to consider the boundary-layer development and devel-
oped approximate solutions for the flow away from the sphere’s
equator. Subsequent work by Stewartson,2 Banks,3,4 Banks and
Zaturska,5 and Simpson and Stewartson6,7 considered the region
at the equator where a boundary-layer collision occurs, explor-
ing this collision through a mix of asymptotic and computational
methods. The most important, and striking, aspect of the flow
in the equatorial region is the existence of a finite-time singular-
ity in the boundary-layer equations. The structure of the singu-
larity was first considered by Simpson and Stewartson6,7 and later
by Dennis and Duck8 and subsequently by van Dommelen.9 van
Dommelen, using a Lagrangian approach introduced by Cowley
et al.,10 was able to obtain a more accurate prediction of the time
for the onset of the finite-time singularity. This work has subse-
quently been extended and shown to provide the mechanism for
the eruption of the boundary layer and the ejection of a radial jet
(see Refs. 11 and 12).

In addition to these theoretical studies on the boundary-layer
development, and subsequent collision and breakdown, there have
been a number of experimental studies that have identified the key
features of the flow. The earliest experiments are those of Bowden
and Lord,13 which were focused on fundamental questions regard-
ing abrasion and, as such, were not driven by a desire to understand
the fundamental fluid physics at play. Indeed, the flow due to the
sphere was a secondary, and somewhat academic, interest of their
work. Importantly, however, they presented schlieren images of the
flow for a variety of Reynolds numbers up to 7700, which provided
clear evidence of the radial jet at the sphere’s equator. Thus, these
first experiments provided confirmation, albeit qualitative, of one of
the basic features observed in the flow but did not shed any light on
the issue of transition to turbulence, either within the boundary layer
or the radial jet.

Subsequent experiments by Kreith et al.14 were conducted
using a highly polished sphere (a black ebonite bowling ball), manu-
factured to high tolerances to ensure a low surface roughness. These
experiments showed, for the most part, a laminar flow over the
whole of the sphere for Reynolds numbers up to 5 × 104; at a slightly
higher Reynolds number of 5.75 × 104, the flow shows signs of an
instability in the boundary layer; this instability is not, however,
observable in the images taken at the higher Reynolds numbers of
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7.9 × 104 and 10.5 × 104 (see Fig. 10 of Ref. 14). Kreith et al.14 con-
cluded that at “Reynolds numbers below 5 × 105 the flow induced by
a sphere rotating in an infinite environment is laminar.”

More recent experiments by Kohama and Kobayashi,15 and
later by Hada and Ito,16 employed metal spheres that were painted
black (after polishing). Kohama and Kobayshi showed evidence of a
boundary-layer instability, in the form of spiral vortices, for a vari-
ety of Reynolds numbers. These can be clearly seen in the images
they present in their Figs. 2 and 6; we note here that the Reynolds
numbers they have quoted for these two figures appear to be in
error. For example, in their Fig. 2, they quoted a Reynolds number of
Re = 1.83 × 105, with air as a working fluid, and a sphere of diame-
ter 250 mm rotating at 3200 rpm. This would equate to a kinematic
viscosity of ν = 0.28 cm2 s−1, corresponding to an air tempera-
ture above 100 ○C. Similarly, in their Fig. 6, the Reynolds number
they quoted would correspond to a fluid with kinematic viscosity
ν = 0.01 cm2 s−1, corresponding to an air temperature below
−100 ○C. We have extracted data points from their Figs. 8 and
9 (these are presented in the Appendix) to calculate an average
kinematic viscosity of 0.14 cm2 s−1.

We have presented, in Table III, some data extracted from
Figs. 8 and 9 of Ref. 15, which indicates an average kinematic vis-
cosity for their experiments of ν = 0.14. Using this to calculate the
corresponding Reynolds numbers for their two images, we find, for
their Fig. 2, a value of Re = 3.74 × 105 and for their Fig. 6, a value of
Re = 4.58 × 103. At lower Reynolds numbers, they observed that, in
agreement with Kreith et al., the flow over the sphere is covered by
a laminar boundary layer while also observing spiral vortices flow-
ing out from the equator. They conjectured that these are related to
Taylor–Görtler vortices. For a Reynolds number of Re = 1.4 × 105

(corresponding to a rotation rate of 1200 rpm), they identified the
onset of instability to occur at θ ≈ 45.2○ from the pole, a transition
region extending to θ ≈ 64.4○, and a fully turbulent flow past this
point [see their Fig. 7(a)]. As the Reynolds number is increased, the
transition point moves toward the poles. Perhaps surprisingly, the
critical point they measured, for the onset of spiral vortices, varied
considerably for spheres of different radii, even when the differences
in Reynolds numbers are taken into account due to the different radii
(see their Fig. 9). The most important aspect of their results, from the
perspective of the present work, is their observation of spiral vortices
developing at a Reynolds number of ∼11 000, with the location of this
onset moving toward the pole as the Reynolds number is increased;
at a Reynolds number of 20 000, they first developed at a latitude of
around 70○.

