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An adjoint approach is developed to compute the receptivity of the rotating disc
boundary layer to surface roughness. The adjoint linearised Navier–Stokes equations,
in cylindrical coordinates, are derived and receptivity characteristics are computed for
a broad range of azimuthal mode numbers using a fully equivalent velocity-vorticity
formulation. For each set of flow conditions (i.e. azimuthal mode number), the adjoint
method only requires that the linear and adjoint solutions be computed once. Thus, the
adjoint approach offers significant computational and time advantages over alternative
receptivity schemes (i.e. direct linearised Navier–Stokes) as they can be used to instanta-
neously compute the receptivity of boundary layer disturbances to many environmental
mechanisms. Stationary crossflow disturbances are established by randomly distributed
surface roughness that is periodic in the azimuthal direction and modelled via a linearisa-
tion of the no-slip condition on the disc surface. Each roughness distribution is scaled on
its respective root-mean-square. A Monte-Carlo type uncertainty quantification analysis
is performed, whereby mean receptivity amplitudes are computed by averaging over
many thousands of roughness realisations with variable length and wavelength filters. The
amplitude of the crossflow instability is significantly larger for roughness distributions
near the conditions for neutral linear instability, while roughness elements radially
outboard have a negligible effect on the receptivity process. Furthermore, receptivity
increases sharply for roughness distributions that encompass wavelength scales equivalent
to that associated with the crossflow instability. Finally, mean receptivity characteristics
are used to predict the radial range that stationary crossflow vortices achieve amplitudes
sufficient to invalidate the linear stability assumptions.

1. Introduction
The initial stage of the laminar-turbulent transition process is known as receptivity

(Morkovin 1969), whereby environmental disturbances transform into perturbations
within the boundary layer. Such environmental disturbances can include freestream noise,
vortex structures and surface roughness. Excellent reviews on the receptivity process and
boundary layer transition mechanisms are presented by Saric et al. (2002, 2003).

The receptivity process establishes the initial conditions of the boundary layer distur-
bance, including the disturbance amplitude, frequency and phase. The amplitude of the
initial fluctuation dictates the transition path to turbulence. If the initial perturbations
are small, the growth (or decay) of the disturbances can be described using linear
stability theory. Depending on the geometry of the body and the flow conditions, two-
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or three-dimensional disturbances may be excited that govern the preliminary stages of
the laminar-turbulent transition process. For instance, Tollmien–Schlichting (TS) waves
develop on a flat surface or an unswept wing, while crossflow vortices grow within
the boundary layer on a swept wing or rotating disc (von Kármán 1921; Lingwood &
Alfredsson 2015). Linear disturbances can be decomposed as

q(x, t) = Aq̂(x, t), (1.1)

where q̂ encompasses the growth (or decay) rate of the perturbation that is governed
by the flow conditions, including the Reynolds number of the flow, spatial wavelength
and temporal periodicity. (Here x represents the spatial coordinates and t time.) The
disturbance amplitude A accounts for the receptivity to the environmental forcing;
freestream effects or surface roughness can vary significantly from one case to another,
establishing different disturbance amplitudes that bring about considerable variations in
the onset of the latter stages of transition. As the disturbance grows to larger amplitudes,
linear stability theory becomes inappropriate, and nonlinear processes and secondary
instabilities (amongst other instability mechanisms) emerge that lead to the breakdown
of the flow to a turbulent state.

Goldstein (1983) identified a receptivity mechanism, whereby an acoustic disturbance
(i.e. sound wave) near the leading edge of a flat plate interacts with the flow to establish a
TS wave. Another receptivity mechanism was identified independently by Ruban (1984)
and Goldstein (1985) that involves a sound wave interacting with a disturbance generated
by surface roughness. Following these seminal receptivity investigations, voluminous
studies (only a few are cited below) have been undertaken on boundary layer recep-
tivity, including Crouch (1992a,b), Choudhari & Streett (1992) and Choudhari (1993),
who modelled acoustic forcing over a flat plate with surface roughness. Additionally,
Wu (2001b,a) applied asymptotic theory to distributed and localised roughness in the
presence of vortical and acoustic waves.

Choudhari (1994) modelled the receptivity of swept wing boundary layers (Falkner-
Skan-Cooke flows), whereby stationary and non-stationary crossflow vortices were excited
by a spanwise-periodic roughness distribution. Using a compressible linearised Navier–
Stokes solver, Collis & Lele (1999) found that surface curvature and non-parallel effects
played a significant role in the receptivity process along the leading-edge of a swept wing.
Later, Schrader and co-workers modelled the receptivity of a swept wing leading-edge by
coupling freestream turbulence and surface roughness (Schrader et al. 2009, 2010).

Several experiments on a swept wing were undertaken by the Saric group, in which
crossflow disturbances were excited by localised roughness elements (Reibert et al. 1996;
Saric et al. 1998; Radeztsky et al. 1999). In particular, it was noted by Radeztsky et al.
(1999) that receptivity is most enhanced by roughness elements located near the onset
of unstable behaviour. Numerical methods were employed by Ng & Crouch (1999) in
an attempt to replicate the Saric experiments. Using a local parallel flow assumption,
they obtained qualitatively similar results as that found experimentally. More recently,
Tempelmann et al. (2012b) employed direct numerical simulations (DNS) and parabolised
stability equations (PSE) to study the receptivity of a swept wing to localised roughness
elements, with the objective to reproduce the wind tunnel experiments performed by the
Saric group. In all cases modelled, DNS and PSE crossflow amplitudes were smaller
than the equivalent experimental disturbance measurements. It was suggested that
uncertainties in the experimental setup were possibly responsible for these differences.

This paper is concerned with the receptivity of the rotating disc boundary layer to
randomly distributed surface roughness, which is the archetypal model for the study of
three-dimensional instability mechanisms that trigger laminar-turbulent transition. The
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flow on a rotating disc is formed when a planar solid surface is rotated, with a constant
angular velocity, that drives the motion of the otherwise still fluid immediately above it.
This particular flow has been of fundamental interest to the fluid dynamics community
throughout much of the twentieth and twenty-first centuries, with the foundational study
undertaken by von Kármán (1921). A review by Lingwood & Alfredsson (2015) provides
an extensive overview of the numerous investigations that have been carried out on
the rotating disc using theoretical, numerical and experimental methods. The seminal
experimental and theoretical study by Gregory et al. (1955) revealed that the inviscid
crossflow instability appears as stationary spiral vortices on the rotating disc. In addition
to crossflow disturbances, the rotating disc is susceptible to at least two other forms of
instability. The first of these instabilities is viscous and is a direct consequence of the
Coriolis forces present in rotating boundary layers (Faller & Kaylor 1966; Malik 1986),
while the second instability is a spatially damped mode that propagates radially inwards
(Mack 1985).

In their china-clay visualisation experiments, Gregory et al. (1955) observed crossflow
disturbances as 28-32 vortices that spiraled radially outwards at an angle of 14◦. The
number of crossflow vortices is directly related to the integer-valued azimuthal mode
number n that represents the periodicity of the disturbance in the azimuthal direction.
Similar observations were made in later experimental studies by Kobayashi et al. (1980),
Malik et al. (1981), Kohama (1984) and Wilkinson & Malik (1985). The onset of these
stationary crossflow vortices was observed experimentally for a Reynolds number Rec <
300 (Kobayashi et al. 1980; Malik et al. 1981) and confirmed as Rec ≈ 286 using linear
stability theory by Malik et al. (1981) and Lingwood (1995), amongst many others.
Moreover, Siddiqui et al. (2013) observed that those stationary perturbations with an
azimuthal mode number near n = 30 developed with the largest spatial growth. (A formal
definition for the Reynolds number Re is given below in equation (2.7).)

An absolute form of instability was discovered by Lingwood (1995) using the Briggs
(1964) pinch-point criterion, and was shown to result from the coalescence of the crossflow
instability (Gregory et al. 1955) and the spatially damped mode found by Mack (1985).
More dangerous than the convectively unstable crossflow mode, Lingwood (1995) iden-
tified the critical Reynolds number for absolute instability as Rea = 510 (later corrected
to Rea = 507 by Lingwood 1997) for an azimuthal mode number n = 68. The linear
stability analysis undertaken by Lingwood (1995) was based on a local theory, which
was achieved by imposing a spatially homogeneous flow approximation. This is often
termed the parallel flow approximation, whereby the radial dependence of the base flow
is ignored.

Davies & Carpenter (2003) undertook a numerical investigation of the radially depen-
dent inhomogeneous flow over an infinite rotating disc and showed that absolute instabil-
ity was not sufficient for a disturbance to become globally linearly unstable. Instead, for
azimuthal mode numbers n near the critical conditions for absolute instability, convective
characteristics dominated the global disturbance development. However, a subsequent
study by Thomas & Davies (2018) found that a form of global linear instability can occur,
although such behaviour only arises for azimuthal modes numbers significantly greater
than that associated with the onset of absolute instability that were the primary focus of
the earlier investigation. While absolute instability is a necessary condition for the onset
of global linear instability to occur, it is not a sufficient condition. Generally, the region of
absolute instability must exceed some threshold size for global linear instability to ensue
(Chomaz et al. 1988; Huerre & Monkewitz 1990). In particular, for the flow on a rotating
disc, the radial extent of absolute instability increases as the azimuthal mode number
n increases. Thomas & Davies (2018) found that for n ⪆ 83 globally linearly unstable
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behaviour emerges that is characterised by a stronger than exponential temporal growth.
Furthermore, Thomas and Davies utilised solutions of the Ginzburg-Landau equation
(Hunt & Crighton 1991) to show that the onset of global linear instability can be predicted
using local stability characteristics based on the homogeneous flow approximation. The
results of Thomas and Davies indicate that the infinite rotating disc is stable for small
Reynolds numbers Re and azimuthal mode numbers n. For larger Re and n, regions of
local convective instability (such as crossflow vortices) and absolute instability emerge,
but globally linearly unstable behaviour only develops for sufficiently large azimuthal
mode numbers. Further studies have shown that this behaviour is ubiquitous across the
family of rotating boundary layers, including cones in a quiescent medium and discs with
roughness modelled via the partial-slip boundary condition (Thomas & Davies 2019;
Thomas et al. 2020).

