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We derive universal properties of the near-horizon geometry of spherically symmetric black holes that
follow from the observability of a regular apparent horizon. Only two types of solutions are admissible.
After reviewing their properties we show that only a special form of the solutions of the second type is
consistent. We describe how these results extend to modified theories of gravity, including Einstein–Cartan
theories. Then we describe the unique black hole formation scenario that necessarily involves both types of
solutions. The generalized surface gravity is infinite at the apparent horizon. This feature and comparison of
the required energy and timescales with the known semiclassical results suggest that the observed
astrophysical black holes are horizonless ultra-compact objects, and the presence of a horizon is associated
with currently unknown physics.
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I. INTRODUCTION

Models of astrophysical black holes describe them as
ultra-compact objects (UCOs) with or without a horizon
[1]. Both types of models are consistent with current data
[2,3] and combine theoretically appealing properties with
arguably undesirable features.
Spherical symmetry considerably simplifies the analysis.

Nonetheless, definite results are obtained only if the
spacetimes under consideration are static, either exactly
or asymptotically, and/or matter follows a prescribed
evolution [4–8]. Numerical studies must assume the matter
content and the equations of state [9]. As a result, despite
spectacular successes in modeling the behavior of UCOs,
the question of whether or not they actually have horizons
is still open [1,10,11].
There is no unanimously agreed upon definition of a

black hole [11], but strong gravity that locally prevents
light from escaping is its most common characteristic. A
physical black hole (PBH) [12] has a trapped region, i.e.,
it contains a spacetime domain where ingoing and out-
going future-directed null geodesics originating from a
two-dimensional spacelike surface with spherical top-
ology have negative expansion [6,7,13]. Its evolving outer
boundary is the apparent horizon. In spherical symmetry
it is unambiguously defined in all foliations that respect
this symmetry. Hence from the observational point of
view [14,15] a UCO is a PBH only if the apparent horizon
has formed prior to emission of the signals that are
detected by a distant observer (Bob). Nevertheless, this
conceptual difference between a finite formation time of
the trapped region and an asymptotically exponential
approach to the event horizon of classical black holes
translates into potentially observable signatures that

arise from the different near-horizon properties that we
present below.
Universal scaling laws were found in the formation of

spherically symmetric black holes by looking at the late time
limits of various types of collapsing classical matter [16]. All
static Killing horizons [6,7,13] lead to universal properties of
the near-horizon optical geometry [17]. Our goal is to obtain
the universal properties of PBHs that distinguish them from
the alternative UCOs. These differences in geometry are
expected to be resolved in future observations [1,10].
Working in the framework of semiclassical gravity

[18–20], we use classical notions (horizons, trajectories,
etc.) and describe dynamics via the Einstein equations
Gμν ¼ Tμν or modifications thereof. Our only assumption is
that the apparent horizon that has been formed at some
finite time of Bob is a regular surface in the sense that the
curvature invariants there are finite. Within any given
theory, we do not assume any specific matter content
nor a specific quantum state ω that produces the expect-
ation values of the energy-momentum tensor (EMT)
Tμν ¼ hT̂μνiω. Note that this EMT describes the total
matter content—both the original collapsing matter and
the produced excitations. We do not assume the presence of
Hawking-like radiation, event horizon, or singularity.

II. ADMISSIBLE SOLUTIONS

We establish our results by constructing finite invariants
T ≔ Tμ

μ and T ≔ TμνTμν from divergent quantities [15].
This behavior manifests itself in Schwarzschild coordinates,
where a general spherically symmetric metric is given by

ds2 ¼ −e2hðt;rÞfðt; rÞdt2 þ fðt; rÞ−1dr2 þ r2dΩ: ð1Þ
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These coordinates provide geometrically preferred folia-
tions with respect to Kodama time, a natural divergence-free
preferred vector field [13,21,22]. Using the advanced null
coordinate v the metric is written as

ds2 ¼ −e2hþ
�
1 −

Cþ
r

�
dv2 þ 2ehþdvdrþ r2dΩ: ð2Þ

The Misner–Sharp (MS) mass [13,23] Cðt; rÞ is invariantly
defined via

fðt; rÞ ≔ 1 − C=r ≔ ∂μr∂μr; ð3Þ

and thus Cðt; rÞ≡ Cþðvðt; rÞ; rÞ. The functions hðt; rÞ and
hþðv; rÞ play the role of integrating factors in coordinate
transformations, such as

dt ¼ e−hðehþdv − f−1drÞ: ð4Þ

The apparent horizon is located at the Schwarzschild radius
rgðtÞ≡ rþðvÞ that is the largest root of fðt; rÞ ¼ 0 [13,24].
It is convenient to introduce