The experiments conducted by Hada and Ito presented flow
visualizations (their Fig. 3) that show no evidence of spiral vor-
tices within the boundary layer at Reynolds numbers up to
Re = 15 000. Even at their highest Reynolds number of 30 000,
there is no visual evidence of spiral vortices, although the flow
near the sphere’s equator appears to be turbulent.” Like the sphere
employed by Kreith et al.,14 the recent experiments of Calabretto
et al.17 used spheres that were “very smooth”; Calabretto et al.17

used pool balls that are manufactured to a very high tolerance
and have a measured “local roughness” of around 1 μm, com-
pared to the ball radius of 28 560 μm. The discrepancy between
the available experimental results suggests that different receptivity
mechanisms may be present. The spheres used by Refs. 14 and 17
were very smooth, limiting possible roughness-induced receptivity

mechanisms, whereas in contrast, Refs. 15 and 16 employed metal
spheres, which, though polished, were also painted to facilitate flow
visualization. This additional coating could present a small, but
nevertheless significant, roughness onto the sphere’s surface, which
could possibly contribute to a roughness-induced receptivity in the
flow.

There have been various attempts to predict the critical
Reynolds number for the sphere’s boundary layer over the past two
decades. The work of Garrett and Peake,18 which employed a combi-
nation of local, steady, and parallel flow approximations on the basic
flow, demonstrated that the flow is susceptible to an instability, man-
ifesting physically as a spiral vortex. Barrow et al.19 considered the
problem from the context of a global stability analysis, predicting a
self-excited linear global mode at latitudes between 55○ and 65○, and
a critical Reynolds number of 113 569. Recently, Segalini and Gar-
rett20 explored the flow stability by employing a “steady solution”
of the full flow equations, which was patched together from asymp-
totic descriptions of the boundary layer, the jet,21 and the boundary-
layer–jet junction region at the equator, proposed by Smith and
Duck.22 Although this work showed good qualitative agreement with
the experiments in Ref. 15, the assumed base flow, in particular, the
boundary-layer jet structure, has been shown by Calabretto et al.17

to be incorrect.
We therefore have a series of experiments, each demonstrating

a different transition behavior, coupled with competing theoretical
descriptions of the flow. Our concern here is to explore the issue of
flow receptivity by considering the influence on the flow and its tran-
sition behavior of surface roughness. We formulate the problem in
Sec. II, where we also discuss the pertinent details of our numeri-
cal methodology. Our results are presented in Sec. III, together with
a discussion in the context of earlier experimental and theoreti-
cal studies. We draw together some conclusions from our work in
Sec. IV, together with a brief discussion of some, still, unanswered
questions and avenues for further work.

II. FORMULATION
Our aim here is to explore the potential development of insta-

bilities within the boundary layer that develops on the surface of
a rotating sphere in an otherwise quiescent fluid and their subse-
quent spatial and temporal evolution. We know from the recent
work of Calabretto and co-workers11,12 that an absolute instability
develops in the radial jet that is formed due to the boundary-layer
collision, the radial jet itself being driven by the advection of the
fluid from the poles to the equator of the sphere as a result of the
imposition of rotation to the sphere. From a computational perspec-
tive, this absolute instability can be suppressed by forcing symmetry
about the equator. Such a condition proves useful in examining the
high Reynolds number structure of the flow,17 the imposition of
symmetry significantly reducing the computational burden, allow-
ing computations to be taken to much higher Reynolds numbers
[of O(105) in Ref. 17] than would otherwise be possible. Here, we
eschew the need to compute the flow at such high Reynolds numbers
and so proceed by exploiting full three-dimensional direct numerical
simulations.

