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Abstract
A rigorous theory is developed for the multiple scattering analysis of an E− polarised
plane wave from an ensemble of 2‐D slotted arbitrary cylinders. The Method of
Analytical Regularisation, previously applied to the solution of scattering wave problems
for isolated slotted cylinders, is generalised to problems incorporating ensembles of
closed or slotted cylinders. Numerical calculations of the complex eigenvalues, Q− fac-
tors and resonant current densities are performed for various configurations of two
slotted circular or elliptical cavities, focussing on an accurate assessment of differing
peculiarities of the mutual resonant electromagnetic coupling.

1 | INTRODUCTION

The rigorous Method of Analytical Regularisation (MAR) has
previously been successfully applied to the analysis of two‐
dimensional (2‐D) potential problems of multi‐conductor
systems and of multiple wave scattering by ensembles of
arbitrary closed cylinders (see [1, 2]). Here, we extend this
approach to analyse the E− polarised plane wave scattering
from an ensemble of slotted perfectly electrically conducting
(PEC) cavities. The solution obtained is also valid when the
slot widths of some (or all) cavities tend to zero, transforming
them to closed cylinders. In addition, the solution does not
contain any restrictions that might otherwise be imposed on
the number of cavities, slot widths and the relative location of
the cavities. Because the geometry of the discussed problem
admits a multiplicity of configurations, there is considerable
potential to carry out full‐wave analyses of many practical
problems arising in radio engineering. One significant problem
is the investigation of finite gratings consisting of identical
resonant slotted cavities. As a practical matter, the elements of
such gratings are slotted circular, elliptical or rectangular
cylinders.

The regime of resonance excitation for arrays of slotted
circular cylinders has been investigated in [3, 4]. In both the
articles, the authors also implemented the MAR to construct a
rigorous solution. It was stated in [3] that strong coupling
between the elements in the resonance region manifests itself

in super‐directive radiation in the far field and this is a com-
mon attribute of scatterers formed by coupled resonant ele-
ments. The article [4] describes the construction of a two‐
dimensional super‐directive antenna with one active element
and a reflector made of a resonant scattering array of open
cylinders. In both the articles, the authors carried out extensive
and finely spaced numerical calculations in the resonance re-
gion of scattering but without any preliminary spectral studies
(i.e. computation of complex eigenvalues); the results obtained
present a valuable contribution to the theory of coupled
resonant elements. In contrast to [3, 4], this article approaches
the problem of electromagnetic coupling between resonant
open cavities by first examining their spectral characteristics:
complex eigenvalues and the related unloaded Q− factors.

At this point, some discussion on the necessity of employing
the MAR for these purposes would seem appropriate. A stan-
dard formulation of scattering and diffraction problems usually
employs an integral equation for the unknown surface density,
obtained by reformulation of the basic Maxwell equations using
an appropriate Green's function. On considering direct nu-
merical techniques, this route is usually preferred over the
equivalent differential equation formulation of the scattering
problem because dimension reduction (unknowns being line or
surface quantities rather than fully two‐ or three‐dimensional
quantities) and automatic incorporation of the Sommerfeld ra-
diation condition is advantageous. The drawback for structures
containing apertures or cavities is that the resulting integral
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equation is of the first kind. When discretisation and other
purely numerical techniques are employed, the matrix of the
system becomes more and more ill‐conditioned as the dis-
cretisation is increasingly refined, and especially near sharp
resonances, its numerical solution increasingly diverges mark-
edly from the true solution. This behaviour is an unavoidable
artefact of integral equations of the first kind.

The focus of the Method of Analytical Regularisation is the
transformation of such an ill‐posed first‐kind equation (and
systems of equations equivalent to such) to a second‐kind
system (usually in infinite matrix form) for which the stan-
dard numerical approach employing truncation methods is
guaranteed to converge. The transformation from first‐kind to
second‐kind systems effected by the MAR removes the un-
certainty, or indeed instability, inherent in the numerical solu-
tions to first‐kind systems. There are many discussions on this
fundamental point in the review [5] and in the more abstract
treatment of [6]. The resultant system of equations may be
used to estimate the solution error at a particular truncation
level with subsequent improvement by increase of the trun-
cation order, so that the accuracy of the final solution may be
pre‐specified and guaranteed. This final solution fully meets
the criteria laid out in the survey [7] of mathematical founda-
tions for error estimation and this may be described as being of
benchmark quality. The guaranteed precision of this approach
is essential for the results in this article concerning the accurate
description of the phenomenon of eigenvalue splitting
observed as the cavities become more tightly coupled and of
the emergence of some essentially real eigenvalues (the imag-
inary part very nearly vanishing).

In 2‐D mixed boundary value problems for the Helmholtz
equation, the mathematical tool most frequently used for the
transformation from first kind to second‐kind systems is the
method of the Riemann‐Hilbert problem (see the review [5]) in
the theory of analytical functions which is also used nowadays
(see, e.g. [8]). An example of some complexity is the study [9]
of a dielectrically loaded cylindrical cavity. In this article, we use
the equivalent approach based on the mathematical apparatus
of dual and triple series equations with trigonometric functions
[10, 11]; the series equations are transformed for subsequent
solution using Abel's integral transform (such systems of dual
and triple series are equivalent to first‐kind integral equations
in this context.). It should also be noted that sometimes it is
possible to tackle the regularisation process more directly by a
judicious choice of basis for expansion of the surface currents,
as exemplified by the studies of a zero‐thickness PEC disk [12]
and of resistive and thin dielectric disk antennas [13].