Experimental observations indicate that transition to turbulence in the rotating disc
boundary layer is highly reproducible with Reynolds numbers 500 ⩽ Re ⩽ 566 quoted
in the literature. For instance, Gregory et al. (1955) observed transition for Re = 533,
while Malik et al. (1981) and Kobayashi et al. (1980) indicate that transition sets in for
513 < Re < 526 and Re = 566, respectively. More recently, Lingwood (1996) suggests
that transition on a clean disc occurs for Reynolds numbers Re = 513 ± 3%, while
Othman & Corke (2006) observed transition about Re = 539. A comprehensive list of
the many experimental investigations undertaken on the rotating disc and transition
Reynolds numbers is given by Imayama et al. (2013); see table 1 of their paper.

Since absolute instability and transition to turbulence occur within the same band of
Reynolds numbers, Lingwood (1996) suggested that the absolutely unstable mechanism
is the primary cause for the breakdown of the laminar flow. Several recent investigations
on a rotating disc of finite radius suggest that absolute instability can establish globally
unstable behaviour if disc edge effects are accounted for (Healey 2010; Imayama et al.
2013; Pier 2013; Appelquist et al. 2015, 2016; Lee et al. 2017, 2018). Additionally, Pier
(2003) suggests that a secondary absolute instability develops near the primary absolute
instability, providing an alternative route to turbulence. Meanwhile, the discovery by
Thomas & Davies (2018) that a form of global linear instability develops for sufficiently
large azimuthal mode numbers n may provide additional support to Lingwood’s con-
clusions. However, there does not appear to be any evidence for these large n modes in
the available experimental literature. This does not imply that these globally unstable
disturbances do not exist, but that other faster growing instabilities (such as the crossflow
instability) may prevent their development. Crossflow disturbances (both stationary and
travelling) grow rapidly and can achieve exponential growth factors N ∈ [7 : 11] within
the range of Reynolds numbers that transition is observed experimentally (Thomas &
Davies 2018). Hence, crossflow vortices may still be the primary mechanism for laminar-
turbulent transition in the rotating disc boundary layer.

Imayama et al. (2013) remark that the onset of transition in experiments is dependent
on the definition for transition. For instance, Lingwood (1996) based her observations
for transition on the onset of nonlinearity, while Othman & Corke (2006) based it on the
deformation of the laminar flow profile. (Table 3 of Imayama et al. (2013) provides an
overview of the interpretations for transition in experiments.) Nevertheless, independent
of the definition for transition, there is a clear and marked region on the disc that
transition occurs. Additionally, it is very difficult to eliminate stationary crossflow vortices
in experiments, even for the flow over a polished disc; unavoidable surface roughness will
inevitably excite stationary crossflow disturbances (Imayama et al. 2016). Thus, the route
to transition is dependent on the roughness height. Wilkinson & Malik (1985) found that
transition occurred for 521 < Re < 530 on a rough disc, while transition on a clean disc
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was delayed to 543 < Re < 556. Imayama et al. (2016) experimentally modelled surface
roughness effects, whereby artificial roughness elements were placed on the surface of
an otherwise clean disc. As expected, transition occurred earlier on the rough disc, with
very little surface roughness needed to trigger the strong growth of unstable stationary
crossflow disturbances. Thus, transition occurred via a convective route. However, in
addition to the stationary crossflow instability, travelling disturbances were observed on
the clean disc. It was suggested that this is evidence for absolute instability, and thus,
transition to turbulence occurs via an absolute route. On the other hand, Appelquist
et al. (2018) numerically excited stationary crossflow disturbances via surface roughness
elements of variable amplitude, and traced their development through the linear stage,
nonlinear saturation and finally transition to turbulence. In all instances simulated, the
primary instability was convectively unstable, before nonlinear effects and secondary
instabilities formed.

In experimental apparatus, a disc is deemed to be rough when an artificial roughness
is fixed to the disc surface. A disc is then described as clean if it is polished to a certain
threshold level. In Othman & Corke (2006) the disc surface was polished to a 2 µm finish,
while the natural surface roughness was less than 1 µm in Imayama et al. (2012, 2013,
2014, 2016). However, even for clean discs natural surface roughness still occurs and will
inevitably excite stationary crossflow disturbances, albeit at a lower initial amplitude.
Furthermore, the size and shape of the roughness will be specific to each disc, leading to
both different receptivity amplitudes and routes to turbulence. Quantifying this effect and
computing the receptivity amplitude can be computationally expensive using the linear
Navier–Stokes (LNS) equations. Indeed, computing mean receptivity characteristics for
predicting the possible transition scenarios would require the LNS equations to be solved
for many roughness realisations. Thus, the computational demands of an LNS based
receptivity analysis can quickly escalate. However, such difficulties can be overcome using
an adjoint based approach.

The adjoint linearised Navier–Stokes (ALNS) equations are both computationally and
economically more efficient than other receptivity formulations (such as the LNS equa-
tions). They only require solutions to the LNS and ALNS equations to be computed once,
after which they can be used to instantaneously predict the amplitude of the disturbance
excited by many forms of external forcing. Hill (1995) derived the ALNS equations for
the two-dimensional Blasius boundary layer and determined the sensitivity of Tollmien–
Schlichting waves. Later, Airiau (2000) extended Hill’s analysis to include non-parallel
effects, while Dobrinsky & Collis (2000) and Dobrinsky (2002) employed adjoint methods
to compute the receptivity of the family of Falkner-Skan flows. Adjoint formulations
have been applied to many other flow systems and boundary layer instabilities (Luchini
& Bottaro 1998; Giannetti & Luchini 2006; Pralits et al. 2002; Pralits & Hanifi 2003;
Carpenter et al. 2010; Tempelmann et al. 2012a), with a review given by Luchini &
Bottaro (2014).

Thomas et al. (2017) derived the compressible ALNS equations for the flow over a
swept wing and undertook a Monte-Carlo type uncertainty quantification analysis. Many
thousands of roughness distributions were randomly generated and the amplitude of
stationary crossflow vortices was computed to ascertain mean receptivity characteristics.
Similar studies were undertaken by Mughal & Ashworth (2013) and Raposo et al. (2018)
using an LNS scheme.

In this investigation, we derive for the first time, the ALNS equations in cylindrical
coordinates for the rotating disc boundary layer. An extensive receptivity study is
undertaken, whereby stationary crossflow vortices are established by many randomly
generated surface roughnesses. Mean receptivity characteristics, based on the root-mean-
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square (rms) of the surface roughness, are then used to predict the radial location that
the stationary crossflow instability attains amplitudes sufficient to invalidate the linear
stability assumptions and bring about nonlinear effects and the latter stages of the
laminar-turbulent transition process.

The remainder of this paper is outlined as follows. In the subsequent section the undis-
turbed flow is described. In §3 the adjoint linearised Navier–Stokes (ALNS) equations in
cylindrical coordinates are derived. The velocity-vorticity form of the ALNS equations are
presented in §4 based on the formulation of Davies & Carpenter (2001). The receptivity of
the rotating disc boundary layer to surface roughness is discussed in §5, with conclusions
given in §6.

2. Undisturbed flow
A disc of infinite radius rotates beneath an infinite body of incompressible fluid at a

constant angular velocity Λ∗ about the vertical axis that passes through the centre of
the disc. The modelling is carried out in cylindrical polar coordinates, where r∗, θ and z∗

denote the radial, azimuthal and wall-normal directions, respectively. (Here an asterisk
denotes dimensional quantities.) In what follows, all quantities are defined in the frame
of reference that rotates with the disk.

The Navier–Stokes equations, in cylindrical coordinates, are defined as
∂U∗

r

∂t∗
+(U∗.∇∗)U∗

r − U∗2
θ

r∗
− 2Λ∗U∗

θ −Λ∗2r∗ = − 1

ρ∗
∂P ∗

∂r∗
+ ν∗

(
∇∗2U∗

r − U∗
r

r∗2
− 2

r∗2
∂U∗

θ

∂θ

)
,

(2.1a)
∂U∗

θ

∂t∗
+(U∗.∇∗)U∗

θ+
U∗
θU

∗
r

r∗
+2Λ∗U∗

r = − 1

r∗ρ∗
∂P ∗

∂θ
+ν∗

(
∇∗2U∗

θ−
U∗
θ

r∗2
+

2

r∗2
∂U∗

r

∂θ

)
, (2.1b)

∂U∗
z

∂t∗
+ (U∗.∇∗)U∗

z = − 1

ρ∗
∂P ∗

∂z∗
+ ν∗∇∗2U∗

z , (2.1c)

1

r∗
∂(r∗U∗

r )

∂r∗
+

1

r∗
∂U∗

θ

∂θ
+

∂U∗
z

∂z∗
= 0, (2.1d)

where

U∗.∇∗ = U∗
r

∂

∂r∗
+

U∗
θ

r∗
∂

∂θ
+ U∗

z

∂

∂z∗
(2.2a)

and

∇∗2 =
∂2

∂r∗2
+

1

r∗
∂

∂r∗
+

1

r∗2
∂2

∂θ2
+

∂2

∂z∗2
. (2.2b)

The kinematic viscosity and density of the fluid are denoted by ν∗ and ρ∗, while U∗ =
(U∗

r , U
∗
θ , U

∗
z ) and P ∗ represent the respective dimensional velocity and pressure fields.

Boundary conditions on the disk surface are defined as

U∗
r = U∗

θ = U∗
z = 0 on z∗ = 0, (2.3a, b, c)

and in the far-field

U∗
r → 0 and U∗

θ → −r∗Λ∗ as z∗ → ∞. (2.3d, e)

The undisturbed flow field is established using the von Kármán (1921) similarity
variables

U∗ =
(
r∗Λ∗F (z), r∗Λ∗G(z), δ∗Λ∗H(z)

)
and P ∗ = ρ∗ν∗Λ∗P (z), (2.4a, b)

where F , G and H represent the non-dimensional velocity profiles along the three



Receptivity in the rotating disc boundary layer 7

0 2 4 6 8
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

Figure 1. The von Kármán velocity profiles F , G and H

coordinate directions. The non-dimensional pressure field is denoted P and δ∗ =
√
ν∗/Λ∗

represents the constant boundary layer thickness used here to scale units of length:
r = r∗/δ∗ and z = z∗/δ∗. On substituting (2.4) into the Navier–Stokes equations (2.1),
the following system of ordinary differential equations for F , G, H and P is derived

F ′′ = F 2 + F ′H − (G+ 1)2, (2.5a)
G′′ = 2F (G+ 1) +G′H, (2.5b)
H ′′ = P ′ +HH ′, (2.5c)
0 = 2F +H ′, (2.5d)

which is solved subject to the boundary conditions

F = G = H = 0 on z = 0 (2.5e)

and

F → 0 and G → −1 as z → ∞. (2.5f )

A prime denotes differentiation with respect to z. Figure 1 depicts the von Kármán
velocity profiles F , G and H as functions of the wall-normal z-direction.