There are a number of other practical considerations that must
be taken into account if we are to accurately compute the full
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three-dimensional flow. The first is the need to correctly capture
the dynamics of the flow immediately following the imposition of an
impulsive (i.e., instantaneous) rotation to the sphere. From a math-
ematical standpoint, an impulsive change to the sphere’s rotation
can only be modeled by exploiting a Rayleigh-like

√
t-asymptotic

structure for small times, immediately following the instantaneous
change. Imposing such a Rayleigh-layer ansatz should precede the
development of a small-time asymptotic solution of the full three-
dimensional Navier–Stokes equations, a somewhat complex and
challenging task. We overcome this requirement in our computa-
tions by, rather than impose an instantaneous rotation, choosing to
ramp up the sphere’s rotation from zero to a constant value, over a
small but finite time. To do this, we set the angular velocity on the
sphere’s surface, suitably non-dimensionalized to be at r = 1, equal to
Ω̃(t), where t is an appropriately non-dimensionalized time. When
referenced in terms of spherical polar coordinates (r, θ, ϕ), where
θ = 0 is the equator and θ = π/2 is the pole, with the corresponding
velocity components (ur , uθ, uϕ), the Navier–Stokes equations must
be solved subject to the boundary conditions

ur = uθ = 0, uϕ = Ω̃(t) cos θ on r = 1.

The function Ω̃(t) is given by

Ω̃(t) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 for t < 0
2t√

(ts − t)2 + ts + t
for t ≥ 0,

where ts > 0 is defined as the ramp-up time (i.e., the time taken for
the sphere to be spun up to its final angular velocity; see Fig. 1). The
parameter ts then allows the control of the initial acceleration of the
sphere from rest to a state of constant angular velocity. All results
reported here are for a time ts = 0.05. The effect of changing ts is
minimal and does not significantly impact upon any of the results
presented here; the details of the effect of changing ts can be found
in Ref. 23.

We define the Reynolds number in the usual way, with respect
to the sphere’s radius a, the final angular speed of the sphere aΩ, and

FIG. 1. Schematic of the ramp-up function Ω̃(t).

the fluid’s kinematic viscosity ν,

Re = a2Ω
ν

.

Our computations are designed to mimic, as near as possible, the
experimental facility used in Ref. 17 in which the rotating sphere was
mounted in a large perspex tank, the dimensions of the tank chosen
to be suitably large to ensure that the outer boundary of the flow
domain does not impact upon the flow in the vicinity of the sphere.
We again adopt this approach and use a computational domain in
which the sphere is contained within a large container. Thus, in addi-
tion to the boundary condition at the sphere’s surface, the flow must
also satisfy the full no-slip boundary conditions on the boundaries
of the container. An alternative approach, which serves to reduce the
computational burden, is to apply a natural outflow boundary con-
dition at a suitably chosen radial distance from the sphere. We chose
not to make use of this approach here in order to ensure consistency
with our earlier results. All results reported here are for times much
less than the time taken for a disturbance to propagate to the outer
domain boundary.

In the absence of any external disturbances, the physical flow
will not develop any instabilities. From a computational standpoint,
small roundoff errors will ultimately lead to transition if the under-
lying flow allows for the growth of infinitesimally small disturbances
(usually referred to a natural transition). We, however, choose to
pose the problem as one of a flow receptivity in which an external
disturbance is internalized into the flow through a receptivity mech-
anism. As noted in Ref. 12, there are two physically relevant recep-
tivity mechanisms for the sphere’s flow. The first was considered in
Ref. 12 and corresponds to a perturbation imposed to the flow at a
particular location in space and at a particular time, mimicking the
effect of an external environmental disturbance upon the flow. The
second is the roughness-induced receptivity in which surface bumps,
or defects, provide the mechanism whereby disturbances may be
internalized to the flow.

To model a surface bump, we could, in practice, take the sphere
surface to be

r = 1 + ϵΔ(θ,ϕ),
where 0 < ϵ ≪ 1, and then make a change of coordinates in the
Navier–Stokes equations via

r̂ = r − ϵΔ(θ,ϕ).
This approach serves well when considering a receptivity mech-
anism induced by surface roughness. However, in the context of
our numerical scheme, this approach proves quite challenging due
to a number of factors, not least of which is the need to assure a
suitably accurate discretization in the immediate neighborhood of
any surface protuberance. That such accuracy is needed is made
clear by the fact that any such protuberance will force the flow to
develop a wake-like structure that, in the context of flow receptiv-
ity, has a significant effect upon the subsequent development of any
vortex-like instability; this wake structure was identified by Denier
et al.24 when considering the receptivity problem for Görtler vor-
tices induced by the isolated wall roughness. We must therefore
identify a way to appropriately disturb the flow, mimicking the
impact of an isolated roughness element. The approach we adopt
here is to impose a steady (i.e., constant) forcing in the form of
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perturbation to the radial velocity that is localized at a fixed dis-
tance from the wall and at a fixed longitudinal and latitudinal
location,

ur(r, θ,ϕ, t) = ur(r, θ,ϕ) + Δe−[α(θ−θ0)2+β(ϕ−ϕ0)2+γ(r−r0)2].