τt ≔ e−2hTtt; τr ≔ Trr; τrt ≔ e−hTt
r: ð5Þ

Unless stated otherwise the dynamics is governed by the
standard Einstein equations of general relativity (GR). The
three Einstein equations for Gtt, Gt

r, and Grr are

∂rC ¼ 8πr2τt=f; ð6Þ

∂tC ¼ 8πr2ehτrt ; ð7Þ

∂rh ¼ 4πrðτt þ τrÞ=f2: ð8Þ

The two invariants satisfy T≡ −R=8π and T≡
RμνRμν=64π2, where Rμν and R are the Ricci tensor and
Ricci scalar, respectively. Since the term Tθ

θ ≡ Tφ
φ is finite

in GR [15,25], regularity of the apparent horizon requires
that the scalars

T¼ ðτr − τtÞ=f; T¼ ððτrÞ2 þ ðτtÞ2 − 2ðτrt Þ2Þ=f2; ð9Þ

are finite at r ¼ rg. It was shown that only two classes of
dynamic solutions (with the leading terms in the functions
τa, a ∈ ft; tr; rg scaling as fk, k ¼ 0, 1) satisfy the
regularity conditions [25]. After reviewing the properties
of these solutions we demonstrate that for k ¼ 1 only a
specific solution is consistent, provide the explicit form of
the coordinate transformation (4) near rg, demonstrate
divergence of the generalized surface gravity, and discuss
the implications for PBH formation and modified theories
of gravity.

A. Generic solution

The solutions with k ¼ 0 allow τt → τr →∓ ϒ2, τrt →
∓ ϒ2 for some ϒðtÞ > 0, but only

τt ≈ τr ¼ −ϒ2 þOð ffiffiffi
x

p Þ; ð10Þ
τrt ¼ −ϒ2 þOð ffiffiffi

x
p Þ; ð11Þ

where x ≔ r − rg, yield valid PBH solutions: taking
τt → τr → þϒ2 results in complex-valued solutions of
Eqs. (6)–(8) (see Ref. [15], Appendix C). The negative
sign of τt and τr leads to the violation of the null energy
condition (NEC) [6,8,26,27] in the vicinity of the
apparent horizon. A future-directed outward (inward)
pointing radial null vector kμ satisfies Tμνkμkν < 0 for
the contracting (expanding) Schwarzschild radius rg [15].
Accreting Vaidya black hole solutions in ðv; rÞ coordinates
satisfy the NEC and therefore do not describe PBHs (see
Appendix A for details).
The metric functions that solve Eq. (6) and Eq. (8) are

C ¼ rg − 4
ffiffiffi
π

p
r3=2g ϒ

ffiffiffi
x

p þOðxÞ;

h ¼ −
1

2
ln
x
ξ
þOð ffiffiffi

x
p Þ; ð12Þ

where ξðtÞ is determined by the choice of time variable and
the higher-order terms depend on the higher-order terms in
the EMT expansion [28]. Equation (7) must then hold
identically. Both sides contain terms that diverge as 1=

ffiffiffi
x

p
,

and their identification results in the consistency condition

r0g=
ffiffiffi
ξ

p
¼ ∓4

ffiffiffiffiffiffiffi
πrg

p
ϒ: ð13Þ

Useful information can be obtained by working with
retarded and advanced null coordinates. If r0g > 0, it is
convenient to use the retarded null coordinate u. For r0g < 0,
the advanced null coordinate v is particularly useful [15],