Non-dimensionalising velocity and pressure on the respective scales r∗oΛ∗ and ρ∗r∗2o Λ∗2,
the non-dimensional undisturbed velocity and pressure fields are given as

UB(r, z) =

(
r

ReF (z),
r

ReG(z),
1

ReH(z)

)
and PB(z) =

1

Re2
P (z), (2.6a, b)

where the Reynolds number is defined as

Re = r∗o/δ
∗ ≡ ro, (2.7)

for a non-dimensional reference radius ro.
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3. Derivation of the adjoint linearised Navier–Stokes equations
3.1. Linearised Navier–Stokes equations

The undisturbed flow (2.6) is perturbed by infinitesimally small disturbances, with the
total velocity U and pressure P given as

U = UB + u, P = PB + p, (3.1a, b)

where the velocity perturbation u = (ur, uθ, uz). Substituting (3.1) into the Navier–
Stokes equations and linearising with respect to the perturbation q = (u, p) gives the
LNS system of equations:

Lr(q;UB,Re) = ∂ur

∂t
+

rF

Re
∂ur

∂r
+

F

Reur +
G

Re
∂ur

∂θ
+

H

Re
∂ur

∂z
+

rF ′

Re uz

− 2(G+ 1)

Re uθ +
∂p

∂r
− 1

Re

((
∇2 − 1

r2

)
ur −

2

r2
∂uθ

∂θ

)
= 0, (3.2a)

Lθ(q;UB,Re) = ∂uθ

∂t
+

rF

Re
∂uθ

∂r
+

F

Reuθ +
G

Re
∂uθ

∂θ
+

H

Re
∂uθ

∂z
+

rG′

Re uz

+
2(G+ 1)

Re ur +
1

r

∂p

∂θ
− 1

Re

((
∇2 − 1

r2

)
uθ +

2

r2
∂ur

∂θ

)
= 0, (3.2b)

Lz(q;UB,Re) = ∂uz

∂t
+

rF

Re
∂uz

∂r
+

G

Re
∂uz

∂θ
+

H

Re
∂uz

∂z
+

H ′

Reuz+
∂p

∂z
− 1

Re∇
2uz = 0, (3.2c)

1

r

∂(rur)

∂r
+

1

r

∂uθ

∂θ
+

∂uz

∂z
= 0. (3.2d)

where ∇2 is the non-dimensional form of (2.2b). For convenience we introduce the LNS
operator L = (Lr, Lθ, Lz).

The corresponding boundary conditions on the disc surface and in the far-field are
respectively given as

u = 0 on z = 0 and u → 0 as z → ∞. (3.3a, b)

3.2. Adjoint linearised Navier–Stokes equations
Formulating the Lagrange identity is key to deriving the ALNS system of equations.

This is achieved by first introducing adjoint velocity ũ = (ũr, ũθ, ũz) and pressure p̃
perturbation fields. The Lagrange identity is then derived by taking the inner product
of the LNS equations (3.2) with q̃ = (ũ, p̃), and integrating by parts to give

L(q;UB,Re) · ũ+∇ · up̃︸ ︷︷ ︸
Inner product of LNS & q̃

+u · L̃(q̃;UB,Re) + p∇ · ũ︸ ︷︷ ︸
Inner product of ALNS & q

=
∂

∂t
(u · ũ) +∇ · J(q, q̃)︸ ︷︷ ︸
Bi-linear concomitant

, (3.4)

where
u · ũ = urũr + uθũθ + uzũz.

(Note that the integration along the radial direction is performed on a finite interval.)
The ALNS system of equations are then given by those expressions above the second
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underbrace in (3.4) that form an inner product with the linear perturbation q = (u, p):

L̃r(q̃;UB,Re) = ∂ũr

∂t
+

rF

Re
∂ũr

∂r
− F

Re ũr +
G

Re
∂ũr

∂θ
+

H

Re
∂ũr

∂z

− 2(G+ 1)

Re ũθ +
∂p̃

∂r
+

1

Re

((
∇2 − 1

r2

)
ũr −

2

r2
∂ũθ

∂θ

)
= 0, (3.5a)

L̃θ(q̃;UB,Re) = ∂ũθ

∂t
+

rF

Re
∂ũθ

∂r
− F

Re ũθ +
G

Re
∂ũθ

∂θ
+

H

Re
∂ũθ

∂z

+
2(G+ 1)

Re ũr +
1

r

∂p̃

∂θ
+

1

Re

((
∇2 − 1

r2

)
ũθ +

2

r2
∂ũr

∂θ

)
= 0, (3.5b)

L̃z(q̃;UB,Re) = ∂ũz

∂t
+

rF

Re
∂ũz

∂r
+

G

Re
∂ũz

∂θ
+

H

Re
∂ũz

∂z
− rF ′

Re ũr

− rG′

Re ũθ −
H ′

Re ũz +
∂p̃

∂z
+

1

Re∇
2ũz = 0, (3.5c)

1

r

∂(rũr)

∂r
+

1

r

∂ũθ

∂θ
+

∂ũz

∂z
= 0, (3.5d)

where the ALNS operator L̃ = (L̃r, L̃θ, L̃z). Note that the viscous terms in the ALNS
equations (3.5) are of the opposite sign to the equivalent terms in the LNS equations
(3.2). Thus, the adjoint equations must be solved backwards in time.

The system of ALNS equations (3.5) are solved subject to an equivalent set of boundary
conditions as imposed on the LNS system of equations (3.2):

ũ = 0 on z = 0 and ũ → 0 as z → ∞. (3.6a, b)

3.3. Bi-linear concomitant
The operator J = (Jr, Jθ, Jz), on the right-hand-side of the Lagrange identity (3.4),

represents the bi-linear concomitant and is defined as

Jr(q, q̃) =
rF

Reu · ũ+ pũr + urp̃

+
1

Re

(
ur

∂ũr

∂r
− ũr

∂ur

∂r
+ uθ

∂ũθ

∂r
− ũθ

∂uθ

∂r
+ uz

∂ũz

∂r
− ũz

∂uz

∂r

)
, (3.7a)

Jθ(q, q̃) =
rG

Reu · ũ+ pũθ + uθp̃

+
1

rRe

(
ur

∂ũr

∂θ
− ũr

∂ur

∂θ
+ uθ

∂ũθ

∂θ
− ũθ

∂uθ

∂θ
+ uz

∂ũz

∂θ
− ũz

∂uz

∂θ
+ 2
(
uθũr − urũθ

))
,

(3.7b)

Jz(q, q̃) =
H

Reu · ũ+ pũz + uz p̃

+
1

Re

(
ur

∂ũr

∂z
− ũr

∂ur

∂z
+ uθ

∂ũθ

∂z
− ũθ

∂uθ

∂z
+ uz

∂ũz

∂z
− ũz

∂uz

∂z

)
. (3.7c)

In the subsequent analysis, the J -operator is utilised to establish a formula for predict-
ing the receptivity amplitude of the stationary crossflow instability excited by surface
roughness.
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3.4. Normalisation
Stationary crossflow perturbations q = (u, p) are assumed to be linear, infinitesimally

small and of the general form

q(r, θ, z, t) = q̂(r, z)einθ, (3.8)

for an integer valued azimuthal mode number n. Similarly stationary adjoint perturba-
tions q̃ = (ũ, p̃) are assumed to be of the form

q̃(r, θ, z, t) = ˜̂q(r, z)e−inθ, (3.9)

where a change in sign arises for the azimuthal mode number n as adjoint disturbances
evolve in the spatially opposite sense to the LNS perturbation (3.8).

Assuming Fourier modes (3.8) and (3.9) are distinct modes of the respective systems
(3.2) and (3.5), the Lagrange identity (3.4) can be reduced to the form

1

r

∂(rJr)

∂r
+

∂Jz
∂z

= 0, (3.10)

where Jr and Jz are given explicitly in terms of the linear q and adjoint q̃ perturbation
fields. Furthermore, equation (3.10) can be simplified using the divergence theorem and
by integrating over the (r, z) domain to give

J (r) =

∫ ∞

0

Jr(q, q̃) dz, (3.11)

where the homogeneous boundary conditions (3.3) and (3.6) are implemented on the
disc surface and in the far-field. The quantity J is critical to the success of the adjoint
method in predicting receptivity.

The linear perturbation q is normalised by setting

max
z

|uθ(r, z)| = 1 at r = rc, (3.12a)

where rc denotes the radial location that q, with a fixed azimuthal mode number n,
becomes unstable. The corresponding adjoint perturbation q̃ is then normalised by fixing

J (r) = 1 for all r. (3.12b)

Disturbance characteristics are normalised in this study on the azimuthal velocity
perturbation field uθ, rather than the radial velocity ur or energy K = (u2

r + u2
θ + u2

z)/2.
However, the subsequent analysis and conclusions would remain the same independent
of the choice of scaling; normalising disturbances on a second quantity would establish
a change in the disturbance receptivity that is counterbalanced by the difference in the
two normalisations.

3.5. Receptivity formula
Stationary crossflow disturbances q = (u, p), excited by surface roughness, are assumed

to be of the form (3.8) scaled by a receptivity amplitude A:

q(r, θ, z, t) = Aq̂(r, z)einθ. (3.13)

The size of the amplitude A is then dependent on the location and shape of the roughness.
For the following study, we assume (for the purposes of simplifying the problem and
analysis) that the roughness is periodic with respect to the azimuthal direction and
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modelled via a linearisation of the boundary condition (3.3a) for u as

ur,w = − r

ReF
′(0)h(r)einθ, uθ,w = − r

ReG
′(0)h(r)einθ, uz,w = 0 on z = 0,

(3.14a, b, c)
where h = h(r) represents the radial height of the surface roughness that is imposed on
the finite radial interval ra ⩽ r ⩽ rb. (The w subscript in (3.14) references the disc wall.)
Assuming h = 0 for all radii r < ra and r > rb, then the receptivity amplitude A of a
linear perturbation (3.13) is given as the change in the disturbance magnitude between
the radial positions r = ra and r = rb. Moreover, in the instance that h = 0 for all radii
r (a smooth disc without any natural surface roughness), the amplitude A = 0 and the
stationary crossflow instability is not established.