From a physical perspective, there is no well-defined origin for ϕ,
and so we are free to choose, without any loss of generality, ϕ0 arbi-
trarily and so we set ϕ0 = 0 in what follows. As we are interested
in exploring, what is effectively, the flow’s receptivity, we choose θ0
to be in a region that, on the basis of existing linear stability the-
ories, the flow is stable. Thus, the majority of our results are for
a location θ0 = 70○, where we use the convention that θ = 0 cor-
responds to the sphere’s equator and θ = ±90○ corresponds to the
sphere’s poles. Some experimentation has been previously done, by
the authors, with the values of θ0 = 60○ and θ0 = 80○, with a small
amount of qualitative change observed in results (see Table I in
Ref. 12). This perturbation to ur is “spun up” with the sphere, using
the same ramp-up function Ω̃(t), in order to overcome the Rayleigh-
like small-time singularity in our computations, as discussed
previously.

With the imposed perturbation mimicking the effect of a sur-
face bump, we are presented with a slight challenge in how to visu-
alize the resulting flow. In order to facilitate the examination of the
effect of the perturbation, we will present results in a frame of ref-
erence moving with the rotating sphere. In this case, the position of
the bump will appear to be frozen at a particular location in space in
all of the images we present.

The full three-dimensional Navier–Stokes equations are solved
numerically using Semtex,25 a quadrilateral spectral element direct
numerical solver, which uses parametrically mapped elements, mak-
ing it particularly appropriate for the spherical geometry considered
here. As noted earlier, we first embed the sphere within a larger vol-
ume of the fluid contained in a large, finite container. This allows us
to apply full physical no-slip boundary conditions on all rigid sur-
faces (i.e., the sphere’s surface and the bounding container). The
computational container’s dimensions were suitably large so as to
ensure that the outer rigid boundaries did not affect the flow dynam-
ics, at least for the timescales considered here. To appropriately cap-
ture the dynamics within the boundary layer, we employ a very fine
mesh of elements around the circumference of the sphere, each ele-
ment containing a computational mesh of 10 × 10 Lagrange knot
points, corresponding to the use of ninth order polynomials. This
ensures that our computations are fully resolved and accurately cap-
ture the dynamics of the boundary layer and the jet region; exten-
sive tests were undertaken in this regard to ensure that all results
presented here are well resolved.

Additionally, extensive tests were undertaken to ensure that the
flow induced by the rotating sphere was not affected by any inter-
action with the walls of the larger container on the timescales we
consider; we use a total of 3872 elements in the cross-plane to ensure
no interaction, with 80 azimuthal planes (over ϕ = π) in order to
capture any smaller scale dynamics propagating in the azimuthal
direction. In all our calculations, the temporal time-stepping is
accomplished via a second-order backward-differencing scheme
(see Ref. 25); the time-step Δt was set to 2 × 10−4, and conver-
gence tests demonstrated that this was more than sufficient for our
computations.

III. RESULTS AND DISCUSSION
To provide some reference for our subsequent discussions, we

first present, in Fig. 3, a plot of the azimuthal velocity, in the form
of a “waterfall,” sampled in an arc extending from the pole to the
equator and at a fixed distance rs = 1.02 from the sphere’s origin.
These have been obtained by interpolating from the full velocity
field, on the spectral element grid, to the arc situated at rs (see
Fig. 2). There are four important features present in this image,
which we have labeled A–F. For small times, we observe the ini-
tial spin-up of the flow, from time t = 4, the collision and initial
development of the radial jet (label A). Label B identifies the time
at which the perturbation is fully “spun up”—we can see from this
image that the disturbance due to the perturbation, at this point, is
steady. The perturbation sets up, what we will later see as, a clas-
sical steady wake-type structure (seen here at label C) observed in
many vortex receptivity studies; Denier et al.24 observed a simi-
lar wake structure in the context of Görtler vortices induced by
the isolated wall roughness. The wake structure remains spatially
localized, with the boundary layer undisturbed until such a point
(label D) that the first spiral instability begins to develop and propa-
gates toward the equator, growing in the process, and then decaying
(label E) as it approaches the equator. A second spiral instability
also develops, growing in amplitude before being advected at the
equator into the radial jet (label F). Once these two transient distur-
bances have propagated along the sphere, the flow over the sphere
returns to a smooth laminar state, as evidenced by the profiles in
Fig. 3 past time t ≈ 25.4. Thus, for this relatively small perturba-
tion amplitude, the flow over the sphere, although disturbed by the
presence of the perturbation, ultimately settles back to its laminar
state.