Cþðv; rÞ ¼ rþðvÞ þ
X
i≥1

wiðvÞðr − rþÞi; ð14Þ

hþðv; rÞ ¼
X
i≥1

χiðvÞðr − rþÞi; ð15Þ

for some functions wiðvÞ, χiðvÞ, where w1 ≤ 1 due to the
definition of rþ. This is the general form of the metric
functions in ðv; rÞ coordinates that ensures finite curvature
scalars at the apparent horizon [25]. In this case the
components of the EMT in ðv; rÞ and ðt; rÞ coordinates
are related by

θv ≔ e−2hþΘvv ¼ τt; ð16Þ
θvr ≔ e−hþΘvr ¼ ðτrt − τtÞ=f; ð17Þ
θr ≔ Θrr ¼ ðτr þ τt − 2τrt Þ=f2; ð18Þ
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where Θμν denotes the EMT components in ðv; rÞ
coordinates.
A static observer finds that the energy density

ρ ¼ Tμνuμuν ¼ −Tt
t, pressure p ¼ Tμνnμnν ¼ Tr

r, and
flux ϕ ≔ Tμνuμnν, where uμ is the four-velocity and nμ

is the outward-pointing radial spacelike vector, diverge at
the apparent horizon. The experience of a radially-infalling
observer Alice moving on the trajectory xμAðτÞ ¼
ðtA; rA; 0; 0Þ is different, and also differs from the infall
into a classical eternal black hole.
First, horizon crossing happens not only at some finite

proper time τ0, but also at a finite time t0ðτ0Þ, rgðt0ðτ0ÞÞ ¼
rAðτ0Þ according to the clock of a distant Bob. This is
particularly easy to see for ingoing null geodesics, where

dt
dr

¼ −
e−hðt;rÞ

fðt; rÞ → � 1

r0g
; ð19Þ

at r ¼ rg, the right-hand side (rhs) is obtained by using
Eqs. (12) and (13) [25], and the upper sign corresponds to
evaporation. We use this result in the estimates of the
formation time in Sec. V and in showing that the usual
generalizations of the surface gravity to nonstationary
spacetimes fail for PBHs (Sec. IV B).
For an evaporating black hole (r0g < 0), energy density,

pressure, and flux in Alice’s frame are finite. However,
upon crossing the apparent horizon of an accreting PBH,
Alice encounters a firewall,

ρA ¼ Tμνu
μ
Au

ν
A ¼ −

_r2A
4πrgX

þOð1=
ffiffiffiffi
X

p
Þ; ð20Þ

where X ≔ rAðτÞ − rgðtAðτÞÞ [29].
Violations of the NEC are bounded by quantum energy

inequalities [27,30]. Outside the singularities the lower
bounds were shown to exist for the energy density
hT̂μνiωuμuν and its smeared averages. These are known
to be state-independent for free fields. For spacetimes of
small curvature, explicit bounds for a geodesic observer
were derived in Ref. [31]. A finite bound is violated by the
1=f2 divergence of the energy density that results in the
divergence of its smeared time average [25,29]. Thus we
are faced with the following conundrum: either accretion to
a UCO can only occur before the first marginally trapped
surface appears, and PBHs, once formed, can only evapo-
rate, or semiclassical physics breaks down at the horizon
scale. We restrict our discussion to evaporating PBHs in
what follows.
Transformation to the orthonormal basis shows that

depending on the behavior of the regular terms the EMT
of these solutions belongs to type II or type III in the Segre–
Hawking–Ellis classification scheme [6,26]. At r ∼ rg, the
EMT coincides with that of a perfect exotic (i.e., NEC-
violating) null fluid only if the metric is sufficiently close to

Vaidya metrics (see Appendix A). However, this fluid is the
key ingredient of matter near the apparent horizon and
becomes dominant as r → rg for all for all τa ∼ f0

solutions.
Combining Eqs. (4) and (19) allows to obtain an explicit

form of the transformation between ðt; rÞ and ðv; rÞ
coordinates near rg of an evaporating PBH. Since
tðv; rþ þ δyÞ ¼ tðrgÞ − δy=jr0gj þ � � �, we have

xðv; rþ þ yÞ ¼ −r00gy2=ð2r0g2Þ þOðy3Þ: ð21Þ

B. Extreme solution. Static solutions

The static solution with k ¼ 0 is impossible, as in this
case T would diverge at the apparent horizon.
Consequently, EMT components that allow for static
solutions must behave differently. Many models of static
nonsingular black holes assume finite values of energy
density and pressure at the horizon [12,32,33]. With respect
to the invariants of Eq. (9), this is the k ¼ 1 solution, with