In this article, as an initial step, we consider coupling in a
two‐element resonant system. For this purpose, two identical
slotted elliptical cavities are chosen. The calculation of the
complex eigenvalues for the coupled system is performed with
predetermined accuracy using MAR‐based methodology, in a
way similar to that developed in [14, 15] for the slotted cyl-
inders of an arbitrary profile, and in particular, isolated slotted
elliptic cylinders. And as in the companion article on resonant
scattering [16], such spectral studies precede the examination
of that response.

The article is organised as follows: In Section 2, we
explain briefly the scheme of construction of the solution,
describing its key points only. The next section investigates
the resonant coupling of pairs of circular or elliptical slotted
cylinders and its dependence on the separation of the cylin-
ders as well as the relative orientation of the slots. By
employing the developed method, we calculate the unloaded
quality factor Q as a function of distance between the cavities.
Comparison of the Q‐values for a single cavity with that of
two cavities, separated by different distances, reveals clearly
the strength and peculiarities of the electromagnetic coupling
and its dependence upon varying positions of the slots.
Furthermore, we examine the resonant response of the
coupled cavities, calculating the jump in surface current
densities of each cylinder. This allows us to find the optimal
angle α of incidence of the illuminating plane wave for
effective excitation of the resonance system. In addition,
assuming to employ the obtained results for studies of
narrowband antennas, we calculated few normalised scattering
patterns for coupled resonators at the resonance regime of
their excitation. In Section 4, we outline the main results of
the research and discuss directions for further work.

2 | BRIEF OUTLINE OF THE METHOD
OF ANALYTICAL REGULARISATION

The basis of the solution for the problem of scattering by a finite
number M of slotted arbitrary profiled cylinders, when excited
by an E− polarised plane wave, is that obtained for a slotted
single arbitrary cylinder employing the Method of Analytical
Regularisation (MAR). The problem for a single scatterer is
rigorously solved by the MAR in [17], where all mathematical
transforms are comprehensively described. Its generalisation to
an ensemble of M slotted arbitrary profiled cylinders does not
contain any additional challenges or significant difficulties
necessitating the use of more or different special mathematical
tools. We now describe the extension of the approach in [17] to
the case of multiple scatterers, pointing out the main differences
from the case of an isolated scatterer. The treatment will be brief
because the implementation of the key idea—inversion of an
integral operator with a singular kernel—has much in common
with the isolated case, allowing us to focus more on the nu-
merical analysis of the phenomenon of resonance coupling.

The statement of the problem is as follows: An E−
polarised (Ez ≠ 0;Hz ≡ 0) plane wave is obliquely incident on
an ensemble of M slotted cylinders of arbitrary cross‐section
and with axes aligned with the z‐axis. Each cylindrical cross‐
section (lying in the x‐y plane) is described by a non‐self‐
crossing smooth curve LðjÞ0 ðj ¼ 1; 2;…;MÞ. Each slot is
described by a contour LðjÞ1 providing ‘virtual’ closure so that
the closed contours LðjÞ ¼ LðjÞ0 ∪ LðjÞ1 are non‐self‐crossing and
smooth. In addition, none of the closed contours intersect.
The ensemble of slotted cylinders is pictured in Figure 1, where
the contours LðjÞ are ellipses, though in general, they could be
replaced by any arbitrary smooth contours.
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The total field UtotðqÞ ≡ Etot
z ðqÞ is defined by the sum of

the incident field U0ðqÞ ≡ E0
zðqÞ of a plane wave and the

contributions UscðqÞ ¼
PM

j¼1
Usc

j ðqÞ of the scattered fields

Usc
j ðqÞ ≡ ðEsc

z ðqÞÞj from M scatterers:

UtotðqÞ ¼U0ðqÞ þUscðqÞ: ð1Þ

A time‐harmonic dependence of the form e−iωt is assumed
and suppressed throughout. At any off‐body point q, the
scattered electromagnetic field UscðqÞ obeys the Helmholtz
equation, as does each partial scattering contribution Usc

j ðqÞ:

�
Δþ k2

�
Usc

j

�
q
�
¼ 0; ð2Þ

where k¼ 2π=λ is the wavenumber. Furthermore, the scat-
tered field UscðqÞ at the surface of each PEC component
satisfies the Dirichlet boundary conditions.

UscðqÞ ¼ −U0ðqÞ; q ∈ LðjÞ0 ; j ¼ 1; 2;…;M: ð3Þ

In addition, the scattered field UscðqÞ should satisfy the so‐
called Sommerfeld radiation condition,

∂UscðqÞ
∂jqj

− ikUscðqÞ ¼O
�
jqj−1=2

�
ð4Þ

as jq j→ ∞, that is, the scattered field at infinity should be an
outgoing cylindrical wave: UscðqÞ ∼ eikρ=

ffiffiffiρp where ρ¼ jqj.
The presence of sharp edges in the slotted cylinders requires
the implementation of an additional condition, the bounded-
ness of the scattered field energy in any fixed region S of space
which includes the edges:

Z

S

n
j∇Uscj

2
þ k2
jUscj

2
o

ds < ∞: ð5Þ

Conditions (2)–(5) satisfy the requirements of the
uniqueness theorem, which assures the existence of a unique

solution to wave diffraction problems for scatterers with
edges.