To better observe this propagation, and growth, of the dis-
turbance, we present in Fig. 4 a plot of the disturbance induced

FIG. 2. Schematic of the sphere, showing the position at which we extract the
component of azimuthal velocity, uϕ.
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FIG. 3. Waterfall plot of the azimuthal velocity component against time t and
distance along the surface of the sphere (where rs cos θ = 0 corresponds to
the pole and rs cos θ = 1 corresponds the equator) at the azimuthal angle
ϕ = 3π/10. Shown are the results for Re = 10 000 and a perturbation amplitude of
Δ = 0.25.

by the roughness element, at various times, as a function of the
angular distance from the pole to the equator (at a fixed distance
from the sphere’s surface). To construct this image, we have sub-
tracted the large-time velocity field, which is effectively the steady
flow over the sphere [which we define to be usϕ(θ)], from the
total velocity field at each of the various times considered to yield
udϕ(θ, t) = uϕ(θ, t) − usϕ(θ). Figure 4 now clearly shows the two

FIG. 4. Plot of udϕ(θ, t), the disturbance to the azimuthal velocity component, vs
distance along the surface of the sphere rs cos θ for various times. Shown are the
results for Re = 10 000 and a perturbation amplitude of Δ = 0.25.

FIG. 5. Waterfall plots of the azimuthal velocity component against time t and dis-
tance along the surface of the sphere rs cos θ (where rs cos θ = 0 corresponds to
the pole and rs cos θ = 1 the equator). These are measured at the azimuthal angle
ϕ = 3π/10. Shown are the results for Re = 10 000 and perturbation amplitudes (a)
Δ = 0.25, (b) Δ = 0.5, and (c) Δ = 1.0.

Phys. Fluids 32, 074108 (2020); doi: 10.1063/5.0012795 32, 074108-5

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

phases of growth, the early growth followed by decay and then
the later sustained growth near the equator, demonstrating a wave-
packet like growth in amplitude and propagation around the sphere
and out into the radial jet at the equator. As the spiral vortex
grows and propagates toward the equator, it grows to an ampli-
tude of around 40% of the underlying azimuthal basic flow (not-
ing that the azimuthal velocity has a maximum of unity on the
sphere’s surface at the equator), but the boundary layer remains
laminar.

The effect of increasing the perturbation amplitude, at a fixed
Reynolds number of Re = 10 000, can be seen in the series of plots in
Fig. 5. Figure 5(a) again showsΔ = 0.25, plotted on a slightly different
scale to provide ease of reference with the higher amplitude results
in Figs. 5(b) and 5(c). Figure 5(b) shows the results for an amplitude
of Δ = 0.5. We again see transient disturbance growth as the per-
turbation amplitude is increased, the disturbance amplitude being
only slightly larger than that of the Δ = 0.25 case. A new feature first

appears when the perturbation amplitude is 0.5—we see the devel-
opment of a relatively small amplitude disturbance (label A) that
propagates toward the equator for some time. This structure is more
pronounced in Fig. 5(c), where we observe it ultimately decay before
significantly impacting upon the flow (label B). The growth of the
disturbance within the boundary layer is again transient, and after it
is advected into the equatorial jet, the flow over the sphere returns
to an, effectively, undisturbed laminar state. Doubling the pertur-
bation amplitude again to Δ = 1.0, we again see, in Fig. 5(c), the
emergence of a relatively small amplitude initial disturbance (label
A) that propagates toward the equator for some time but ultimately
decays (label B). We also again observe the signature of a spiral vor-
tex (label C), growing as it propagates toward the equator, before
being swept into the jet. As is the case for the smaller amplitude per-
turbations, for suitably large times, the flow over the sphere returns
to its undisturbed laminar state. Thus, for a Reynolds number of
Re = 10 000, although the flow exhibits a transient growth of a spiral

FIG. 6. Waterfall plots of the azimuthal velocity component against time t and distance along the surface of the sphere rs cos θ (where rs cos θ = 0 corresponds to the pole
and rs cos θ = 1 corresponds to the equator). These are measured at an azimuthal angle ϕ = 3π/10. Shown are the results for perturbation amplitude Δ = 0.5 and Reynolds
numbers (a) Re = 12 500, (b) Re = 15 000, (c) Re = 17 500, and (d) Re = 20 000.
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instability in the boundary layer, even for the largest amplitude per-
turbations considered here, the disturbance is ultimately advected
down through the boundary layer on the sphere’s surface and out
into the radial jet.