τt → EðtÞf; τr → PðtÞf; τrt → ΦðtÞf; ð22Þ

where ρ ¼ E and p ¼ P at the apparent horizon. Any two
functions can be expressed algebraically in terms of the
third and 8πr2gE ≤ 1 to ensure that Cðt; rÞ − rg > 0 for
r > rg. Appendix B provides a brief summary of their
properties and gives explicit expressions for the metric
functions C ≈ rg þ 8πr2gEx and h.
We now show that only a unique dynamic case with the

extreme value of E is possible. From Eqs. (22), (16) and
(14) it follows that w1 ¼ 1. As a result, as ΔvðrÞ ≔
Cþðv; rÞ − r changes sign at r ¼ rþ, the leading terms
in the expansion of the MS mass in Eq. (14) are
Cþ ¼ rþ þ yþ w3y3, where w3 ≤ 0 and y ≔ r − rþ. If
w3 ¼ 0 the nonlinear terms begin from a higher odd power.
This expression for the MS mass must coincide with

Cðtðv; rþ þ yÞ; rþ þ yÞ. Equation (21) also holds for
k ¼ 1, hence

Cþ ¼ C ¼ rg þ yþ ð1 − 8πr2gEÞ
r00gy2

2r0g2
þOðy3Þ; ð23Þ

and thus E≡ 1=ð8πr2gÞ. Using the next terms in the
expansion of τt leads to f ≈ c32ðtÞx3=2=rg for some
coefficient c32ðtÞ > 0, setting via Eq. (22) the scaling of
other leading terms in the EMT. Consistency of Eqs. (7) and
(8) implies P ¼ −E ¼ −1=ð8πr2gÞ and Φ ¼ 0. From the
next order expansion we obtain h ¼ − 3

2
lnðx=ξÞ þOð ffiffiffi

x
p Þ

and the relation r0g ¼ −c32ξ3=2=rg. Details of the calculation
are presented in Appendix B.
On the other hand, solutions with a time-independent

apparent horizon or general static solutions do not require
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w1 ¼ 1 to satisfy Eqs. (16)–(18). Since rþðvÞ ¼ rgðtÞ ¼
const it is possible to have non-extreme solutions. Then
Eq. (7) implies Φ ¼ 0 and the identity E ¼ −P follows
from Eq. (18), leading to a regular function hðt; rÞ.
However, in this case Eq. (4) indicates that the apparent
horizon cannot be reached in a finite time t.

III. PHYSICAL BLACK HOLES
IN MODIFIED GRAVITY

There are numerous arguments as to why a classical
theory of gravity may or should differ from GR [34]. Strong
fields in the vicinity of UCOs are one of the regimes where
the effects of modified gravity are expected to be discern-
able. Mathematically, these theories are typically more
involved than GR, and exact and approximate black hole
solutions are used both to test the consistency of such
theories and also to differentiate between models of
horizonless UCOs and PBHs [35].
One group of models includes various additional curva-

ture-dependent terms in the gravitational Lagrangian,
Lg ¼ Rþ λF ðgμν; RμνρσÞ, where λ is a small dimensionless
parameter [34,36,37]. The Einstein equations are modified
by fourth or higher-order terms, Gμν þ λEμν ¼ 8πTμν,
where the terms Eμν result from the variation of F [38].
The most general spherically symmetric metric is still given
by Eq. (1), and the requirements of finiteness of T andT are
still meaningful. However, they are no longer directly
related to the finiteness of the curvature scalars. For
example, in fðRÞ theories [37], L ¼ fðRÞ,

f0ðRÞRþ 2fðRÞ þ 3□f0ðRÞ ¼ 8πT; ð24Þ

and unlike in GR the finiteness of Tθ
θ is not guaranteed

a priori. It is conceivable that the metric is such that the
curvature invariants are finite, but□R and thus T diverge at
the apparent horizon.
Nevertheless, the two types of solutions discussed above

are the only perturbatively possible classes of solutions in
spherical symmetry. While their existence must be estab-
lished separately for each theory, it is clear that divergences
stronger than those allowed in GR are not permitted at any
order of Tμν ¼ T̄μν þ λTð1Þ

