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a b s t r a c t

We operationalise the theoretical modelling of Marín-Solano and Jorge Navas (2010), seeking to
understand the consequences for optimal consumption, life insurance and annuity demand in a time
inconsistent world, by incorporating the insurance insights from Richard (1975). Richar, in particular,
has an elegant treatment of optimal annuity demand, rarely harnessed in the literature. Central
to Richard’s creation of demand for personal insurance is a bequest motive and, in addition to
implementing time inconsistency through hyperbolic discounting, our analysis is further expanded
to include naïve and sophisticated agents with a luxury bequest motive (Lockwood, 2012). Compared
to a more simplistic ‘necessity’ bequest framework, luxury bequests (broadly) weaken optimal life
insurance demand and strengthen optimal life annuity demand for the less wealthy. In contrast,
time inconsistency offers a wide spectrum of outcomes, and our modelling, calibrated to Swiss data,
contributes to understanding the annuity puzzle—observed low levels of (voluntary) purchases of life
annuities.

© 2020 Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Economic theory tells us that the ultimate annuitisation of
ealth is often the optimal choice for ageing consumers (Yaari,
965). However, widespread lack of demand for voluntary annu-
ties can be found around the world, a fact often known as the
‘annuity puzzle’’. Exceptions exist, complicating the search for
xplanations—the Swiss voluntarily buy annuities.
The literature suggests several explanations for this puzzle.

riedman and Warshawsky (1990), as well as Bernheim (1991),
isted the bequest motive as one potential explanation for the
nnuity puzzle; access to social security is also mentioned as
nother potential explanation. Following these studies, Iskhakov
t al. (2015) developed a life-cycle model for optimal annuity
urchases and further found that having access to social security,
uch as a means-tested age pension, can diminish the demand
or both immediate and deferred annuities. Ameriks et al. (2011)
ound that aversion to public care has significant impacts on an-
uitisation by households. Finkelstein and Poterba (2004) argued
he lack of actuarially fair annuities is a reasonable explanation
or low participation in the voluntary annuity market. Explana-
ions for low annuity demand, such as access to social security,
nnuity loads and bequest motives, were analysed in Horneff
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et al. (2008) using a life-cycle model with fixed-payment an-
nuities. The Swiss exception to the world trend is also treated:
Avanzi (2010) listed several potential reasons to explain the high
level of voluntary annuitisation in Switzerland, while Bütler and
Teppa (2007) presented an empirical study treating the broad
Swiss annuitisation decision at retirement.

Another possible explanation is that people realise their pref-
erences will change over time and they do not want to lock
themselves into a long-term product like an annuity. It is widely
accepted that these individual preferences play a crucial part in
solving the optimal life insurance and annuity demand puzzle.
Various authors have suggested that the strategies adopted by
individuals are time inconsistent. The causality and existence
of the time inconsistency of investors have been mentioned
and discussed in many areas, for example, psychology (Ainslie,
1992), game theory (Simaan and Cruz, 1973) and behavioural
economics (Strotz, 1955).

Where we have the time inconsistent behaviour of investors,
the measure of utility is not equally distributed over time. Un-
der such circumstances, hyperbolic discounting can be used to
deal with these preferences. The hyperbolic discount rate is a
decreasing function of time. More specifically, the hyperbolic dis-
count rate drops sharply over a short time period and decreases
steadily for a long time period. This feature can capture the
short-term dramatic change in the individual preferences of time

inconsistent agents.

D license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Using a hyperbolic discount rate in a model which includes
ife insurance and annuity choice, such as Richard (1975), one
an study the optimal consumption and life insurance product
hoices for individuals with time inconsistent preferences. This
pproach also offers insight into the annuity puzzle for such
gents. Richard’s model (Richard, 1975) has its roots in that of
erton (1969, 1971) who proposed a model of stochastic optimal
ontrol for maximising the expected utility of intertemporal con-
umption and bequest wealth. In Merton’s model, the return on
he risk-free asset is constant while the returns on the risky asset
ollow geometric Brownian motion. For investors allocating re-
ources dynamically between consumption and investment who
im to maximise their expected utility, closed-form results for
onstant relative risk aversion (CRRA) and constant absolute risk
version (CARA)-type utility functions were obtained by using the
odel in Merton (1969, 1971).
Following Merton’s work, Richard (1975) included life insur-