To explore the effect of increasing Reynolds numbers on the
flow’s instability, we first fix the perturbation amplitude to beΔ = 0.5.
The results for four different Reynolds numbers are presented in
Fig. 6. We observe that increasing the Reynolds number naturally
decreases the time for the fluid within the boundary layer to be trans-
ported to the equator, resulting in the development of the radial
jet (label A). The initial development of the disturbance from the
perturbation’s wake is more pronounced as we increase the Reynolds
number (label B). The disturbance growth within the boundary layer

FIG. 7. The uϕ = 0.1 iso-surface of the azimuthal velocity component for the case
of Re = 10 000 and a perturbation amplitude Δ = 0.5. Shown are times (a) t = 4.0,
(b) t = 6.0, (c) t = 8, (d) t = 10, (e) t = 15, (f) t = 20, (g) t = 30, and (h) t = 40.

increases with increasing Reynolds number, with the structure of
the spiral vortex becoming increasingly complex (label C). There is
also some evidence of a smaller scale secondary transient instability,
which is also propagated toward the equator and ultimately into the
radial jet (label D).

Although the waterfall plots presented above provide some
insights into the behavior of the flow, they do not provide a full pic-
ture of the complex dynamics of the disturbance propagation. We
therefore present a series of plots of the uϕ = 0.1 iso-surface of the
azimuthal velocity in Figs. 7–9 for Re = 10 000, 15 000, and 20 000,
respectively. This choice of value for the iso-surface was chosen,
after some considerable experimentation, as the velocity compo-
nent and contour level prove most informative in the context of the

FIG. 8. The uϕ = 0.1 iso-surface of the azimuthal velocity component for the
case of Re = 15 000 and a perturbation amplitude Δ = 0.5. Shown are times (a)
t = 4.0, (b) t = 6.0, (c) t = 8, (d) t = 10, (e) t = 15, (f) t = 20, (g) t = 30, and
(h) t = 40.
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FIG. 9. The uϕ = 0.1 iso-surface of the azimuthal velocity component for the
case of Re = 20 000 and a perturbation amplitude Δ = 0.5. Shown are times (a)
t = 4.0, (b) t = 6.0, (c) t = 8, (d) t = 10, (e) t = 15, (f) t = 20, (g) t = 30, and
(h) t = 40.

developing flow’s dynamics. The dominant features described ear-
lier, together with some new features, become clear in these iso-
surface plots. In Fig. 7, we observe (A) the perturbation and the
structure of its wake (B), together with the starting vortex, leading
the development of the radial jet, clearly seen (C). For later times
[Fig. 7(d)], we see the development of a spiral vortex pair (D), which
propagates toward the equator and begins to show the sign of a
secondary, side-band, instability (F). By these later times, the spi-
ral vortex has been advected into the radial jet, serving to render it
unstable (E). The rapid decay of the azimuthal velocity within the jet
is also readily observed (G). At very large times [Fig. 7(h)], the wake-
like structure due to the perturbation is now steady and has a fixed
spatial distribution, with the flow over the sphere’s surface laminar

(H). Each of these features is repeated at higher Reynolds numbers,
as can be seen by considering the results for Re = 15 000 presented
in Figs. 8(a)–8(h). A number of new features appear in the flow at
higher Reynolds numbers. In Fig. 8(e), we see the interaction of two
spiral vortices (I), which, at least qualitatively, shows similarities to
the inviscid Crow instability that is typically encountered in wing-tip
vortices.26 The second transient instability alluded to earlier, which
rides on the back of the wake shed from the initial perturbation, can
also been seen (J).

At the Reynolds number of 15 000 in Fig. 8, we observe that
the radial jet becomes turbulent in a band close to the sphere [see
Fig. 8(f)]. As time increases, this turbulent band is advected fur-
ther out into the radial jet, leaving, in the immediate neighborhood
of the sphere’s equator, a region of laminar flow (K), as shown in
Fig. 8(h). This behavior suggests that the turbulence in the vicin-
ity of the equator is a consequence of the breakdown of the spiral
vortices, the turbulent flow subsequently being advected (or ejected)
into the radial jet and away from the equator. If we increase the
Reynolds number further to Re = 20 000 presented in Fig. 9, we
again see all of the behavior alluded to above. The Crow-like insta-
bility of the vortex pair is further enhanced (M), as is the side-band
instability (L). At large times, we again observe a largely laminar
flow over most of the sphere, together with a region of laminar flow
within the radial jet. The turbulent cloud that encircles the equa-
tor now shows some clear evidence of periodicity in the azimuthal
direction (O).