μν þ � � �, where T̄μν denotes the
unperturbed GR expression. Such terms will contribute
stronger singularities to the functions C and h, and thus
invalidate the perturbative expansion close to the apparent
horizon.
The Einstein–Cartan theory of gravity is a modification

of GR in which spacetime can have torsion in addition to
curvature [36,39]. The torsion tensor is expressed as the
antisymmetric part of the connection Qμ

νη ¼ 1
2
ðΓμ

νη − Γμ
ηνÞ.

Despite having a non-metric part of the connection, it is still
assumed that ∇gμν ¼ 0. The full set of equations now
consists of the equations for Gμν that are related to the

EMT, and the equations forQμ
νη that relate the torsion to the

density of intrinsic angular momentum.
However, it is possible to represent this system by a

single set of Einstein equations with an effective EMT on
the rhs,

G
∘
μν ¼ 8πTeff

μν ; ð25Þ

whereG
∘
μν is derived from the metric alone and the effective

EMT includes terms that are quadratic in spin [39,40].

Requiring now that R
∘ μ
ν and R

∘ μν
R
∘
μν are finite at the apparent

horizon r ¼ rg leads to the same types of PBH solutions.

IV. IMPLICATIONS

A. Black hole formation

Consider now possibilities for horizon formation.
Assume that the first marginally trapped surface appears
at some vS at r ¼ rþðvSÞ. For v ≤ vS the MS mass in its
vicinity can be described by modifying Eq. (14) as

Cðv; rÞ ¼ σðvÞ þ r�ðvÞ þ
X
i≥1

wiðvÞðr − r�Þi; ð26Þ

where the deficit function σðvÞ ≔ Cðv; r�Þ − r� ≤ 0, and
r�ðvÞ corresponds to the maximum ofΔvðrÞ ≔ Cðv; rÞ − r.
At the advanced time vS the location of the maximum
corresponds to the first marginally trapped surface,
r�ðvSÞ ¼ rþðvSÞ and σðvSÞ ¼ 0. For v ≥ vS the MS mass
is described by Eq. (14). For v ≤ vS the (local) maximum
of Δv satisfies dΔv=dr ¼ 0, hence w1ðvÞ − 1≡ 0. Before
the PBH is formed there are no a priori restrictions on the
evolution of r�. However, since an accreting PBH leads to a
firewall, r0þðvSÞ ≤ 0. Since the trapped region is of a finite
size for v > vS the maximum of Cðv; rÞ does not coincide
with rþðvÞ. As a result, w1ðvÞ < 1 for v > vS.
This scenario means that at its formation a PBH is

described by a k ¼ 1 solution that is necessarily extreme.
This is due to Eq. (16), as

θvðv; rþÞ ¼ ð1 − w1Þ
r0þ

8πr2þ
: ð27Þ

It immediately switches to the k ¼ 0 solution. Since the
energy density and pressure are negative in the vicinity of
the apparent horizon and positive in the vicinity of the inner
horizon [12,29], density and pressure jump at the inter-
sections of the two horizons. However, an abrupt transition
from f1 to f0 behavior is only of conceptual importance:
this aspect of the evolution is continuous in ðv; rÞ coor-
dinates and there will be no discontinuity according to
observers crossing the r ¼ r� and subsequently r ¼ rg
surfaces. We discuss the relevant time scales in Sec. V.
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B. Surface gravity

The surface gravity κ plays an important role in GR and
semiclassical gravity [6,7,13]. However, it is unambigu-
ously defined only in stationary spacetimes, where it is
related to the properties of a Killing horizon (for the
Schwarzschild black hole κ ¼ ð2rgÞ−1), and is proportional
to the Hawking temperature.
Emission of Hawking-like radiation does not require

the formation of an event or even an apparent horizon
[19,41–43]. This pre-Hawking radiation is related to the
peeling property of null geodesics [44]. The peeling surface
gravity κpeel is defined from the near-horizon behavior of
the null geodesics [13,45] as the linear coefficient in the
Taylor expansion of the equation dr=dt ¼ �ehf. However,
such an expansion is impossible for the metric functions
of Eqs. (14)–(15). Alternatively, to be compatible with
Eq. (19), κpeel should be infinite, as we now demonstrate.
Consider an observer Eve at some fixed areal radius r.