The solution for partial scattered field Usc
j ðqÞ, which sat-

isfies (2) and (4), may be sought in the form of a single‐layer
potential

Usc
j ðqÞ ¼

Z

LðjÞ0

G2

�
�
�pj − q

�
�
�Zj

�
pj

�
dlpj

ð6Þ

where

G2

�
�
�pj − q

�
�
�¼ −

i
4
H ð1Þ0

�
k
�
�
�pj − q

�
�
�

�
ð7Þ

is the Green's function of the Helmholtz equation in free 2‐D
space and ZjðpjÞ is the unknown function proportional to the
surface current density jump jzðpjÞ across the infinitesimally
thin walls of the j− th slotted cylinder:

jz
�

pj

�
∝ Zj

�
pj

�
¼

∂Usc
j ðqÞ
∂nj

�
�
�
q¼pjþ0

−
∂Usc

j ðqÞ
∂nj

�
�
�
q¼pj−0

: ð8Þ

Each screen LðjÞ0 is part of a larger closed cavity LðjÞ which
is parametrised by the pair of functions ðxðjÞðθjÞ; yðjÞðθjÞÞ;

where θj ∈ ½−π;π�: The parametrising functions are periodic
so that xðjÞð−πÞ ¼ xðjÞðπÞ; yðjÞð−πÞ ¼ yðjÞðπÞ: The contour
LðjÞ0 is parametrised by the subinterval ½−θðjÞ0 ; θ

ðjÞ
0 �:

LðjÞ0 ¼ fðxðjÞðθjÞ; yðjÞðθjÞÞ; θðjÞ ∈ ½−θðjÞ0 ; θ
ðjÞ
0 � g, whilst the

aperture is created by the removal from LðjÞ of the segment

LðjÞ1 ¼
n�

xðjÞ
�
θj
�
; yðjÞ

�
θj
��
; θðjÞ ∈

h
θðjÞ0 ;π

i
∪
h

− π;−θðjÞ0
io
:

The choice of LðjÞ1 is not unique. It may be chosen as
convenient for the problem at hand, although it must be
chosen so that the surface LðjÞ is smooth, particularly at the
junctions of LðjÞ0 and LðjÞ1 . With this parametrisation, the dif-
ferential of the arc length lðjÞðτjÞ of LðjÞ is

lðjÞ
�
τj
�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�
xðjÞ0
�
τj
��2
þ
�
yðjÞ0
�
τj
��2

q

F I GURE 1 Excitation of an ensemble
of M arbitrary slotted elliptic cylinders by an
E− polarised plane wave
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and the initial equation, which arises due to enforcement of the
boundary condition (3), is

Z

LðsÞ0

G2
�
k
�
�ps − q

�
�
�
Zs
�
ps

�
dlps

¼ −U0ðqÞ −
XM

j¼1;j≠s

Z

LðjÞ0

G2

�
k
�
�
�pj − q

�
�
�

�
Zj

�
pj

�
dlpj

ð9Þ

where q ∈ LðsÞ0 and s¼ 1; 2;…;M: Each equation in Equa-
tion (9) is equivalent to the following functional equation, in
parameterised form:

Zθ
ðsÞ
0

−θðsÞ0

G2ðkRðθs; τsÞÞzsðτsÞdτs

¼ uðθsÞ −
XM

j¼1;j≠s

Zθ
ðsÞ
0

−θðsÞ0

G2
�
kR
�
θs; τj

��
zj
�
τj
�
dτj; ð10Þ

where θs ∈ ð−θðsÞ0 ; θ
ðsÞ
0 Þ; here, Rðθ; τÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½xðθÞ − xðτÞ�2 þ ½yðθÞ − yðτÞ�2
q

is the distance between two
points of the same cavity ðθ ¼ θs; τ ¼ τsÞ or of different cavities
(θ ¼ θs; τ ¼ τj ðj ≠ sÞ), zmðτmÞ ¼ ZðxðτmÞ; yðτmÞÞlmðτmÞ, and
uðθsÞ ¼ −U0ðxðθsÞ; yðθsÞÞ.

Let us introduce new unknown functions ẑmðτmÞ, defined
for each index m by

ẑmðτmÞ ¼

(
zmðτmÞ; τm ∈

�
− θðmÞ0 ; θðmÞ0

�

0; τm ∈
�

− π − θðmÞ0

�
∪
�
θðmÞ0 ;π

� ð11Þ

and transform the functional Equation (10) for this new un-
known as an integral over the full interval ½−π;π� of the
angular coordinate τs:

Zπ

−π

G2ðkRðθs; τsÞÞẑsðτsÞdτs

¼ uðθsÞ −
XM

j¼1;j≠s

Zπ

−π

G2
�
kR
�
θs; τj

��
ẑj
�
τj
��

τj
�
dτj; ð12Þ

where θs ∈ ð−θðsÞ0 ; θ
ðsÞ
0 Þ. Equation (12), together with the

requirement ẑmðτmÞ, vanishes outside the interval
½−θðmÞ0 ; θðmÞ0 � for m¼ 1; 2;…;M is completely equivalent to
Equation (10).

When M ¼ 1, the Equation (12) reduces to the single inte-
gral equation previously investigated in detail in [17]. When
M > 1, this basic equation is complicated by the addition of
M − 1 terms, which reflect the mutual coupling of electro-
magnetic fields under multiple scattering. The requirement

introduced at the beginning of this section, that all bounding
contours of the slotted cavities should be neither self‐crossing
nor intersecting, leads to the conclusion that when s ≠ j, the
kernels G2ðkRðθs; τjÞÞ are smooth complex‐valued functions
that may be expanded in a double Fourier series of exponential
functions. The rate of convergence of the series is determined by
the precise degree of smoothness of the contour, but in all the
cases, the operator represented by this series is compact. On the
other hand, all the kernels G2ðkRðθs; τsÞÞ; s¼ 1; 2;…;M
possess a weak singularity of logarithmic type.