A formula for the receptivity amplitude A is then derived by following the procedure
outlined in §3.3 for equations (3.10) and (3.11). On coupling (3.13) with the Lagrange
identity (3.4) and the modified boundary condition (3.14), and then integrating across
the wall-normal direction z ∈ [0,∞) and the finite radial interval r ∈ [ra, rb], we obtain
the following formula for the receptivity amplitude

A =

∫ rb

ra

Jz(q, q̃)
∣∣∣
z=0

dr, (3.15a)

where

Jz(q, q̃)
∣∣∣
z=0

=
1

Re

(
ur,w

∂ũ

∂z

∣∣∣
z=0

+ uθ,w
∂ṽ

∂z

∣∣∣
z=0

)
. (3.15b)

In general, the receptivity amplitude A is complex. However, in the subsequent analysis
we will only quote the absolute value of A. Thus, receptivity amplitudes A can be
determined using the shape of the surface roughness h and the normalised adjoint
solutions q̃ to the ALNS system of equations (3.5).

For a given azimuthal mode number n, the development and growth of the linear and
adjoint perturbation fields are unchanged by the roughness shape h (only the amplitude
of the linear disturbance changes). Thus, the adjoint method significantly reduces the
time required to compute receptivity amplitudes A. Unlike the LNS approach, where the
system of equations (3.2) are solved separately for each roughness realisation, the adjoint
scheme only requires the LNS and ALNS systems to be solved once. On computing the
normalised adjoint perturbation fields ∂ũ/∂zz=0 and ∂ṽ/∂zz=0, receptivity amplitudes
A can be computed instantaneously for many thousands of roughness realisations.

4. Velocity-vorticity formulation
Disturbance characteristics for both the LNS and ALNS systems of equations are

numerically simulated using a velocity-vorticity formulation, based on the numerical
scheme developed by Davies & Carpenter (2001). Both the linear and adjoint forms of
the velocity-vorticity approach are fully equivalent to the LNS and ALNS systems of
equations (3.2) and (3.5), respectively.

4.1. Linear scheme
Total velocity and vorticity fields are decomposed as

U = UB + u, Ω = ΩB + ω, (4.1a, b)



12 C. Thomas and C. Davies

where UB and ΩB = ∇ ∧ UB represent the undisturbed velocity and vorticity of the
basic state (2.6), while the velocity and vorticity perturbation variables are defined as

u = (ur, uθ, uz) and ω = (ωr, ωθ, ωz). (4.1c, d)

Perturbation fields are separated into primary (ωr, ωθ, uz) and secondary variables
(ur, uθ, ωz). The evolution of linearised disturbances is then determined using the
following set of governing equations

∂ωr

∂t
+

1

r

∂Nz

∂θ
− ∂Nθ

∂z
− 2

Re

(
ωθ +

∂uz

∂r

)
=

1

Re

((
∇2 − 1

r2

)
ωr −

2

r2
∂ωθ

∂θ

)
, (4.2a)

∂ωθ

∂t
+

∂Nr

∂z
− ∂Nz

∂r
+

2

Re

(
ωr −

1

r

∂uz

∂θ

)
=

1

Re

((
∇2 − 1

r2

)
ωθ +

2

r2
∂ωr

∂θ

)
, (4.2b)

∇2uz =
1

r

(
∂ωr

∂θ
− ∂(rωθ)

∂r

)
, (4.2c)

where N = (Nr, Nθ, Nz) is defined as

N = ΩB × u+ ω ×UB (4.3a)

and

Nr =
1

Re

(
rF ′uz − 2Guθ +Hωθ − rGωz

)
, (4.3b)

Nθ =
1

Re

(
2Gur + rG′uz + rFωz −Hωr

)
, (4.3c)

Nz =
r

Re

(
Gωr − Fωθ − F ′ur −G′uθ

)
. (4.3d)

Equations (4.2a) and (4.2b) are the radial and azimuthal components of the vorticity
transport equation in cylindrical coordinates, while equation (4.2c) is the wall-normal
component of the Poisson equation. Although the convective term N is dependent on
both the primary and secondary variables, the latter set of perturbation fields can be
eliminated as they can be defined explicitly in terms of the former set of fields using the
definition for vorticity and the solenoidal condition:

ur = −
∫ ∞

z

(
ωθ +

∂uz

∂r

)
dz, (4.4a)

uθ =

∫ ∞

z

(
ωr −

1

r

∂uz

∂θ

)
dz, (4.4b)

ωz =
1

r

∫ ∞

z

(
∂(rωr)

∂r
+

∂ωθ

∂θ

)
dz. (4.4c)

Substituting (3.14a) and (3.14b) into the definitions (4.4a) and (4.4b) for the secondary
variables gives the following integral constraints for the primary variables ωθ and ωr:∫ ∞

z

ωθ dz = −ur,w −
∫ ∞

z

∂uz

∂r
dz, (4.5a)∫ ∞

z

ωr dz = uθ,w +

∫ ∞

z

1

r

∂uz

∂θ
dz. (4.5b)

Condition (3.14c) for uz on the disc wall is unchanged, while all perturbations are assumed
to asymptote towards zero in the far-field limit.

The pressure perturbation field p is not explicitly given in the velocity-vorticity
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formulation but is required in normalising perturbation fields (recall §3.3). Integrating
equation (3.2c) with respect to the wall-normal z-direction gives the following definition
for pressure

p =

∫ ∞

0

(
∂uz

∂t
+

rF

Re
∂uz

∂r
+

G

Re
∂uz

∂θ
+

1

Re
∂(Huz)

∂z
+

1

rRe

(∂(rωθ)

∂r
− ∂ωr

∂θ

))
dz. (4.6)

Finally, as we are only interested in the development of stationary linear disturbances,
velocity u and pressure p perturbation fields are again decomposed as (3.8), while the
vorticity perturbation is given as

ω(r, θ, z, t) = ω̂(r, z)einθ, (4.7)

for an integer valued azimuthal mode number n.

4.2. Adjoint scheme
Adjoint velocity and vorticity perturbation fields are defined as

ũ = (ũr, ũθ, ũz) and ω̃ = (ω̃r, ω̃θ, ω̃z). (4.8a, b)

Similar to the linear scheme, adjoint perturbations are separated into primary (ω̃r, ω̃θ, ũz)
and secondary variables (ũr, ũθ, ω̃z). The three adjoint primary variables are given as
solutions of the following set of governing equations

∂ω̃r

∂t
+

1

r

∂Ñz

∂θ
− ∂Ñθ

∂z
− 2

Re

(
ω̃θ +

∂ũz

∂r

)
= − 1

Re

((
∇2 − 1

r2

)
ω̃r −

2

r2
∂ω̃θ

∂θ

)
, (4.9a)

∂ω̃θ

∂t
+

∂Ñr

∂z
− ∂Ñz

∂r
+

2

Re

(
ω̃r −

1

r

∂ũz

∂θ

)
= − 1

Re

((
∇2 − 1

r2

)
ω̃θ +

2

r2
∂ω̃r

∂θ

)
, (4.9b)

∇2ũz =
1

r

(
∂ω̃r

∂θ
− ∂(rω̃θ)

∂r

)
, (4.9c)

where Ñ = (Ñr, Ñθ, Ñz) is defined as

Ñr =
1

Re

(
Hω̃θ − rGω̃z − 2(Fũr +Gũθ)

)
, (4.10a)

Ñθ =
1

Re

(
rF ω̃z −Hω̃r + 2(Gũr − Fũθ)

)
, (4.10b)

Ñz =
1

Re

(
rGω̃r − rF ω̃θ − 2(rF ′ũr + rG′ũθ +H ′ũz)

)
. (4.10c)

Definitions for the three adjoint secondary variables are equivalent to those expressions
given in equation (4.4) for the linear secondary variables, while integral constraints for
ω̃θ and ω̃r are analogous to those equations given in (4.5) for ωθ and ωr. Additionally,
the boundary condition for ũz on the disc surface is identical to that given in (3.14c) for
uz, while all adjoint perturbations are assumed to approach zero in the far-field limit.

The adjoint perturbation field p̃, that is again required to normalise disturbances (recall
§3.3), is computed by integrating (3.5c) with respect to z to give

p̃ =

∫ ∞

0

(
∂ũz

∂t
+

rF

Re
∂ũz

∂r
+

G

Re
∂ũz

∂θ
+

H

Re
∂(ũz)

∂z
− 1

Re (rF
′ũr + rG′ũθ +H ′ũz)

− 1

rRe

(∂(rω̃θ)

∂r
− ∂ω̃r

∂θ

))
dz. (4.11)
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Finally, adjoint velocity ũ and pressure p̃ perturbation fields are again decomposed as
(3.9), while the adjoint vorticity perturbation is given as

ω̃(r, θ, z, t) = ˜̂ω(r, z)e−inθ. (4.12)

4.3. Receptivity formula
The receptivity formula (3.15), for computing the amplitude A of stationary crossflow

vortices excited by surface roughness, is recast to include the adjoint vorticity perturba-
tion field ω̃ as

A =

∫ rb

ra

Jz(q, q̃)
∣∣∣
z=0

dr, (4.13a)

for
Jz(q, q̃)

∣∣∣
z=0

= ur,w
ω̃θ,w

Re − uθ,w
ω̃r,w

Re , (4.13b)

where the subscript w again refers to the disc wall.

4.4. Numerical methods
Both of the respective linear and adjoint velocity-vorticity formulations, (4.2) and (4.9),

are discretised using the numerical scheme developed by Davies & Carpenter (2001).
A fourth-order centred, compact finite difference method is implemented in the radial
direction, whilst a Fourier expansion (given by (3.8) and (3.9)) is utilised in the azimuthal
direction.