Her four-velocity is uμE ¼ δμ0=
ffiffiffiffiffiffiffiffiffiffi−g00

p
and her four-

acceleration aμE ¼ ð0;Γr
tt=g00; 0; 0Þ satisfies

g2 ≔ aμEaEμ ¼
jr0gj

16
ffiffiffi
ξ

p
x3=2

þOðx−1Þ; ð28Þ

where x ¼ r − rg and we have used Eqs. (12) and (13). The
same dependence is obtained if the equivalent ðv; rÞ metric
is used. A naive attempt to generalize the surface gravity by
using the expression

κz ¼ lim
r→rg

zg; ð29Þ

where z ¼ − ffiffiffiffiffiffi
g00

p
is the redshift factor that agrees with the

standard definition in static spacetimes, diverges as

zg ¼ jr0gj
4x

þOðx−1=2Þ: ð30Þ

The peeling surface gravity κpeel is the coefficient of the
linear term in the expansion of

dr
dt

¼ �ehfðt; rÞ ð31Þ

in powers of x as x → 0 (i.e., r → rg). For differentiable C
and h the result is

κpeel ¼
ehðt;rgÞð1 − C0ðt; rgÞÞ

2rg
: ð32Þ

However, for k ¼ 0 solutions this quantity is undefined as
for a radial geodesic Eq. (19) implies

dr
dt

¼ �jr0gj þOð ffiffiffi
x

p Þ; ð33Þ

providing a constant term that is absent from the derivation
of κpeel above.

V. DISCUSSION

The remarkable properties of a PBH follow solely from
the regularity of its apparent horizon and finite formation
time according to Bob. The NEC is violated in the vicinity
of the apparent horizon and the matter content is dominated
by a null fluid. If the semiclassical picture is valid, then
accretion leads to a firewall that violates the bounds on the
violation of the NEC. As a result, accretion can occur only
before a PBH is formed. This firewall is not an artifact of
spherical symmetry: the same effect was demonstrated for
the Kerr-Vaidya metric [46]. While a sufficiently slow
massive test particle can be prevented from crossing the
horizon, the crossing generally happens in finite time
according to a distant observer. Taking the proper radial
velocity to be of the order of one (for a test particle falling
from infinity with zero initial velocity into a Schwarzschild
black hole _rðτÞ ¼ −3=4 at r ¼ rg), we see that the time
dilation for a nonstationary Alice is dtA=dτ ∼ jr0gj−1 at the
apparent horizon.
On the other hand, it is still not clear how the collapsing

matter actually behaves. Violation of the NEC requires
some mechanism that converts the original matter into the
exotic matter present in the vicinity of the forming apparent
horizon, thereby creating something akin to a shock wave
to restore the normal behavior near the inner horizon.
However, emission of the collapse-induced radiation
[19,41–44] is a nonviolent process that approaches at latter
times the standard Hawking radiation and Page’s evapo-
ration law r0g ¼ −α=r2g, α ∼ 10−3 − 10−4 [7,47]. Moreover,
divergence of κpeel requires a careful reevaluation of
Hawking-like radiation by PBHs. Hence the observed
UCOs may actually be horizonless—not due to some
exotic supporting matter or dramatic variation in the laws
of gravity, but simply because the conditions for the
formation of a PBH have not been met at the present
moment of t.
Even if the necessary NEC violation occurs in nature, the