After these preliminary manipulations lead to Equa-
tion (12), we turn to the analytical regularisation of this
equation. The procedure is fully described in [17] for the case
of a single slotted cylinder. When there are several ðMÞ slotted
cylinders, the semi‐inversion procedure may be applied to the
equation associated with the s − th individual cylinder by
recognising that in Equation (12), it is irradiated by an elec-
tromagnetic field which is a plane wave (term uðθsÞ in
Equation 12) distorted by the presence of M − 1 cylinders; the
distortion is described by the second term in the right‐hand
side Equation (12). In operator form, Equation (12) may be
written for each index s¼ 1; 2;…;M;

AsXs þ
XM

j¼1;j≠s
As;jXj ¼ Bs; ð13Þ

where As and As;j ðs ≠ jÞ denote the singular and regular op-
erators associated with the kernels G2ðkRðθs; τsÞÞ and
G2ðkRðθs; τjÞÞ; respectively, Xs denotes the unknown func-
tion term defined in Equation (11), and Bs denotes the inci-
dent field term in Equation (12). On slightly simplifying the
MAR procedure, the key steps are the following:

The first stage is the splitting of operators As as a sum of
singular Að0Þs and regular Að1Þs parts: As ¼ Að0Þs þ Að1Þs , the
operator Að0Þs always being chosen so that it can be extracted
and inverted in the analytical form. In our case, such splitting
of the kernel G2ðkRðθs; τsÞÞ takes the form

G2ðkRðθs; τsÞÞ ¼
1
2π

log
�
2
h
sin

θs − τs

2

i�
þRsðθs; τsÞ ð14Þ

and the remainder term Rsðθs; τsÞ is sufficiently smooth to
ensure that the relevant operators in the final regularised
equations are compact.

The second stage is the analytical construction of the in-

verse operator ðAð0Þs Þ
−1

of the singular operator Að0Þs and then
its application to Equation (13):

�
Að0Þs

�−1

2

4
�
Að0Þs þ Að1Þs

�
Xs þ

XM

j¼1;j≠s

As;jXj

3

5

¼
�
Að0Þs

�−1
Bs; s¼ 1; 2;…;M ð15Þ

yielding
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�
I þHs

�
Xs þ

XM

j¼1;j≠s
Hs;jXj ¼ B̂s; s¼ 1; 2;…;M; ð16Þ

where I ¼ ðAð0Þs Þ
−1

Að0Þs is the identity operator,
Hs ¼ ðAð0Þs Þ

−1
Að1Þs and Hs;j ¼ ðAð0Þs Þ

−1
As;j are completely

continuous (compact) operators in the functional class defined
by the finiteness of energy requirement (5), and the vectors
B̂s ¼ ðAð0Þs Þ

−1
Bs are known right‐hand sides of Equation (16),

belonging to the same class. The compactness of the operators
Hs follows from [7] whilst that of the operators Hs;j follows
from the remark above concerning the regularity of the func-
tions G2ðkRðθs; τjÞÞ, where j ≠ s. As a result, Equation (13) is
transformed to a set of well‐conditioned Fredholm equations
of the second kind in matrix formulation, the solution Xs of
which lies in the functional class defined by the “edge condi-
tion” (5).

The transformation from the set of integral Equa-
tion (12) to M infinite systems of linear algebraic Equa-
tion (16) is made possible by the expansion of all the terms
in Equation (12) as single and double Fourier series of
exponential functions, including that of the singular part in
Equation (14) via

log
�
2
�
�
�sin

θs − τs

2

�
�
�

�
¼ −

1
2

X∞

n¼ −∞

n ≠ 0

1
jnj

einðθs−τsÞ; θs; τs ∈ ½−π;π�

For more details, see [17].
As mentioned in the introduction, for 2‐D mixed boundary

value problems for the Helmholtz equation, although the
mathematical tool most frequently used for the construction of
ðAð0Þs Þ

−1
is the method of the Riemann‐Hilbert problem, we

use an equivalent approach based on the mathematical appa-
ratus of dual series equations, first formulated for kernels with
exponential functions, and subsequently, for kernels with
trigonometric functions [10, 11]. The series equations are
solved by the method of Abel's integral transform [10]. We
have omitted a detailed derivation of the final equations,
restricting ourselves to the structural Equation (16). The
omission is justified by the extreme length of the derivation
and by the fact that the detailed derivations of the final solu-
tions for related problems have already been published in
[17–19].

Previous studies have shown that implementation of the
MAR for wave diffraction problems, and in particular for those
involving open cavities, provides a highly effective solution. By
replacing the infinite system of algebraic equations derived in
the process, by a finite truncated version and successively
solving it at increasing values of the truncation number, one
can achieve any prescribed accuracy of computations due to
the fast convergence of the solution of the truncated system to
that of the infinite system. This is due to the general properties
of second‐kind systems, especially so for the type of diffraction

problems solvable by the MAR. The matrix elements are
expressed in terms of certain Fourier coefficients and so‐called
incomplete scalar products. The former may be efficiently
computed by a standard application of the Fast Fourier
Transform (FTT) whilst the latter are most efficiently
computed by well‐known recurrence formulas. The combined
effectiveness of these algorithms provides fast and accurate
computation of the matrix elements. A more complete dis-
cussion of this issue may be found in [14–16].

3 | ELECTROMAGNETIC COUPLING:
NUMERICAL RESULTS.