Kohama and Kobayashi15 presented a flow visualization at a
Reynolds number of 4.58 × 103 (see their Fig. 6, and our earlier
comments17) where they note the occurrence of spiral vortices flow-
ing out from the equator even though, at this Reynolds number,
the boundary layer on the sphere is laminar. These spiral vortices
can also be seen in the results of Hada and Ito16 and also those
of Calabretto et al.11,17 (see, for example, Fig. 10, which shows an
unpublished image from the experiments reported in Ref. 11 at Re
= 14 500). Kohama and Kobayashi15 conjectured that this instabil-
ity may be due to a centrifugal instability, of Taylor–Görtler vor-
tex type, near the equator. We know from the work of Calabretto

FIG. 10. Flow visualization showing the three-dimensional instability in the radial
jet. Unpublished image from experiments detailed in Ref. 11. The Reynolds
number is ∼14 500.
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FIG. 11. Top-down view from the pole to equator. Shown is the uϕ = 0.1 iso-surface, colored according to the value of the radial velocity ur . From top to bottom are [(a) and
(b)] Re = 10 000, [(c) and (d)] Re = 12 500, [(e) and (f)] Re = 15 000, [(g) and (h)] Re = 17 500, and [(i) and (j)] Re = 20 000.

Phys. Fluids 32, 074108 (2020); doi: 10.1063/5.0012795 32, 074108-9

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

TABLE I. Measurements of the radial distance rc from the sphere’s equator to the end of the laminar band surrounding the
equator (normalized against the sphere radius) from our computational results and, for comparison, those of Hada and Ito.

Present paper

Re 10 000 12 500 15 000 17 500 20 000
rc/a 1.3 1.18 1.15 1.11 1.09

Hada and Ito16

Rea 13 200 15 217 20 025 25 253 30 110
rc/a 1.20 1.171 1.124 1.054 1.049

aThese were extracted from the results presented in Fig. 6 of Hada and Ito.

et al.11,17 that the radial jet develops an absolute instability, which
then propagates back toward the equator. These computational
results were in agreement with the experiments of Hada and Ito.16

The latter work demonstrated that the jet instability sets in at a rela-
tively low Reynolds number [Re = 2600 in their Fig. 3(a)], propagates
back toward the equator, maintaining a laminar region between
the sphere and the jet’s unstable region, as the Reynolds number
increases. At their highest Reynolds number, the flow within the jet
appears to be fully turbulent. Extrapolating from their experimental
results, Hada and Ito16 predicted the “collapse of the jet,” the point
at which the jet reaches the sphere’s surface, at a critical Reynolds
number of 32 000.

To explore this issue further, we now focus our attention on the
jet instability and its large time behavior. To facilitate our discussion
of the salient points of the development of the jet instability and its
behavior with increasing Reynolds numbers, we present, in Fig. 11,
plots of the uϕ = 0.1 iso-surface, colored according to the corre-
sponding value of the radial velocity on the iso-surface. We have set
the perspective of these images so that the sphere is viewed looking
down from the pole toward the equator, allowing a better view of the
behavior in the jet. Two times are shown, t = 20 (left-most images)
and t = 40 (right-most images), for a series of Reynolds numbers
from Re = 10 000 to Re = 20 000; at these times, the spiral vortex
has, largely, been advected into the radial jet, and so the flow should
provide us with information as to whether the three-dimensionality
of the jet instability is impacted by or, for that matter, induced by
the passage of the spiral instability. In all images, we can readily see
the signature of the perturbation and the wake it generates wrapped
around the sphere.

Turning our attention to the behavior within the jet, consider
first the t = 20 image for Re = 10 000 [Fig. 11(a)]. We first note the
filamentation observed in Ref. 16 (see Fig. 3), which, in our case, is
caused by the wrapping of the spiral vortex around the equator as
it is advected into the jet. As the Reynolds number is increased, at

TABLE II. Values of the azimuthal wavenumber of the instability in the form exp(Im ϕ),
extracted visually from the images presented in Fig. 11.