process may be too slow to transform the UCOs that we
observe into PBHs. Equation (19) sets the time scale of the
last stages of infall according to Bob. Assuming that it is
applicable through the radial interval of the order of rg, we
have tin ∼ rg=r0g. For an evaporating macroscopic PBH, this
is of the same order of magnitude as the Hawking process
decay time tevp ∼ 103r3g. Such behavior was found in thin
shell collapse models, where the exterior geometry is
modeled by a pure outgoing Vaidya metric [28]. For a
solar mass black hole this time is about 1064 yr, indicating
that it is simply too early for the horizon to form. It is also
conceivable that the conditions are not met before evapo-
ration is complete or before effects of quantum gravity
become dominant [7,33].
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The possibility that exotic new physics is only needed for
the formation of black holes, but not for the formation of
horizonless objects, has interesting consequences for the
information loss paradox [7,48,49]. Its formulation is
ineluctably linked to the existence of an event horizon
and singularity [14]. However, horizon avoidance [50]—
and thus elimination of the paradox—may occur due to the
absence of new physics, and not because of it. A better
understanding of the near-horizon geometry of PBHs will
improve models developed to take full advantage of the
new era of multimessenger astronomy [10,49], using
observations not only to learn about the true nature of
astrophysical black holes, but also to obtain new insights
into fundamental physics.

ACKNOWLEDGMENTS

We thankValetinaBaccetti, GaryGibbons,ViqarHussain,
Eleni Kontou and Robert Mann for useful discussions and
helpful comments. S. M. is supported by an International
Macquarie University Research Excellence Scholarship and
a Sydney Quantum Academy Scholarship. The work of
D. R. T. was supported in part by the Southern University of
Science and Technology, Shenzhen, China, and by the ARC
Discovery project grant No. DP210101279.

APPENDIX A: SOME PROPERTIES
OF k= 0 SOLUTIONS

Using Eqs. (14) and (15) the EMT components at the
apparent horizon r ¼ rþðvÞ are

θv ¼
ð1−w1Þr0þ

8πr2þ
; θvr ¼−

w1

8πr2þ
; θr ¼

χ1
4πrþ

: ðA1Þ

The EMT expansion for k ¼ 0 solutions in ðt; rÞ coordi-
nates is given by

τt ¼ −ϒ2 þ
X
j≥1

αj=2xj=2; ðA2Þ

τrt ¼ −ϒ2 þ
X
j≥1

βj=2xj=2; ðA3Þ

τr ¼ −ϒ2 þ
X
j≥1

γj=2xj=2: ðA4Þ

The limit τt → τr → −ϒ2, i.e., violation of the NEC in the
vicinity of rgðtÞ, is required to ensure that a real spherically
symmetric solution with apparent horizon exists, i.e., that
the equation Cðt; rÞ ¼ r has a solution for finite t.
This result should be compared with the conclusions of

Sec. IX. 2 of Hawking and Ellis [6], where it was shown
that in general asymptotically flat spacetimes with an
asymptotically predictable future the trapped surface can-
not be visible from future null infinity unless the weak

energy condition is violated. Our result [15] is on the one
hand more restrictive as its derivation uses spherical
symmetry, but on other hand does not require any assump-
tions about the asymptotic structure of spacetime. The triple
limit τa → −ϒ2 was observed in ab initio calculations
of the renormalized EMT on a Schwarzschild back-
ground [51].
The first constraint can be read off from Eq. (18), giving

α12 þ γ12 − 2β12 ¼ 0; ðA5Þ

where we have omitted the slash symbol from fractional
indices to reduce clutter. Additional constraints follow from
the higher-order expansion of Eq. (7).
The higher-order terms in the expansion

tðv; rþ þ yÞ ¼ tðv; rþÞ þ y=r0g þOðy2Þ ðA6Þ

are obtained by taking the limit r → rg of the correspond-
ing derivatives of dt=dr ¼ −ðehfÞ−1. As a result

x ¼ 0 → x ¼ y − rgðv; rþ þ yÞ ¼ −
r00gy2

2r02g
þOðy3Þ: ðA7Þ

Invariance of the MS mass, Cþ ¼ C, then allows to identify
the terms via

rþ þ w1yþ � � � ¼ rg þ
�
1 −

rg
ffiffiffiffiffiffiffiffi
−r00g

p
ffiffiffiffiffi
2ξ

p
�
yþ � � � ; ðA8Þ

where we have used Eqs. (13) and (21) to simplify the
coefficient of y on the rhs.
Curvature scalars can be conveniently evaluated using

the expression for the Riemann tensor in the orthonormal
frame that is based on the normalization ð∂t; ∂r; ∂θ; ∂φÞ
[22]. In particular, the Kretschmann scalar K ≔ RμνηζRμνηζ