Along the wall-normal z-direction, disturbances are expanded using a Chebyshev
spectral series of order M with the primary variables expanded in terms of odd Chebyshev
polynomials following the pattern

f(r, θ, z, t) =

{
M∑

m=1

fm(r, t)T2m−1(ζ)

}
e±inθ, (4.14a)

while the secondary variables are given in terms of even Chebyshev polynomials

g(r, θ, z, t) =

{
1

2
g0(r, t) +

M∑
m=1

gm(r, t)T2m(ζ)

}
e±inθ. (4.14b)

(Note the sign in the exponential term is positive and negative for the linear and adjoint
formulations, respectively.) Here Tm is the mth Chebyshev polynomial, with points
mapped from the semi-infinite physical domain z ∈ [0,∞) onto a finite computational
interval ζ ∈ (0, 1] via the coordinate transformation

ζ =
l

l + z
, (4.15)

where l is a stretching factor. For the subsequent investigation l = 4 was found to give
an appropriate spread of points along the wall-normal direction.

For the linear scheme, null-conditions are imposed on all perturbation fields at the
inner radial boundary. In the subsequent study it was determined that this did not
affect the evolution of disturbances, providing the inner radius was sufficiently small and
removed from any source of disturbances, i.e. surface roughness. At the outer radius we
follow the strategies outlined by Davies & Carpenter (2001). The computational domain
is chosen to be sufficiently large to ensure the outer radial boundary is always kept
an appropriate distance from those locations that are of interest, i.e. the radial region
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that stationary crossflow instabilities emerge and develop. Secondly, we assume that
disturbances are wavelike at the outer radius and impose the following condition on all
primary perturbation fields

∂2f

∂r2
= −α2f, (4.16)

where α denotes a complex-valued radial wavenumber that is set equal to the corre-
sponding eigenvalue determined from a local linear stability analysis. For the adjoint
formulation, the inner and outer radial boundary conditions are reversed, since the
adjoint perturbation develops upstream. Finally, both linear and adjoint disturbances
are numerically simulated using a time marching procedure based on a combination of a
predictor-corrector scheme and semi-implicit methods.

5. Results
5.1. Normalising perturbation fields

Before undertaking a receptivity investigation of stationary crossflow vortices excited
by randomly distributed surface roughness, we first illustrate how linear and adjoint
disturbances were numerically simulated and normalised. In the subsequent discussion
we illustrate this process for the case corresponding to the azimuthal mode number
n = 32. A finite computational domain was first established in the (r, z)-plane. Well-
resolved numerical solutions were obtained for a radial grid 150 ⩽ r ⩽ 750, with a radial
step size of 0.5 units. The inner and outer boundaries of the radial domain were carefully
chosen to ensure that the structure of the linear and adjoint disturbances was obtained in
full. Additionally, the upstream radial boundary corresponds to the reference radius ro.
Finally, M = 96 Chebyshev points were used along the wall-normal z-direction, which
was more than sufficient to accurately compute the development of both the linear and
adjoint disturbances.

5.1.1. Linear perturbation
Stationary linear and adjoint perturbation fields were excited by a Gaussian shaped

surface roughness

h(r) =
1√
2πc2

exp

(
−(r − rf )

2

2c2

)
, (5.1)

where rf denotes the radial location of the roughness and c2 the variance. (In the
subsequent discussion c = 2.) The linear disturbance was established by fixing the
roughness about rf = 200. This particular radial location was chosen as it is sufficiently
far upstream of the onset of the stationary crossflow instability, which first becomes
linearly unstable about rc ≈ 323 for n = 32. The roughness excites a stationary crossflow
vortex that develops radially outwards. After sufficient time has passed, the disturbance
has convected across the entire radial domain and is unchanged by further increments
in time. (Disturbance development was simulated for both shorter and longer radial
domains and the results were unchanged.)

Figure 2 displays several characteristics associated with the linear disturbance es-
tablished above. The maximum absolute value of the azimuthal velocity perturbation
field, maxz |uθ|, is plotted in figure 2(a) as a function of r, while figure 2(b) depicts the
corresponding contours of uθ scaled on maxz |uθ| in the (r, z)-plane. The scaling was
implemented here to assist visualisation of the disturbance development, which would
otherwise be impossible due to the rapid spatial growth associated with this form of
instability. Red and blue colours in figure 2(b) depict positive and negative valued



16 C. Thomas and C. Davies

200 300 400 500 600 700

10
-5

1

10
5

200 300 400 500 600 700

0

0.5

1

200 300 400 500 600 700

-0.1

-0.05

0

0.05

Figure 2. Characteristics of the linear azimuthal velocity perturbation field uθ excited about
rf = 200, for an azimuthal mode number n = 32. (a) maxz |uθ| as a function of r. (b) Contours
of uθ/maxz |uθ| in the (r, z)-plane. (c) Radial wavenumber αr. (d) Radial growth rate αi. The
dot markers in (c, d) indicate those results obtained for fixed Reynolds numbers Re derived by
applying the homogeneous flow approximation.

contour levels, respectively. The radial location of the roughness in 2(a) and 2(b) is made
evident by the respective small peak and red contours located about the radius r = 200.
Immediately downstream of the roughness the amplitude of the disturbance decreases.
This behaviour is to be expected, as this particular crossflow instability does not become
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Re α α̃

250 0.644 + i0.056 0.644 + i0.070
300 0.532 + i0.015 0.532 + i0.008
350 0.464− i0.015 0.464− i0.022
400 0.397− i0.039 0.397− i0.045
450 0.337− i0.057 0.337− i0.062
500 0.282− i0.070 0.282− i0.073
550 0.229− i0.071 0.229− i0.074
600 0.185− i0.060 0.185− i0.065
650 0.155− i0.046 0.155− i0.050

Table 1. Linear and adjoint radial wavenumbers, α and α̃, for the azimuthal mode number
n = 32, determined by applying the homogeneous flow approximation.

linearly unstable until the critical radius rc ≈ 323. However, radially downstream of
rc ≈ 323 the disturbance grows rapidly, and the crossflow instability assumes the typical
structure and develops near the disc surface.

The spatial development of the linear perturbation q̂ (recall equation (3.8)) may be
decomposed as

q̂(r, z) = q̌(r, z) exp

(
i

∫ r

rc

α(r′) dr′
)
, (5.2a)

where q̌ is a slowly varying shape function and α = αr + iαi represents the complex-
valued radial wavenumber. The real and imaginary parts of α may be interpreted as the
respective radial wavenumber and growth rate of the linear disturbance, and may be
computed by considering the formula

α = − i

f

∂f

∂r
, (5.2b)

where f is taken to be a measure of the disturbance amplitude at any given radial and
wall-normal location. As before, the azimuthal velocity perturbation field uθ was selected,
with computations based on measurements about the wall-normal height z = 1.5. (Note
that the calculations for α were not noticeably affected by shifting the wall-normal z-
location.)

The radial wavenumber αr and growth rate αi, associated with the above disturbance,
are plotted in figures 2(c) and 2(d) and indicate that there is an initial transient phase
before linearly unstable behaviour emerges about the critical radius rc ≈ 323. (Note that
a negative valued αi corresponds to radial growth and unstable behaviour.) The black
dot markers in figures 2(c) and 2(d) depict the equivalent results obtained by solving the
linear system of governing equations (4.2) with the homogeneous flow approximation,
where the radial dependence of the undisturbed flow (2.6) is removed by fixing r = Re.
To the accuracy of the illustration, the homogeneous flow computations about fixed radii
are identical to the inhomogeneous flow solution, with results tabulated in table 1.

5.1.2. Adjoint perturbation
The corresponding adjoint perturbation field was generated by fixing the Gaussian

shaped roughness (5.1) about the radius rf = 650. Adjoint disturbances evolve in the
spatially opposite sense to their linear counterparts and propagate upstream towards the
inner radius. The dashed red line in figure 3(a) depicts the maximum absolute value of
the adjoint perturbation field, maxz |ũθ|, while figure 3(b) displays the contours of ũθ
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Figure 3. Characteristics of the adjoint azimuthal velocity perturbation field ũθ excited about
rf = 650, for an azimuthal mode number n = 32. (a) maxz |ũθ| as a function of r. (b) Contours
of ũθ/maxz |ũθ| in the (r, z)-plane. (c) Radial wavenumber α̃r. (d) Radial growth rate α̃i. The
dot markers in (c, d) indicate those results obtained for fixed Reynolds numbers Re derived by
applying the homogeneous flow approximation.

scaled on maxz |ũθ|. The adjoint disturbance grows radially inwards, attaining a peak
amplitude near the radial location that the linear crossflow instability first becomes
unstable. Further upstream, the magnitude of maxz |ũθ| decreases, which corresponds to
a decay in the adjoint perturbation field.
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Figure 4. (a) Maximum absolute value of the linear and adjoint azimuthal velocity perturbation
fields, maxz |uθ| and maxz |ũθ|, normalised using equation (3.12). (b) Corresponding normalised
absolute value of the adjoint vorticity perturbation fields, |ω̃r,w| and |ω̃θ,w|. Solutions correspond
to those parameter settings given in figures 2 and 3.

Analogous to the linear perturbation, the spatial development of the adjoint pertur-
bation ˜̂q (recall equation (3.9)) may be decomposed as

˜̂q(r, z) = ˜̌q(r, z) exp

(
−i

∫ r

r̃c

α̃(r′) dr′
)
, (5.3a)

where ˜̌q is a slowly varying shape function and α̃ = α̃r + iα̃i represents the complex-
valued adjoint radial wavenumber. (Note a change in sign has been imposed on the adjoint
radial wavenumber as the adjoint disturbance grows radially inwards.) The adjoint radial
wavenumber α̃ is determined via the formula

α̃ =
i

f

∂f

∂r
, (5.3b)

with f taken as the adjoint azimuthal velocity perturbation field ũθ, measured about the
wall-normal height z = 1.5.

Figures 3(c) and 3(d) depict the real and imaginary parts of α̃, with the adjoint growth
rate α̃i = 0 about the radius r̃c ≈ 318. (A negative valued α̃i is matched to an adjoint per-
turbation growing radially inwards, while r̃c ̸= rc as a consequence of marginal differences
between the linear and adjoint radial growth rates.) Black dot markers correspond to
those solutions obtained by solving the equivalent adjoint system of governing equations
(4.9) but with the application of the homogeneous flow approximation, i.e. the radius
r is held fixed by setting it equal to the Reynolds number Re. Similar to the analysis
of the linear perturbation, homogeneous flow calculations about fixed radii (tabulated
in table 1) are indistinguishable from the inhomogeneous flow solutions. Moreover, the
real parts of the linear and adjoint radial wavenumbers are identical: αr = α̃r. On the
other hand, there are marginal differences in the corresponding imaginary parts: αi ̸= α̃i.
However, these small differences are counterbalanced by the normalisation (3.12).