Re 10 000 12 500 15 000 17 500 20 000
M 22 24 24 26 30

time t = 20, the decay distance of the swirl in the jet decreases, and
the flow within the jet, immediately adjacent to the equator, becomes
turbulent. This behavior mirrors the collapse of the jet described in
the experiments of Hada and Ito,16 but it occurs at a lower Reynolds
number than the critical Reynolds number obtained from their
experiments. This behavior, however, is transient as we can see from
the later time (t = 40) images in Fig. 11. At this later time, the tur-
bulent region immediately adjacent to the sphere’s equator has been
advected out into the jet, leaving a region of laminar flow in its place.
The width of this laminar region was extracted from the images
presented in Fig. 11 and is presented in Table I. We also provide,
for comparison, the corresponding measurements from Hada and
Ito16 from which (for those few Reynolds number where compari-
son is sensible) we see good qualitative agreement. This is perhaps
somewhat surprising since our results focus upon an active receptiv-
ity mechanism, forcing the flow within the sphere’s boundary layer,
which itself acts as a receptivity mechanism by which the jet insta-
bility can be prematurely induced, whereas the instability reported
in Ref. 16 appears to arise from a natural transition within the radial
jet itself.

The large-time results presented in Fig. 11 also clearly exhibit
the three-dimensionality of the jet’s instability. From Fig. 11, we can
extract the azimuthal wavenumber of the instability by simply iden-
tifying the peaks in the radial velocity component. In Fig. 11, this
is identified by the red contour level. An example of this can be
seen in Fig. 11(j) where, for ease of identification, we have labeled
these with a + symbol. A simple count produces the results pre-
sented in Table II. Although the wavenumber increases with the
Reynolds number, no obvious pattern presents itself. We do, how-
ever, make the observation that the change in the wavenumber
exhibits the same trend as the number of spiral vortices identified in
Ref. 15.

IV. CONCLUSIONS
We have considered the effect of an isolated surface roughness

on the flow induced by a rotating sphere. Two important aspects
of the flow’s receptivity have been considered. First, the effect of
surface roughness on the transition within the boundary layer has
demonstrated that any disturbance development due to a distur-
bance that mimics an isolated surface roughness is transient and
that the boundary layer eventually returns to its laminar state, after
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the passage of the transient instability. Furthermore, this transient
growth occurs for roughness that represents a significant (i.e., large
amplitude) forcing on the flow. The disturbance growth progresses
through a clear linear stage and then a nonlinear stage, the latter
also showing evidence of a secondary instability, which we conjec-
ture is the trigger for the nonlinear interactions of the spiral vortices
observed at the higher end of our Reynolds number range. For the
Reynolds numbers considered here, we can therefore conclude that
the boundary layer remains laminar and, in line with the results of
Calabretto and Denier,12 the boundary-layer flow shows no evidence
of an absolute instability.

Finally, we note that the jet instability is effectively an invis-
cid one. We would naturally expect the radial wavelength of this
instability to scale with the jet width, which we know from the
work of Riley21 to be of size O(Re−1/2). Our results, for moder-
ate Reynolds numbers, do not provide any clear insight into the
azimuthal wavelength of the jet instability. It is therefore not possi-
ble to make any clear inferences from our results as to the impact of
the disturbance upon the instability of the jet, and whether the forc-
ing we have employed affects the jet’s critical wavenumbers (both
radial and azimuthal), or whether the three-dimensionality within
the jet is a natural result of the jet’s absolute instability. The lat-
ter is suggested by the experimental results of Hada and Ito.16 A
separate study of the absolute instability of the swirling radial jet
is underway, the results of which we hope will shed light on this
question.
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APPENDIX: TABULATION OF KOHAMA
AND KOBAYASHI RESULTS

As we noted earlier, the Reynolds numbers attached to the
two images in Kohama and Kobayashi15 appear to be in error. To
determine the correct values for these, we note that Kohama and
Kobayashi defined the spin-Reynolds number according to

TABLE III. Sample of data extracted from Ref. 15. Here, θRey indicates the sampled
θ values from their Re vs θ plot, and θN indicates the sampled θ values from their Re
vs N plot.

Re θRey (deg.) θN (deg) N (rpm) D (mm) ν (cm2 s−1)

192 236 41.55 41.62 1406.98 250 0.12
24 247 82.39 82.51 192.48 250 0.13

96 632 59.92 60.12 2502.38 150 0.15
70 048 65.73 65.48 1796.59 150 0.15

11 907 76.61 76.75 1400.15 70 0.15
5150 86.16 86.22 592.47 70 0.15

Re = ωR2

ν
,

where ω is the angular speed, R is the sphere’s radius, and ν is the
fluid’s kinematic viscosity. They also noted that their experiments
are done in air. To estimate the kinematic viscosity they used when
presenting their results, we have extracted data points from their
Figs. 8 and 9 using a readily available tool for digitizing plots. A sam-
ple of these is given in Table III from which we observe an average
kinematic viscosity of ν = 0.14 (corresponding to an approximate air
temperature of 10 ○C). This value is used in calculating the correct
Reynolds numbers we have referred to earlier.
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