nce decisions for the investor. The key insight contributed by
ichard is the life insurance and annuity demand1 of an investor
s related to the investor’s legacy and wealth. With a constant dis-
ount rate for deterministic wage income (Yaari, 1965), Richard
1975) derived closed-form results for maximising the expected
tility of an isoelastic investor by including the (known) dis-
ribution of her stochastic lifetime. The insurance demand in
ichard’s model was further studied by Pliska and Ye (2007)
ia numerical experiments. Purcal and Piggott (2008) offered a
reatment of Richard’s model for time consistent agents with a
ecessary bequest motive; Kraft and Steffensen (2008) consider
nsuring income loss following disability and unemployment.

In earlier work, bequests were assumed to be luxury goods
Atkinson, 1971). This assumption is backed by empirical data
hich suggest that the bequest motives of investors are impacted
y their wealth levels (Lockwood, 2012). Auten and Joulfaian
1996) and Hurd and Smith (2002) argued that the bequest mo-
ive is related to the wealth and the income of investors. Menchik
1980) showed the existence of luxury-type bequests via the
stimated elasticity of the bequest. De Nardi (2004), Ameriks et al.
2011) and Lockwood (2012) pointed out that the assumption of
uxury-type bequests is matched by empirical data. Ding et al.
2014) generalised Merton’s model by assuming that bequests are
uxury goods.

Both Merton’s and Richard’s models were built on the time
onsistent preferences of investors—the discount factor in the
tility function is exponential with a constant rate. Strotz (1955)
rgued that the preferences of an investor are time inconsis-
ent as the behaviour of the investor is dynamic and their pre-
ommitment optimal strategy of the investor might be violated.
ollak (1968) categorised agents into two groups: ‘‘naïve’’, that
s, agents who are not aware of their time inconsistent behaviour
nd who always try to pre-commit their future behaviours (and
ail) and ‘‘sophisticated’’, that is, agents who recognise their time
nconsistent preferences and adopt a consistent plan. Within the
ramework of time inconsistent preferences, Marín-Solano and
avas (2010) and Marín-Solano et al. (2013) extended Merton’s
odel and provided optimal consumption and portfolio rules

or ‘‘naïve’’ and ‘‘sophisticated’’ agents via a standard Hamilton–
acobi-Bellman (HJB) equation and a modified HJB equation, re-
pectively.
In this paper we seek to explain for the annuity puzzle and

ts exceptions. While we believe the problem is the result of the
nteraction of various factors we have focused on two factors:
ime inconsistent behaviour and luxury-type bequests. Drawing
n the work of Marín-Solano and Navas (2010) and Marín-Solano

1 Importantly, note the subtle point that one can view annuity demand as
egative life insurance.
81
et al. (2013), we extend Richard’s model for the entire lifespan to
include a hyperbolic discounting factor to capture the time incon-
sistent preference of agents. We further generalise the model by
allowing bequests to be luxury goods. Two extreme cases of agent
behaviour, that is, naïve and sophisticated are studied. Hump-
shaped consumption as evidenced by empirical data (Gourinchas
and Parker, 2002; Fernández-Villaverde and Krueger, 2007) is
found in the naïve case. Further, the model generates results
consistent with both the annuity puzzle and its exceptions, like
the case of Switzerland.

While the optimal life-cycle consumption problem has been
considered in a time-inconsistent setting (De-Paz et al., 2014;
Jensen and Steffensen, 2015), it has been almost exclusively fo-
cused on the life insurance part of the life cycle; annuities have
not been treated. Further, while bequests have been included
in this problem (Bruhn and Steffensen, 2011), it has almost ex-
clusively focused on time consistency; time inconsistency has
not been treated. This paper tackles the life-cycle consumption
problem with life insurance, annuities and time-inconsistency, as
well as incorporating a more realistic luxury bequest function,
which has been little-used in the insurance literature.

In Section 2, the HJB equations for naïve and sophisticated
agents are derived. Inspired by Ekeland et al. (2012), a numerical
scheme is developed to generate numerical results in Section 3.
Section 4 concludes.