5.1.3. Normalisation
Linear and adjoint disturbances were then normalised using equation (3.12), with the

corresponding azimuthal velocity perturbation fields, maxz |uθ| and maxz |ũθ|, plotted
in figure 4(a). The line types and axes scales are the same as that given in figures 2(a)
and 3(a), to help distinguish differences brought about by the normalisation. The linear
solution is equal to unity about the radial location rc for the onset of the stationary
crossflow instability, which is a requirement of the normalisation (3.12). On the other
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hand, the adjoint solution is scaled downwards and develops at a significantly smaller
amplitude than before the normalisation.

Figure 4(b) displays the normalised absolute value of the adjoint vorticity perturbation
fields |ω̃r,w| (solid blue line) and |ω̃θ,w| (dashed red line) that are required to compute the
receptivity amplitude A of the stationary crossflow instability (recall equation (4.13)).
The adjoint azimuthal vorticity perturbation field is almost an order of magnitude greater
than the equivalent radial component. This would suggest that the azimuthal component
of vorticity will have a greater influence on the receptivity of the rotating disc boundary
layer to surface roughness. Furthermore, both adjoint perturbation fields achieve larger
amplitudes about the radial location rc associated with the onset of the linear disturbance.
Thus, we might expect receptivity to be enhanced by roughness elements located within
this particular radial region.

The above process was repeated for azimuthal mode numbers n ∈ [25, 40] at unit
step intervals. The decision to focus on this particular range of modes was made as a
consequence of experimental investigations that typically observe crossflow disturbances
within this parameter range. Figure 5 depicts contours of |ω̃r,w| and |ω̃θ,w| in the (r, n)-
plane. For azimuthal mode numbers n ⩽ 32, the two adjoint vorticity components attain
a peak over the radial range 250 ⩽ r ⩽ 350. Beyond this annular region, both pertur-
bation fields are significantly reduced. As n increases, the radial location that the two
adjoint vorticity terms achieve a maxima is shifted radially downstream. This particular
observation coincides with a corresponding radial shift downstream in the onset of the
stationary crossflow instability that occurs as n increases to larger values. Hence, for each
azimuthal mode number n, receptivity will be most affected by surface roughness in the
region that the stationary crossflow instability first appears. This behaviour is consistent
with that found in the flow over a swept wing. Radeztsky et al. (1999) undertook an
experimental study on the flow over a swept wing with isolated roughness elements.
Roughness centred about the location for neutral instability established the strongest
receptivity, while roughness elements located further downstream had a negligible effect.

5.2. Validation
The adjoint scheme was validated by directly comparing adjoint predictions for the

receptivity amplitude A against numerical solutions of the linear scheme (4.2). Linear
disturbances were established by Gaussian shaped roughness elements (5.1) fixed about
the radii rf = 300, 325 and 350. The solid blue lines in figure 6 depict the maximum
absolute value of the azimuthal velocity perturbation field, maxz |uθ|, established by these
three roughness distributions.

Coupling the receptivity formula (4.13) with the normalised adjoint vorticity pertur-
bation fields ω̃r,w and ω̃θ,w, the amplitude A of the disturbance established by the three
Gaussian shaped roughnesses was instantaneously computed as A = 0.078, 0.111 and
0.106, respectively. (Note that we only present the absolute value of the receptivity
amplitude A here.) The dashed red lines in figure 6 illustrate the adjoint predictions for
maxz |uθ| that were obtained by scaling the normalised linear perturbation field (plotted
in figure 4(a)) by the above adjoint prediction for the amplitude A. In all three instances,
the linear and adjoint solutions are identical downstream of the roughness. Hence, the
adjoint approach has correctly computed the amplitude A of the stationary crossflow
instability excited by the three Gaussian shaped roughness distributions. Several further
test cases were modelled, for different roughness locations and shapes. In each instance,
the adjoint method correctly predicted the amplitude of the equivalent LNS generated
disturbance.

Having successfully tested the adjoint method for predicting the amplitude A of the
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Figure 5. Contours in the (r, n)-plane of (a) |ω̃r,w|; (b) |ω̃θ,w|.

disturbance established by simple Gaussian shaped roughness elements, we extend the
investigation to realistic surface distributions. As the adjoint formula (4.13) only requires
the adjoint perturbation fields ω̃r,w and ω̃θ,w (given in figure 5) and the radial shape of the
roughness h(r) as inputs, the adjoint approach offers significant computational and time
advantages over alternative receptivity strategies (i.e. LNS). Using (4.13), we undertake
a rapid receptivity study of the rotating disc boundary layer to many thousands of
randomly generated roughness realisations, of variable length and roughness settings.
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Figure 6. Maximum absolute value of the azimuthal velocity perturbation field, maxz |uθ|, for
the azimuthal mode number n = 32. Stationary crossflow disturbance excited by a Gaussian
shaped roughness centred about (a) rf = 300; (b) rf = 325; (c) rf = 350. The LNS solution is
given by the solid blue line, while the dashed red line depicts the adjoint prediction.

5.3. Randomly distributed surface roughness
5.3.1. Model

Natural surface roughness is random and will be composed of several peaks and
troughs of variable height, depth and wavelength. Mughal & Ashworth (2013) undertook
a receptivity investigation of stationary crossflow vortices on a swept wing, whereby
three-dimensional roughness distributions were modelled using a Fourier cosine series. A
simplification was made in the subsequent adjoint based study by Thomas et al. (2017),
who assumed the roughness distribution was periodic along the spanwise direction. A
similar simplification was implemented here, where due to the natural periodicity of the
disc, surface roughness was assumed to be periodic in the azimuthal direction. Two-
dimensional roughness distributions were modelled as

h(r) =

Nmax∑
j=Nmin

aj cos

(
2π
( jr
rλ

+ ϕj

))
, (5.4)

where Nmin and Nmax specify long and short scale wavelength filters, and rλ denotes a
radial wavelength. Parameters aj and ϕj represent randomly generated roughness ampli-
tudes and phase shifts, respectively. Roughness distributions were then implemented on
the radial interval ra ⩽ r ⩽ rb, where ra and rb specify the upstream and downstream
boundaries of the surface roughness, respectively. Figure 7 displays a diagram of the
roughness arrangement, including labels for the radial positions ro, ra and rb. (Note
that in the subsequent analysis, the downstream boundary of the roughness distribution
rb ⩽ rλ + ra.)
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Figure 7. Diagram of the roughness model.

Each randomly generated amplitude aj was then scaled by the factor(
rλ
2πj

)k

, (5.5)

for a power law coefficient k. An identical modelling approach was implemented by
Raposo et al. (2018) in their acoustic receptivity study of Tollmien-Schlichting waves in
the presence of surface roughness. This particular model for roughness was utilised here
as it is well known that the power spectral density (PSD) for natural surface roughness
follows a power law of the form (5.5) (Van Deusen 1967; Sayles & Thomas 1978; Jacobs
et al. 2017). For instance, it was shown by Mughal & Ashworth (2013) that the energy
in the PSD of a painted panel or unpainted aluminium plate was primarily found in
the longer wavelengths. Furthermore, Van Deusen (1967) noted that the PSD decreased
with the square of the angular frequency for many natural and artificial surfaces, while
Raposo et al. (2018) set the coefficient k = 1 in their receptivity investigation to ensure
the PSD decayed at the rate found by Van Deusen.

Finally, all roughness distributions were scaled on the root-mean-square (rms), which
is defined as

hrms =

√
1

rb − ra

∫ rb

ra

h2 dr. (5.6)

For instance, setting hrms = 10−3 corresponds to a surface roughness with a rms equal
to 0.1% of the boundary layer thickness δ.

Figure 8 depicts several randomly generated roughness distributions (solid blue lines),
along with their respective gradients dh/dr (dashed red) in the instance the roughness
parameter hrms = 1. The long and short scale wavelength filters are set to the respective
values Nmin = 1 and Nmax = 100, while each roughness is fixed about the radial interval
200 ⩽ r ⩽ 600 and rλ = 400. The power law coefficient k increases from k = 0.5 in
figure 8(a) to k = 1.5 in figure 8(c), at 0.5 step intervals. The illustration clearly shows
that each roughness realisation is distinct and encompasses a variety of wavelengths.
Furthermore, the effect of the power law coefficient k on the form of the roughness is
demonstrated. For small k, shorter wavelengths are significant that establish many peaks
and troughs with relatively large gradients. However, as the coefficient k increases, shorter
wavelengths have a limited influence on the structure of the roughness, resulting in fewer
sharp variations and significantly smaller gradients.

Averaging over many thousands of roughness realisations, it was determined that the
mean of the absolute value of the surface gradient, |dh/dr|, was approximately 0.4 when
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Figure 8. Examples of surface roughness for Nmin = 1, Nmax = 100, hrms = 1 and (a⋆) k = 0.5;
(b⋆) k = 1; (c⋆) k = 1.5. Solid blue and dashed red lines depict roughness distributions h and
their corresponding gradients dh/dr.

k = 0.5, but reduces as k increases; |dh/dr| ≈ 0.1 and 0.05 for k = 1 and k = 1.5,
respectively. These trends are then scaled linearly with the rms of the roughness. In
the subsequent analysis, we assume that any significant spikes or troughs in the surface
roughness are not sufficient to bring about boundary layer separation or the nonlinear
stages of laminar-turbulent transition.

An additional roughness realisation is plotted in figure 9(a) that is established using
those parameter settings given in figure 8(b). The response of the azimuthal velocity
perturbation field uθ, to this particular roughness, is then shown in figure 9(b,c). The
maximum absolute value of the azimuthal velocity perturbation field, maxz |uθ|, deter-
mined via the LNS formulation (4.2) is given by the solid blue line in figure 9(b), while
the equivalent adjoint prediction is given by the dashed red line. (Recall that the adjoint
formula (4.13) only requires the normalised adjoint vorticity fields ωr,w and ωθ,w, and the
roughness shape h, as inputs.) The amplitude A of the disturbance established by the
given roughness was determined using the adjoint formula (4.13) as A = 0.29. As with the
simpler Gaussian shaped roughness distributions, the LNS solution and adjoint prediction
are indistinguishable. Thus, the adjoint approach has again correctly determined the
amplitude A of the disturbance.