satisfies the simple expression

K ¼ 4R2
0̂ 1̂ 0̂ 1̂

þ 8R2
0̂ 2̂ 0̂ 2̂

− 16R2
0̂ 2̂ 1̂ 2̂

þ 8R2
1̂ 2̂ 1̂ 2̂

þ 4R2
2̂ 3̂ 2̂ 3̂

: ðA9Þ

The EMT in this orthonormal basis has the form

Tâ b̂ ¼

0
BBB@

qþ μ1 qþ μ2 0 0

qþ μ2 qþ μ3 0 0

0 0 P 0

0 0 0 P

1
CCCA; ðA10Þ

where

q ¼ −
ϒ

4
ffiffiffiffiffiffiffiffiffi
πrgx

p ; ðA11Þ
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and the remaining coefficients are finite at the apparent
horizon. Analogous expressions can be obtained using
ðv; rÞ coordinates.
For an evaporating black hole, if the geometry is

approximately Vaidya (w1 ¼ 0, χ1 ¼ 0), then

ρ<A ¼ p<
A ¼ ϕ<

A ¼ −
ϒ2

4_r2A
; ðA12Þ

at rA ¼ rg ¼ rþ [29], where _rA ≡ drA=dτ.
For the MS mass CðuÞ, where u is the retarded null

coordinate, solutions with C0ðuÞ < 0 satisfy the NEC and
only a complex-valued transformation to ðt; rÞ coordinates
exists. The same applies to CðvÞ, where v is the advanced
null coordinate, if C0ðvÞ > 0 [15].

APPENDIX B: SOME PROPERTIES OF THE
FULLY REGULAR k= 1 SOLUTIONS

For nonextreme solutions the EMT expansion is

τt ¼ Ef þ
X
j≥4

αj=2xj=2; ðB1Þ

τrt ¼ Φf þ
X
j≥4

βj=2xj=2; ðB2Þ

τr ¼ Pf þ
X
j≥4

γj=2xj=2: ðB3Þ

The leading terms of the metric functions are

C ¼ rg þ 8πr2gExþOðx3=2Þ; ðB4Þ

h ¼ − ln
x
ξ
þOð ffiffiffi

x
p Þ; ðB5Þ

where 8πr2gE ≤ 1 due to the definition Cðt; rgÞ ¼ rg, f > 0
for r > rg. The functions P and Φ can be expressed as

P ¼ −1þ 4πr2gE

4πr2g
; Φ ¼ � 1 − 8πr2gE

8πr2g
: ðB6Þ

However, only the extreme case E ¼ 1=ð8πr2gÞ is con-
sistent for an evolving apparent horizon. Since the limit of
Eq. (17) results in

−
w1

8πr2þ
¼ Φ − E; ðB7Þ

we have Φ ¼ 0 and by Eq. (18) P ¼ −E ¼ −1=ð8πr2gÞ. As
a result f ≈ c32x3=2=rg near r ¼ rg, and the next term in the
expansion of τt is α2. Consistence with Eq. (17)
imposes β2 ¼ α2.
Solving Eq. (6) results in

Cðt; rÞ ¼ r − 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−πα2=3

p
r3=2g x3=2 þOðx2Þ; ðB8Þ

i.e., ∂tC ¼ 3
2
r0gc32

ffiffiffi
x

p
, and

α2 ¼ −
3c232
16πr3g

: ðB9Þ

On the other hand, the leading term of the flux τrt is β2x2,
and to satisfy Eq. (7) the function h that results from Eq. (8)
should satisfy

∂xh ¼ −
3

2x
¼ 4π

ðα2 þ γ2Þr3g
c232x

ðB10Þ

at leading order. Using Eq. (B9) we have γ2 ¼ α2, and
according to Eq. (18) β2 ¼ α2. At leading order

h ¼ −
3

2
ln
x
ξ
þOð ffiffiffi

x
p Þ; ðB11Þ

and Eq. (7) leads to

r0g ¼ −c32ξ3=2=rg; ðB12Þ

as we consider only evaporation. Direct evaluation of R,
RμνRμν and K shows that this condition suffices to ensure
their finite values on the apparent horizon.
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