2. Model and method

Richard (1975) proposed a generalised version of the Merton
(1969) model, by allowing for insurance demand. In Richard’s
model, an agent is assumed to maximise intertemporal consump-
tion and terminal bequest utility

max
C,L

{
E

[∫ T

t
U1(C(s), s)ds + U2(L(T ), T )

]}
, (2.1)

where T is the uncertain time of death and U1, C , L and U2 are
utility, consumption, legacy at death and utility from the bequest
of the agent, respectively. The legacy amount, L, quantitatively
describes agent’s desired amount of bequest.

The key insight here is that the demand for insurance products
can be described by the interaction between the legacy amount
control variable L(t) and the total wealth state variable W (t).
When optimal legacy cost exceeds wealth, that is L(t) > W (t),
individuals should purchase life insurance for bequest purposes.
When wealth is greater than legacy cost, that is W (t) > L(t),
individuals have more wealth than they need for bequest pur-
poses and they would then purchase an annuity to maximise their
utility (Yaari, 1965). In Richard (1975), the lifetime of an agent is
assumed to follow a known distribution with the force of mortal-
ity (hazard rate) µ(t) and survival probability S(t), respectively.
Both µ(t) and S(t) have the condition of being non-negative.
Hence, the premium rate P(t) for actuarially fair insurance is

P(t) = µ(t) [L(t) − W (t)] . (2.2)

When L(t) > W (t) (i.e., we have P(t) > 0) the wealth amount
is below the desired bequest amount, and retirees must purchase
life insurance to cover this shortage. On the other hand, when
W (t) > L(t) (i.e., we have P(t) < 0) the agent has funds surplus to
the desired legacy amount, and we assume the agent takes a short
position in life insurance: P(t), the premium they receive, is akin
to the annual rate of life annuity payments. In this way, negative
P(t), driven as it is by the returns and other factors underlying
the wealth process, is broadly similar to an immediate variable
or with profits life annuity (Purcal and Piggott, 2008).

We assume the agent can invest in two assets, one risky
and one risk-free. The dynamics of the price of the risky
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sset Xt , t ≥ 0, are given by the following geometric Brownian
otion,

Xt = αXtdt + σXtdBt , X0 = X, (2.3)

here α is the risky asset return rate, σ is the volatility of the
isky asset return rate and Bt is a one-dimensional Brownian
motion defined on a complete probability space (Ω, F, P). Here,
Ω is the sample space, F is the σ -algebra and P is a real-world
probability measure. Both α and σ must be non-negative.

At each moment, the agent chooses consumption amount C(t),
he insurance premium amount P(t) and the proportion of wealth
to invest in risky assets π (t). The dynamics of the wealth W (t)
process can then be described as

dW (t) = −C(t)dt − P(t)dt + Y (t)dt + rW (t)dt

+ (α − r)π (t)W (t)dt + σπ (t)W (t)dBt , (2.4)

where Y (t) is the agent’s deterministic labour income rate and r is
the risk-free rate. Based on Eq. (2.2), we can see that positive in-
surance premiums indicate that retirees’ bequest motives exceed
their wealth level. Therefore, retirees will choose to purchase life
insurance which generates a negative drift on the dynamics of
wealth W (t), that is, −P(t), where P(t) > 0. Negative insurance
premiums indicate retirees’ wealth levels exceed their bequest
motives. Then, retirees will choose to purchase an annuity to
annuitise the difference between Z(t) and W (t), which generates
a positive drift on the wealth dynamics, that is, −P(t), where
P(t) < 0.

By introducing a hyperbolic discounting factor, the model
developed by Richard (1975) can be re-expressed as

V (W (t), t) = max
C(t),π (t),L(t)

E
∫ τ

t

S(s)
S(t)

θ (s−t) [U1(C, s) + µ(s)U2(L, s)] ds, (2.5)

fter applying Fubini’s theorem to Eq. (2.1), and where τ is the
aximum possible survival age. Here, V (W (t), t) is the value

unction and θ (t) is the hyperbolic discount factor. Eq. (2.5) is
hen subject to the dynamic wealth constraint

W (t) = [(α − r)π (t)W (t) + r · W (t) + Y (t) − C(t) − P(t)]dt

+ π (t)σW (t)dBt . (2.6)

Power utility functions are adopted in this paper for both the
tility of consumption and bequest, that is,