The depiction of maxz |uθ| in figure 9(b) and the contours of uθ in figure 9(c) indicate
that the disturbance achieves magnitudes greater than the height of the roughness about
the radius r = 400. Beyond this radial location the disturbance grows rapidly, and the
response of the linear perturbation is not affected by roughness elements located further
outboard. Hence, receptivity is greatest in the radial region that the stationary crossflow
instability first becomes linearly unstable.

5.3.2. Mean receptivity
For the remainder of this investigation, the long wavelength filter Nmin = 1 and the

wavelength parameter rλ = 400. Additionally, the upstream boundary of the roughness
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Figure 9. (a) Randomly generated roughness distribution h and gradient dh/dr. (b) Maximum
absolute value of the azimuthal velocity perturbation field, maxz |uθ|. The LNS solution is given
by the solid blue line, while the dashed red line depicts the adjoint prediction. (c) Contours of
uθ, scaled on maxz |uθ|, in the (r, z)-plane.

distribution was fixed about ra = 200, which is sufficiently far upstream of the radial
region that receptivity is expected to be the most significant. The downstream boundary
rb of the roughness distribution and the short wavelength filter Nmax were then varied
to determine the effects, if any, on the receptivity process. Additionally, several values of
the power law coefficient k were modelled.

There are two major objectives of the following analysis:
(i) Determine those roughness characteristics that are most significant in the recep-

tivity process, and establish the largest disturbance amplitudes A.
(ii) For a disc with a known roughness rms, compute the mean disturbance amplitudes

and determine the radial region that disturbances achieve sufficiently large magnitudes
to invalidate the linear stability assumptions. Moreover, these calculations will be used
as initial inputs in a future fully nonlinear stability study.

A Monte-Carlo uncertainty quantification analysis was undertaken, whereby several
thousand roughness distributions were randomly generated and receptivity amplitudes
A computed. Mean amplitudes Ā were then determined via the formula

Ā =
∑
s

A
/
s, (5.7)

for s roughness realisations. (Calculations were again based on the absolute value of
A.) Figure 10(a) displays mean amplitudes Ā as a function of the number of roughness
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Figure 10. (a) Mean amplitude Ā against the number of roughness realisations s. (b) Probability
density functions. The azimuthal mode number n = 32 and roughness parameters Nmax = 100,
hrms = 1, k = 1 and variable rb.

realisations s, for four downstream boundaries rb. The azimuthal mode number n = 32
and the low wavelength filter Nmax = 100, while the roughness parameter hrms and
power law coefficient k were both set to unity. A log scaling is used along the horizontal
s-axis to illustrate the variation in Ā as s increases. In all instances modelled, the size
of Ā converges towards a fixed constant after approximately 1000 roughness iterations.
Further iterations were not found to bring about any significant changes in the mean
amplitude. Although a different mean amplitude was realised for each rb considered,
results indicate that variations in Ā diminish as rb increases. Thus, surface roughness
located sufficiently far outboard has a negligible effect on the mean amplitude of the
stationary crossflow instability.

Probability density functions (PDF) are plotted in figure 10(b), which were generated
using the routines available in Matlab. Each PDF was constructed using s = 104

roughness realisations and the absolute value of the receptivity amplitude A. Solutions
indicate that a greater variance in the amplitude A is achieved as the length of the
roughness distribution increases. Moreover, the illustration shows that receptivity can
vary significantly from one realisation to the next. It is hypothesised that the larger am-
plitudes are associated with roughness distributions that encompass significant isolated
peaks (and troughs) in the radial region that receptivity is most enhanced, i.e. where the
crossflow vortex first becomes linearly unstable.

Mean amplitudes Ā are plotted as a function of the low wavelength filter Nmax (for
rb = 600) in figure 11(a) and the downstream boundary rb of the roughness (for Nmax =
100) in figure 11(b). Solutions again correspond to the stationary crossflow instability
established for the azimuthal mode number n = 32, while roughness parameters hrms = 1
and k ∈ [0.5, 1.5]. Moreover, computations are based on s = 104 roughness realisations,
which was more than sufficient for Ā to achieve a converged state in all cases modelled.
The size of the mean amplitude Ā increases sharply in figure 11(a) when Nmax exceeds
20. This particular observation coincides with the shortest roughness scale matching
the wavelength of the crossflow instability. The radial wavenumber αr of the stationary
crossflow instability is within the range 0.25 ⩽ αr ⩽ 0.5 (recall figure 2(c)), while the
wavenumber associated with the shortest roughness scale in (5.4) is given as 2πNmax/rλ ≈
0.31 for Nmax = 20. Similar observations were observed by Thomas et al. (2017) in
their receptivity study of crossflow vortices over a swept wing. With the exception of
the case k = 0.5 (solid blue line), mean amplitudes Ā approach a fixed constant for
Nmax ≈ 40, which corresponds to a roughness length scale that is approximately half
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Figure 11. Mean amplitude Ā as a function of (a) Nmax for rb = 600 and (b) rb for Nmax = 100.
Computations are based on s = 104 roughness iterations for n = 32, and roughness parameters
hrms = 1 and variable k.

of the wavelength of the crossflow instability. Hence, shorter roughness scales have a
negligible effect on the receptivity process, which is to be expected given the power law
scale factor (5.5). In the instance the power law coefficient k = 0.5, Ā is observed to
decrease for Nmax > 40. However, if results were extended to larger valued Nmax, than
that plotted in figure 11(a), results would eventually converge towards a fixed value as
the shorter roughness scales would become insignificant. Finally, as k increases, the size
of the mean amplitude Ā decreases. Indeed, there is an order of magnitude difference
in Ā between the smallest and largest valued k modelled. The significance of the short
roughness scales of commensurate size to the wavelength of the crossflow instability,
diminish for larger valued k.
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Figure 12. (a) Mean amplitude Ā and (b) standard deviation σ as a function of the azimuthal
mode number n and variable k. Computations are based on s = 104 roughness iterations, and
roughness parameters hrms = 1, Nmax = 100 and rb = 600. Line types are the same as those
given in figure 11.

Results plotted in figure 11(b) indicate that the mean amplitude Ā increases rapidly for
radii rb > 250, and in most instances asymptotes towards a fixed constant for rb > 400.
(There is a noticeable exception for cases k > 1, where Ā attains a maximum value near
rb ≈ 330 and then decreases towards a fixed constant for larger valued rb. This behaviour
can again be attributed to the diminished effect of the short roughness scales that occurs
for larger valued k.) These observations are consistent with our earlier predictions that
receptivity is most affected by roughness distributions located about the radial region
that the disturbance first becomes linearly unstable and where the adjoint vorticity terms
were most significant (recall figures 4(b) and 5).

The above analysis was extended to azimuthal mode numbers n ∈ [25, 40], for rough-
ness parameter settings Nmax = 100, rb = 600 and hrms = 1. These particular settings
were chosen as receptivity calculations were unchanged by further increases in the short
wavelength filter Nmax or the downstream boundary rb of the roughness. Figure 12
displays the mean amplitude Ā and corresponding standard deviations σ as functions
of n, for five values of the power law coefficient k. Calculations are again based on
s = 104 roughness realisations. For each k considered, the standard deviation σ is
approximately half of the corresponding mean amplitude Ā. Thus, there is a significant
variation in the initial amplitude of the stationary crossflow instability. Additionally,
there is a small increase in Ā as the azimuthal mode number n increases. However, this
does not necessarily imply that these larger valued n modes will play a greater role in the
laminar-turbulent transition process, as smaller valued n modes become unstable earlier.
The crossflow mode that is ultimately responsible for bringing about the latter stages of
convective driven transition is governed by the amplitude A, the radial growth rate αi

and the size of the roughness that is characterised in this investigation by the parameter
hrms.

5.3.3. Predicting the onset of nonlinear behaviour and other processes
Mean amplitudes Ā are coupled to the radial growth of the normalised azimuthal

velocity perturbation field uθ (as plotted in figure 4(a) for n = 32) to predict the radial
location that we might expect the linear stability assumptions to no longer be appropriate,
and where nonlinear effects and other transition processes to have emerged. Since the
analysis is linear, scaling the surface roughness on the parameter hrms equates to an
equivalent scaling on the disturbance amplitude. Thus, fixing hrms = 10−3 corresponds
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Figure 13. Maximum absolute value of the azimuthal velocity perturbation field, maxz |uθ|, as
a function of the radius r for n = 32 and (a) hrms = 10−2; (b) hrms = 10−3; (c) hrms = 10−4.
Calculations are based on those roughness parameters given in figure 12 when k = 1. The
horizontal dotted line corresponds to maxz |uθ| = 10−1.

to setting the mean amplitude of the disturbance to 10−3Ā, with Ā as given in figure 12.
Furthermore, we assume that the linear stability assumptions are no longer appropriate
once maxz |uθ| = 10−1. This particular assumption was based on earlier observations
within the literature. For instance, Balachandar et al. (1992) reported that the primary
instability has to attain a threshold value of 9% of the undisturbed flow (2.6) in order
for secondary instabilities to grow. Hence, ruθ=0.1 denotes the radial location used here
to distinguish between the linear and nonlinear stages of convectively forced laminar-
turbulent transition. (In experiments, the threshold between linear and nonlinear effects
may arise at smaller disturbance amplitudes than that implemented here. Moreover,
travelling waves, the absolutely unstable mechanism or secondary instabilities may
develop, and establish nonlinear behaviour and the onset of laminar-turbulent transition
at earlier radii than that presented in the subsequent analysis. Thus, the radial location
ruθ=0.1 should only be viewed as an upper bound for when we might expect disturbance
development to be no longer governed by linear stability theory.)