The rigorous solution described in the previous section is now
used to examine the resonant electromagnetic coupling be-
tween slotted elliptic cylinders. We will consider four basic
positions for a pair of identical cylinders distinguished by the
relative orientation of the slots: (a) neighbouring slots; (b)
vertical, formed by translation parallel to the y‐axis of one of
the cylinders; (c) vertical, as in (b) but one of the cylinders is
rotated 1800; and (d) horizontal, formed by translation parallel
to the x‐axis of one of the cylinders. All four positions along
with the specification of parameters are shown in Figure 2; in
this Figure, a and b denote the major and minor semi‐axes of
the elliptic cylinder, respectively. The slots are characterised by
relative width wb ¼ w=b; the distance between the cylinders d
is described by its relative value db ¼ d=b ðdb > 1Þ, and the
incidence angle α is measured anti‐clockwise from the positive
x‐axis. In studying electromagnetic coupling, we proceed by

first fixing the eccentricity e¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ðb=aÞ2
q

and slit width wb

of a single (isolated) elliptic cavity. The complex eigenvalues of
chosen oscillations are found using the methodology of [14].
The next step is to insert the second identical cavity, separating
it at a distance d from the first cavity and in one of the slot
positions shown in Figure 2.

w
bd

b d
b

a
b

n

E0
z

(a) (b)

(c) (d)

F I GURE 2 Relative position of two identical slotted elliptic cylinders:
(a) neighbouring slits; (b) vertical (same direction); (c) vertical (opposite
direction); (d) horizontal (same direction)
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Initially, the cavities are well distanced from each other
ðdb ≫ 1 Þ to eliminate any substantial electromagnetic
coupling. The distance db between the cavities is gradually
reduced in small steps δdb, and the complex eigenvalues γcðsÞnm
and unloaded Q− factors values (QcðsÞnm ¼ −Reð γcðsÞnmÞ=

ð2Im ðγcðsÞnmÞÞ) for chosen complex oscillations TMcðsÞmn of
the paired cavities are calculated at each separation
db − nδdb; n¼ 1; 2;…. The computed dependence
QcðsÞnmðdbÞ of the Q− factor on the relative distance db
characterises the scale of electromagnetic coupling of two
resonant cylinders at different separations.

Simple physical arguments indicate that the strongest
resonance coupling between two cavities should occur when the
slots directly face each other (see Figure 2a) and their separation
is minimal. The same physical argument suggests that the
phenomenon of resonance coupling in itself should not depend
significantly upon the geometry of the contours bounding the
slotted cavities. For this reason, we first consider two slotted
circular cylinders, that is, degenerate elliptic cylinders of ec-
centricity e¼ 0. The influence of the shape of the cylinders on
the general features of the electromagnetic coupling then
emerges, as the eccentricity is varied over 0 < e < 1.

It was shown in [14] that the most informative character-
istic of the spectral properties of slotted cavities is the fre-
quency dependence of the condition number condANðkbÞ on
the non‐dimensional parameter kb: the condition number
measures the proximity of the truncated matrix ANðkbÞ to
singularity (i.e., non‐invertibility). In the present case, we deal
with the truncated matrix of Equation (16) with M ¼ 2:

Prior to computing QcðsÞnmðdbÞ, it is useful to introduce
some terminology concerning the slotted cylinder configura-
tions of Figure 2. The positions presented in Figure 2a,b and c
may be called ‘symmetric,’ to emphasise the equality of

conditions for the cylinders to support the same distribution of
electromagnetic field, for any complex mode TMcðsÞmn. On the
other hand, the configuration of Figure 2d is obviously ‘non‐
symmetric’: the slot of the left cylinder faces free space whereas
that of the right cylinder faces the metallic wall of the left
cylinder. In this case, the complex eigenvalues of each slotted
cylinder are expected to be different; however, they approach
each other when the relative distance db ≫ 1 and become
coincident as db → ∞. The effectiveness of any method is
characterised by its accuracy and computational time tc. The
second parameter is especially important when solving some
optimisation problems. Let us demonstrate the effectiveness of
the developed MAR's numerical algorithm for the coupled
slotted circular cavities pictured in the Figure 2a and described
by the following parameters: wb ¼ sin150 ≃ 0:2588; db ¼ 1:5.
The results of the calculation of the lowest complex eigenvalue
γc01 for three values of truncation number (N ¼ 128; 256; 512Þ
and the corresponding CPU time are presented below:

N γc01 CPU − time; sec

128 2:38204206 − i0:00000205800 3.13

256 2:38204585 − i0:00000205255 13:93

512 2:38204634 − i0:00000205186 74:29

Observe the high accuracy of the result even for the lowest
value of the truncation number N ¼ 128.

First, we compute the functions QcðsÞnmðdbÞ for the more
predictable geometries shown in Figure 2b and c. The plots
Qc01ðdbÞ of the coupled pairs are presented in Figure 3; they
are oscillatory in nature, whereas the dashed lines mark the
value Qð0Þc01 of the corresponding isolated cylinder with the
same parameters ðwb ¼ sin100 ≃ 0:1745Þ. The weighted
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average of the oscillation period is δdb ≃ 1:32. Since the iso-
lated slotted circular cylinder has the lowest magnitude com-
plex eigenvalue γð0Þc01 ¼ 2:394756 − i0:000526 (see [17]), a
simple calculation shows that the quantity δd ¼ δdb ⋅ b¼ λ

2π
δdb ⋅ Reγð0Þc01 ≃ λ=2. One infers that the behaviour of Qc01ðdbÞ

is the result of interference between the complex oscillations
that individually develop in the slotted cylinders.

Next, we consider the situation shown in Figure 2d. We
first provide the preliminary spectral studies of the paired
system of cylinders when they are in close vicinity in order to
make the previous argument about the mismatch in the
spectra of oscillations of each individual cylinder more
convincing. For calculations, we set parameters db ¼ 1:5 and
wb ≃ 0:1745: The function condANðkbÞ with N ¼ 256 has
been calculated (see Figure 4) in four intervals of kb values
that overlap the real parts of the first five complex eigenvalues
(γc01; γc11; γs11; γc21; γc02) of the isolated slotted cylinder. Then,
we use the values of kb corresponding to the local maxima of
the function condANðkbÞ as initial approximations for the
complex eigenvalues. The results of computations are
collected in Table 1.

The complex eigenvalues of the left cylinder are identical to
those of the isolated structure. This is not surprising since the
slot of the left cylinder is not loaded by any metallic obstacles,
facing only free space. The situation with the right cylinder slot
is quite the opposite: the metallic wall placed near the slot
essentially distorts the distribution of the electromagnetic field
characteristic of the complex oscillations, which develop in the
isolated slotted cylinder. The metallic wall in the close vicinity
of a slot acts as an “electromagnetic piston” which pushes
electromagnetic field into the interior of the cavity, reducing its
radiation to free space through the slot. This leads to a dramatic
reduction in radiation losses, resulting in extremely low values
of the imaginary parts Im γsmn of the complex eigenvalues for
oscillations of the right cylinder. However, the presence of the
left cylinder in front of the slit of the right cylinder is insig-
nificant for the non‐symmetric oscillations of TMsmn type
because of the nature of their EM field distribution. The
complex eigenvalue γs11 of the oscillation TMs11 (see Table 1) is
the same for the isolated cylinder as for either the left or the
right members of the coupled structure because one of the
nodes of the electromagnetic field for this oscillation occupies
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TABLE 1 Complex eigenvalues γcðsÞmn of
paired cylinders (Figure 2d)

γcðsÞmn Isolated cylinder Left cylinder Right cylinder

γc01 2:394756 − i0:000526 2:394756 − i0:000526 2:398042 − i6:7 ⋅ 10−11

γc11 3:796472 − i0:004493 3:796472 − i0:004493 3:809052 − i1:6 ⋅ 10−9

γs11 3:83159 − i3:16 ⋅ 10−7 3:831590 − i3:16 ⋅ 10−7 3:831590 − i3:16 ⋅ 10−7

γc21 5:082494 − i0:013250 5:082494 − i0:013250 5:102863 − i1:11 ⋅ 10−8

γc02 5:493768 − i0:006757 5:493768 − i0:006757 5:503118 − i8:3 ⋅ 10−9
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the region near the slot. In other words, the left cylinder, no
matter how closely located, does not produce any discernible
impact on a region with minimal or zero field strength.

The dependence of the unloaded Q− factors
Qc01ðdbÞ;Qs11ðdbÞ;Qc02ðdbÞ upon separation for the corre-
sponding three modes is shown in Figure 5; it confirms the
insensitivity of the TMs11 oscillation in the right cylinder to the
presence or absence of the left cylinder, whereas the other
modes show a marked dependence on separation from the left
cylinder.

To complete the study of the pair of slotted circular cylin-
ders, we now consider the case in which the slot orientation is as

shown in Figure 2a. By employing the same scheme of inves-
tigation, we first plot the dependences condANðkbÞ for
N ¼ 256 in Figure 6. The parameters are db ¼ 1:05, wb ¼ 1:05.

The subsequent calculation of the complex eigenvalues
γcðsÞmn is collected in Table 2 where the complex eigenvalues in
the strongly coupled configuration (db ¼ 1:05) are compared
with the corresponding value of the isolated slotted cylinder
(db ¼∞). Apart from the huge magnification of the quality
factors QcðsÞmn when the cylinders approach each other, one
may observe an even more striking effect. It manifests itself in
the splitting of the complex eigenvalues γcðsÞmn of the isolated
cavity into two or more closely spaced complex eigenvalues as
the cylinders approach each other; remarkably, some of the
split complex eigenvalues apparently degenerate into real (or
natural) eigenvalues (see Table 2), at least within the level of
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TABLE 2 Splitting of the complex eigenvalues at close distance
ðdb ¼ 1:05Þ

db ¼∞ db ¼ 1:05

γc01 ¼ 2:394756 − i0:000526 γð1Þc01 ¼ 2:391759 − i4:26 ⋅ 10−10

γð2Þc01 ¼ 2:400202 − i0

γc11 ¼ 3:796472 − i0:004493 γð1Þc11 ¼ 3:784926 − i1:14 ⋅ 10−8

γð2Þc11 ¼ 3:816628 − i0

γs11 ¼ 3:796472 − i0:004493 γð1Þs11 ¼ 3:831573 − i2:7 ⋅ 10−11

γð2Þs11 ¼ 3:831613 − i0

γc21 ¼ 5:082494 − i0:0013250 γð1Þc21 ¼ 5:114728 − i0

γð2Þc21 ¼ 5:134899 − i6:8 ⋅ 10−10

γð3Þc21 ¼ 5:135128 − i0

γc02 ¼ 5:493768 − i0:006757 γð1Þc02 ¼ 5:482897 − i6:57 ⋅ 10−8

γð2Þc02 ¼ 5:509015 − i0
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accuracy afforded by machine precision. In other words, the
complex eigenvalues of the open cavities are transformed into
eigenvalues of some hypothetical closed cavity, in spite of the
geometrical presence of the slots. This imaginary closed cavity
may be visualised as a dumbbell‐shaped resonator. To phrase
this a little more precisely, although each complex eigenvalue of
these closely coupled open cavities possesses a non‐zero
imaginary part, it is too tiny to be indistinguishable (to
within machine precision) from the real (or natural) eigen-
values of the closed cavity.

The dependence QcðsÞmnðdbÞ on relative distance db is
plotted for the first five complex oscillations in Figure 7. One
observes a typical interference phenomenon which is well
exhibited by the functions QcðsÞmnðdbÞ at larger distances db.
This behaviour is characteristic for this and all other slot po-
sitions pictured in Figure 2.