Figure 13 displays the maximum absolute value of the azimuthal velocity perturbation
field, maxz |uθ|, as a function of the radius r for the azimuthal mode number n = 32.
Solution curves were obtained by scaling the normalised solution depicted in figure 4(a),
by the adjoint predictions for the mean amplitude Ā presented in figure 12, with k set to
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unity. The horizontal dotted line indicates when maxz |uθ| = 10−1. (Computations based
on other k values brought about a small change in the radial interval that maxz |uθ| =
10−1 was realised.) The rms of the roughness decreases by an order of ten monotonically
down figure 13, with hrms = 10−2 and 10−4 in figures 13(a) and 13(c), respectively. Solid
blue line-types depict results based on the mean amplitude Ā, while the remaining two
line-types give an indication of the spread of solutions, with the disturbance amplitude
set to Ā ± σ. Results indicate that maxz |uθ| = 10−1 is realised about the successive
radial intervals r ∈ [418, 450], [460, 485] and [495, 520], for the three respective hrms
values modelled. This was extended to r ∈ [528, 550] and [560, 583] for hrms = 10−5

and 10−6, respectively. Hence, for a fixed hrms there is a short annular region in which
we might expect the stationary crossflow vortex, established by surface roughness, to
achieve amplitudes sufficient to invalidate the linear stability assumptions and bring
about nonlinear effects. Furthermore, results clearly demonstrate that a smooth disc
will delay the onset of convective induced transition to larger radii, which may allow
the absolutely unstable mechanism to develop and play a role in the laminar-turbulent
transition process.

The radial location ruθ=0.1 is plotted in figure 14 as a function of hrms. Calculations
are again based on the adjoint predictions presented in figure 12 for n = 32. The first
illustration, figure 14(a), gives an indication of the spread of ruθ=0.1 for the case where
the power law coefficient k = 1. The second plot, figure 14(b), depicts the effect of varying
the power law coefficient k. As expected, results show that the radial location ruθ=0.1

emerges further downstream as hrms decreases. Furthermore, for hrms ⩽ 10−2, the radius
ruθ=0.1 is approximated by the formula

ruθ=0.1 = c− d log10 hrms,

for positive valued constants c and d that are dependent on k. (Similar depictions of
ruθ=0.1 were realised for other stationary crossflow disturbances with different azimuthal
mode numbers.) Assuming that experimental roughness characteristics are known and
that the n = 32 crossflow mode is responsible for bringing about convective driven
transition, figure 14 and this particular logarithmic relationship may be used to predict
the radial range when transition in the rotating disc boundary layer is likely to occur,
or at least when nonlinear effects and other processes must be accounted for. Finally,
results imply that ruθ=0.1 occurs further downstream for larger valued k, which is to be
expected given our earlier observations: mean amplitudes Ā decrease as k increases.

The maximum absolute value of the azimuthal velocity perturbation field, maxz |uθ|, is
plotted in figure 15 for several azimuthal mode numbers n. Computations are again based
on the mean calculations presented in figure 12 for k = 1, while the roughness parameter
hrms is as indicated in the caption. The horizontal dotted line again specifies when
maxz |uθ| = 10−1. Solutions plotted in figure 15(a) indicate that the n = 26 crossflow
mode (solid blue line) attains this threshold value about r ≈ 400 when hrms = 10−2,
which is radially inboard of the locations that the other modes achieve this particular
amplitude. Thus, the n = 26 mode will be responsible for engineering the early stages
of transition in this instance. As hrms decreases, the stationary crossflow mode n that
first achieves the amplitude maxz |uθ| = 10−1, increases. For hrms = 10−3 and 10−4,
crossflow modes n = 28 (dashed red) and 30 (chain yellow) are the first to attain the
linear-nonlinear threshold amplitude about the respective radial positions r ≈ 450 and
500.

Contours of the radius ruθ=0.1 are plotted in figure 16 in the (n, hrms)-plane, for those
roughness settings given in figure 12 and k = 1. Blue contour levels correspond to radii
r ∼ 400, while red contours are matched to r ∼ 600. The illustration further supports
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Figure 14. The radius r that the maximum absolute value of the azimuthal velocity
perturbation field, maxz |uθ| = 10−1, for n = 32 and those roughness parameters given in
figure 12. (a) Calculations are based on the mean amplitude Ā and standard deviation σ for
k = 1. (b) Calculations are based on Ā and variable k.

our above comments that azimuthal mode numbers on the interval 25 ⩽ n ⩽ 30 will most
likely bring about nonlinear effects when the roughness parameter hrms ⩾ 10−4. However,
for smaller valued hrms, larger valued azimuthal mode numbers (such as n = 32) grow
at a faster rate and attain amplitudes maxz |uθ| = 10−1 earlier. Hence, these particular
stationary crossflow instabilities will play a greater role in the early stages of laminar-
turbulent transition on a clean rotating disc.
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Figure 15. Maximum absolute value of the azimuthal velocity perturbation field, maxz |uθ|,
as a function of the radius r for variable azimuthal mode numbers n and (a) hrms = 10−2;
(b) hrms = 10−3; (c) hrms = 10−4. Mean amplitudes Ā are based on those roughness
parameter settings given in figure 12 when k = 1. The horizontal dotted line corresponds to
maxz |uθ| = 10−1.

6. Conclusions
The receptivity of the rotating disc boundary layer to surface roughness was in-

vestigated using adjoint methods. The adjoint linearised Navier–Stokes equations in
cylindrical coordinates were derived and receptivity characteristics were computed using
a fully equivalent velocity-vorticity formulation (that is based on the numerical scheme
developed by Davies & Carpenter 2001). Stationary crossflow vortices were excited
by surface roughness that was modelled using a two-dimensional Fourier cosine series
(5.4) and implemented via a linearisation of the no-slip condition. Each roughness
distribution was scaled on its respective root-mean-square (rms) and composed of many
roughness length scales (both long and short) that establish distinct surface distributions.
Randomness was modelled by assigning each roughness length scale a randomly generated
amplitude and phase shift. Furthermore, roughness amplitudes were scaled using a power
law (5.5) that was characterised by a coefficient k, that ensures the energy of the power
spectral density was primarily found in the longer roughness wavelengths (Van Deusen
1967). A receptivity formula, based on adjoint perturbation fields, was formulated and
used to predict the receptivity or initial amplitude of the stationary crossflow instabil-
ity established by surface roughness. The amplitude of the disturbance, generated by
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Figure 16. Contours of the radius ruθ=0.1 in the (n, hrms)-plane that the maximum absolute
value of the azimuthal velocity perturbation field, maxz |uθ| = 10−1. Mean amplitudes Ā are
based on those roughness parameter settings given in figure 12 when k = 1

surface roughness, is then instantaneously determined by a simple integration of known
quantities; normalised adjoint vorticity fields and the roughness shape. Thus, the adjoint
approach for receptivity offers huge computational and time advantages over slower LNS
based receptivity strategies.

Adjoint perturbation fields, required to predict receptivity, were considerably larger
about the radial range that the stationary crossflow instability first appears. Indeed,
receptivity was significantly enhanced by surface roughness located about this annular
region. This behaviour is consistent with observations on a swept wing (Radeztsky et al.
1999), where the receptivity of stationary crossflow vortices is strongest near the leading-
edge.

A Monte-Carlo type uncertainty quantification analysis was undertaken, whereby
many thousands of roughness distributions were randomly generated and disturbance
amplitudes determined. Receptivity characteristics were averaged over all roughness re-
alisations to compute the expected mean amplitudes and spread. Disturbance amplitudes
were noticeably enhanced by roughness distributions that include short roughness scales
equivalent to the wavelength of the stationary crossflow instability. Very short roughness
scales, approximately half a crossflow vortex wavelength and less, were found to have a
negligible effect on the receptivity process, which were further diminished as the power
law coefficient k increases. Furthermore, mean amplitudes increased significantly for
roughness elements fixed about the radial interval 200 ⩽ r ⩽ 400, while receptivity
was less affected by surface roughness located further outboard.

The onset of the nonlinear stage in the laminar-turbulent transition process was esti-
mated by coupling the adjoint predictions for the mean amplitude with the radial growth
of the stationary crossflow instability. The rms of the roughness was varied to determine
the effects on transition brought about by this convectively unstable disturbance. It
was assumed that the linear stability assumptions were invalid and nonlinear effects
emerged about the radial location that the azimuthal velocity perturbation field attained
a magnitude of order 10−1. Results suggest that for relatively large roughness rms values
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(greater than 10−4), stationary crossflow modes n ⩽ 30 will achieve the linear-nonlinear
threshold first, and thus, will be responsible for the appearance of nonlinear behaviour
and engineering transition to turbulence. However, for smaller rms values that might be
more representative of a clean rotating disc, marginally larger crossflow modes, n ⩾ 32,
were first to attain the threshold amplitude. Hence, these modes are expected to be
significant in bringing about the latter stages of transition on a clean disc, which is
consistent with many experimental and numerical observations.

The current investigation focuses on the development of stationary crossflow dis-
turbances in the infinite rotating disc boundary layer, which are assumed here to be
responsible for the early stages of laminar-turbulent transition. The growth of travelling
crossflow waves established by acoustics or freestream vortex structures, and mechanisms
linked to local absolute instability (Lingwood 1995), linear globally unstable disturbances
(Thomas & Davies 2018) and disc edge effects (Healey 2010; Imayama et al. 2013; Pier
2013; Appelquist et al. 2015, 2016) were ignored. For very small roughness rms values,
the absolute route to turbulence may transpire (Imayama et al. 2016) as the convectively
growing crossflow instabilities may not achieve sufficiently large amplitudes until further
downstream. Additionally, the roughness model imposed in this study was assumed to
be periodic in the azimuthal direction. In real experiments, roughness will be fully three-
dimensional and may be localised in both the radial and azimuthal directions. Thus, for
future receptivity studies it will be necessary to extend the simplified two-dimensional
model (5.4) to three-dimensions, and determine the effect on the receptivity process and
disturbance amplitudes. Hence, to ascertain a greater understanding of the transition
process on a rotating disc, we suggest that the mean disturbance amplitudes computed
herein and from a fully three-dimensional roughness study be used as initial conditions in
a fully global nonlinear instability investigation. The radial region that nonlinear effects
can be expected to ensue can then be determined more precisely (as opposed to the
estimates made above). Furthermore, by combining real profile measurements of a disc
surface (made using a profilometer) with the adjoint receptivity formulation, it may be
possible to specify the exact power spectral densities in the roughness model (5.4) and
hence compute the expected mean disturbance amplitudes for experimental studies on
the rotating disc.
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