Let us now turn to consider pairs of slotted elliptical cyl-
inders. Consider two slotted ðwb ¼ 0:2Þ elliptic cylinders with
eccentricity e¼ 0:866ðb=a¼ 0:5Þ. Qualitatively, the phenom-
enon of electromagnetic coupling of two slotted elliptic cyl-
inders is not different from that observed for two circular

slotted cylinders. As mentioned previously, striking effects
occur when the cylinders are located in close vicinity, giving
rise to strong electromagnetic coupling, and a further reduction
in distance leads to the effect of what may be termed over‐
coupling. Over‐coupling manifests itself in the trans-
formation of the complex eigenvalues into natural eigenvalues
of a resonator effectively appearing to be a closed ‘dumbbell‐
type’ structure. This phenomenon is illustrated in Table 3 for a
pair of slotted elliptical cylinders (wb ¼ 0:2). As their separa-
tion reduces, some complex eigenvalues associated with the
isolated cylinder ðdb ¼∞Þ split, with an imaginary part that is
either zero or very much smaller, when db ¼ 1:2. And for all
the modes listed, the imaginary part vanishes at separation
db ¼ 1:05.

The dependence of the Q‐factor QcðsÞmnðdbÞ of the slotted
elliptic cavities on the relative distance db is pictured in
Figure 8 in the interval 1:2 ≤ db ≤ 5 for the four complex
oscillations listed in Table 3 which possess high, but finite,
unloaded Q‐factor values.

In addition to spectral studies, an examination of the
resonance excitation of the paired slotted elliptical (or circular)
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TABLE 3 Splitting of the complex eigenvalues γcðsÞmn (e¼ 0:866; wb ¼ 0:2)

db ¼∞ db ¼ 1:2 db ¼ 1:05

γc01 ¼ 3:752225 − i8:34 ⋅ 10−4 γð1Þc01 ¼ 3:756674 − i0

γð2Þc01 ¼ 3:750179 − i1:49 ⋅ 10−9

γð1Þc01 ¼ 3:743347 − i0

γð2Þc01 ¼ 3:766767 − i0

γc11 ¼ 5:009930 − i1:2 ⋅ 10−7 γc11 ¼ 5:009927 − i1:9 ⋅ 10−11 γc11 ¼ 5:009988 − i0

γc21 ¼ 6:317700 − i1:81 ⋅ 10−3 γð1Þc21 ¼ 6:314923 − i7:5 ⋅ 10−8

γð2Þc21 ¼ 6:321301 − i0

γð1Þc21 ¼ 6:310542 − i0

γð2Þc21 ¼ 6:327978 − i0

γs11 ¼ 6:773839 − i8:868 ⋅ 10−3 γð1Þs11 ¼ 6:761052 − i6:12 ⋅ 10−7

γð2Þs11 ¼ 6:789631 − i0

γð1Þs11 ¼ 6:74624 − i0

γð2Þs11 ¼ 6:821689 − i0

γc31 ¼ 7:713709 − i1:4 ⋅ 10−6 γc31 ¼ 7:713720 − i0 γc31 ¼ 7:713609 − i0
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cylinders by a plane wave provides further demonstration of
the scale of the resonance phenomena and validity of the
spectral studies performed above.

On examining the resonance scattering, the distribution of
the absolute values of the surface current density jumps jJðθÞj
at the surface of each of the cylinders is calculated. To
distinguish the cylinders, we label the left and right cylinders as
1 and 2. At the frequencies kb¼ Re γcðsÞmn, which correspond
to the degeneration of the complex eigenvalues into natural
eigenvalues ðIm γcðsÞmn ¼ 0Þ, the surface current density jJðθÞj
is one‐sided: although the cylinders are slotted, at these fre-
quencies the interior is effectively ‘locked’ and the plane wave
neither penetrates nor excites any resonance oscillation. In
these circumstances, only an external surface current density is
induced over the external surface of the cylinders; its value is
strictly bounded (jJðθÞ j < 3).

The resonance excitation of isolated slotted elliptical cyl-
inders by a plane wave was considered in [16], where it was
shown that the proper choice of the incident angle α is pivotal
in obtaining the effective excitation of any particular selected
complex oscillation. When the resonance system comprises a
pair of cylinders separated by a small gap, the most effective
excitation occurs when plane wave symmetrically illuminates
both slits, that is, when α¼ 900 (see Figure 2). We have tar-
geted the parameter in the calculation of jJðθÞj for the purpose
of supporting the basic content of our investigation; of course,
the excitation problem in itself deserves its own, more exten-
sive consideration. After setting the parameter α¼ 900, we also
fix the parameter db ¼ 1:05, which was used in the investiga-
tion of the circular cylinders.

As an example, Figure 9 shows the excitation of the
complex oscillation TMc02, which occurs when kb ≡ ka¼

Reγð1Þc02 ¼ 5:482897 (see Figure 9c,d).The phenomenon of
resonance excitation disappears at tiny deviations from this
value, as is shown in Figure 9a,b where kb¼ 5:482. Similar
behaviour is observed for the plots of jJðθÞj, computed for
slotted elliptical cylinders (e¼ 0:866; wb ¼ 0:2) when exciting
the oscillation TMs11. As indicated in Table 3, at the distance
db ¼ 1:2 the original oscillation TMs11 splits into two oscilla-
tions TMð1Þs11 and TMð2Þs11, one having a complex eigenvalue
γð1Þs11 ¼ 6:761052 − i6:12 ⋅ 10−7 and the one a purely real
eigenvalue γð2Þs11 ¼ 6:789631 − i0. When kb¼ γð1Þs11, the plots
jJ1ðθÞj and jJ2ðθÞj of the external surface currents on the first
and second cylinders (see Figure 10a,b) have nothing to do
with any resonant excitation of the interior, which occurs when
kb¼ Reγð1Þs11, since the incident plane wave does not penetrate
the ‘locked’ cavity: the resonance excitation is shown in
Figure 10c,d. We remind the reader that the topic of surface
current density jJðθÞj deserves wider investigation; these cal-
culations were performed for demonstrative purposes only.

Finally, an example of the calculation of the far field is
presented to highlight some peculiarities of the angular dis-
tribution of the scattered field at resonance scattering. We
present the far‐field angular distribution of the scattered field
as a normalised dB− scaled scattering pattern jSðnÞðθÞj, which
in antenna theory is defined by the formula

�
�SðnÞðθÞ

�
� ¼

20log 10f jSðθÞ j= jSmaxðθÞ jg, where Esc
z ðρ; θÞ ∼ eikρ

ffiffiρp ⋅ SðθÞ

asρ → ∞. When calculating the dependence of jSðnÞðθÞj for
different parameters, say relative wavenumber ka or incidence
angle α, we normalise all plots by that value which, among all
the values jSmaxðθÞj corresponding to these parameters, ex-
ceeds all others. Figure 11 shows the far‐field distributions of
the scattered field jSðnÞðθÞj of the pair of idetical slotted elliptic
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cavities at resonance excitation when illuminated by an E−
polarised plane wave with ka¼ Re γð1Þs11. Figure 11a shows the
scattering patterns jSðnÞðθÞj arising at different incidence angles
α¼ 300; 600; 900, when the plane wave illuminates the pair of
identical slotted elliptic cylinders with parameters e¼ 0:866;
wb ¼ 0:2, db ¼ 1:2. At all incident angles, forward scattering

(θ¼ α) prevails over back scattering (θ ¼ πþ α). The optimal
excitation occurs when α¼ 900. In this case, the flux of
electromagnetic wave propagates parallel to the surface of both
slits, uniformly illuminating both; the shift of incidence angles
from this optimal excitation angle, to α¼ 300; 600, leads to
shadowing of both slits, creating a non‐uniform illumination
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(a) (b) F I GURE 1 1 dB− scaled scattering pattern
jSðnÞðθÞj for the pair of coupled identical slotted
elliptic cylinders with parameters
e ¼ 0:866; wb ¼ 0:2, db ¼ 1:2, which are excited by
the plane wave at resonance value of wavenumber
ka¼ Re γð1Þs11: (a) α¼ 300; 600; 900;
(b) ka¼ Reγð1Þs11 ¼ 6:761052; δ¼ 0:001052
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on each cylinder. Consequently, excitation effectiveness di-
minishes and affects the intensity of forward scattering.
Furthermore, one can observe the increase of side‐lobe levels.
A similar sensitivity is observed in Figure 11b at the optimal
incidence angle (α¼ 900). The tiny deviation δ¼ 0:001052 of
the wavenumber ka from its resonance value ka¼ Re γð1Þs11¼

6:761052 leads to a marked distortion of the ‘resonance’
scattering diagram. When calculating the scattering patterns
in Figure 11, we used truncation number N ¼ 512,
providing an accuracy of four significant decimal places in
the values of jSðnÞðθÞj. The CPU time tc for this value of N
is 4:07 sec, when N ¼ 256; 1024, tc ¼ 1:26 sec and
tc ¼ 15:88 sec, respectively. In the first case (N ¼ 256), the
accuracy is not worse than three significant decimal digits
and in the third case (N ¼ 1024), not less than five signif-
icant decimal digits. These data provide an additional
demonstration of the high effectiveness of the MAR‐based
numerical algorithms.

4 | CONCLUSION

In this article, we have demonstrated the power and capability
of the MAR in the analysis of non‐trivial problems arising from
electromagnetic coupling between slotted arbitrary cylinders
under excitation by a TM− polarised plane wave. The many
aspects of this multi‐parameter problem make its investigation
to be of some complexity. In our investigation, we prioritised
extensive spectral studies as a preliminary to further analysis;
this route was followed in a previous analysis of isolated slotted
arbitrary cylinders [14–16]. While the logic of this approach is
quite reasonable, its successful realisation directly depends on
the method applied. The MAR approach expounded in this
article is shown to be an effective, reliable and robust tool for
the investigation proceeding from spectral studies to resonance
scattering.

The solution to the problem relating to scattering of an
E− polarised plane wave by an ensemble of PEC slotted
arbitrary cylinders was described schematically. Very basic
features of electromagnetic coupling were investigated for a
pair of slotted cylinders of circular or elliptic cross‐section.
The dependence of the unloaded Q− factors upon the
distance between cylinders was obtained and the complex
eigenvalues at various fixed distances were calculated; four
different configurations and orientations of the slots were
examined. When the cylinders are in close proximity, the
phenomenon of splitting of the complex eigenvalues is
observed. The phenomenon becomes more pronounced as
the separation of the cylinders is further reduced, and in
some of the complex oscillations examined, some of the
split complex eigenvalues become purely real‐valued (to
within machine precision); in this case, the interior of the
pair of slotted cylinders is effectively ‘locked’ from pene-
tration by the externally incident electromagnetic field. The
guaranteed accuracy of the MAR is essential to generate

reliable, high precision results necessary to investigate these
phenomena.

This investigation is the first step towards further investi-
gation of more concrete problems arising in electro‐
engineering, for example, finding the optimal parameters for
resonant slotted antennas, coupled waveguides and finite
gratings. Furthermore, it is highly desirable to investigate the
effects of electromagnetic coupling between slotted cylinders
when irradiated by H− polarised waves.
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