1(C(t), t) =
C(t)γ

γ
,

U2(L(t), t) = m(t)1−γ [L(t) + m(t)υ · (W (t) + b(t))]γ

γ
, (2.7)

here γ is a constant reflecting the risk-aversion level of an
gent,

(t) ≡
2
3

∫ τ

t
e−r(u−t)du, (2.8)

s employed as an annuitisation factor for the bequest motive and

(t) =

∫ τ

t
Y (s)

S(s)
S(t)

e−r(s−t)ds, (2.9)

epresents the capitalised value of future (deterministic) income.
q. (2.7) introduces a non-negative threshold item,m(t)υ ·(W (t)+
(t)), into the bequest utility function. This threshold is designed
o be the annuitised desired level of consumption—a feature
f luxury bequests. Here, we assume that the desired level of
onsumption is a percentage, υ , of the sum of wealth and the cap-
talised value of future income. A non-negative optimal bequest
ill be motivated only if optimal consumption is greater than the
esired consumption level. In other words, we treat bequests as
82
uxury goods and agents with more wealth intend to leave more
equests (Lockwood, 2018).
We take the assumed form of m(t) in Eq. (2.8) from Purcal

nd Piggott (2008) who show, for the case of time consistent
onsumers with non-luxury bequest motives, that this choice
mplies a bequest motive leaving an annuitised payment to the
urviving spouse (assumed to be the same age as the agent) from
he date of death to the maximum age of the mortality table.
his annuity-certain pays two-thirds of the amount of optimal
onsumption at death, and thus approximates the social norm
f a two-thirds survivor benefit for such a time consistent case.
hile we do not know the closed form of the bequest implied
y this choice of m(t) for the time inconsistent case, we do know
hat as we move towards time consistency and away from luxury
equests, we move towards this social norm.
We adopt the model proposed in Barro (1999) for the hyper-

olic discount rate δ(t) and hyperbolic discount factor θ (t),

δ(t) = ρ + ζ exp(−ξ t), (2.10)

θ (t) = exp
(

−

∫ t

0
δ(u)du

)
= exp

{
−ρt −

ζ

ξ
[1 − exp(−ξ t)]

}
, (2.11)

here ρ is the long-run rate of time preference, ζ is the degree
f impatience and ξ is the constant rate of impatience decline.
From Eq. (2.5), we have

(W (t), t) = max
C(t),π (t),L(t)

E
[∫ τ

t

S(s)
S(t)

θ (s − t)F (C, L, s)ds
]

, (2.12)

here F (C, L, s) = U1(C, s) + µ(s)U2(L, s).

.1. Dynamic programming: the two cases

In the naïve case, the agent solves Eq. (2.5) to obtain a strategy
or consumption, insurance and investment at any time t . With
nrealised time inconsistent preferences, the previously decided
trategy of this naïve agent is always reconsidered and modified
fter a very short period of time. Following Marín-Solano and
avas (2010) and Marín-Solano et al. (2013), the derivation of
he HJB equation with hyperbolic discounting for the naïve case
s given below.

At time t , the agent has the value function

(W (t), t) = max
C(t),π (t),L(t)

E
[∫ t+ϵ

t

S(s)
S(t)

θ (s − t)F (C, L, s)ds
]

+ max
C(t),π (t),L(t)

E
[∫ τ

t+ϵ

S(s)
S(t)

θ (s − t)F (C, L, s)ds
]

. (2.13)

For small ϵ, that is, ϵ2
≈ 0, we can have, recalling Eqs. (2.10)

and (2.11),

S(t + ϵ) = S(t)(1 − µ(t)ϵ)

nd

(s − t) = exp
{
−ρ(s − t) −

ζ

ξ
[1 − exp (−ξ (s − t))]

}
= exp

{
−ρϵ +

ζ

ξ
exp(ξ t) [exp(−ξ s) − exp(−ξ (s − ϵ))]

}
× exp

{
−ρ(s − t − ϵ) −

ζ

ξ
[1 − exp (−ξ (s − t − ϵ))]

}
≈ exp [−ρϵ − ζ exp (ξ t) ϵ] θ (s − t − ϵ)

≈ (1 − δ(t)ϵ)θ (s − t − ϵ). (2.14)

Hence,
S(s)
S(t)

θ (s − t) ≈
S(s)

S(t + ϵ)
(1 − µ(t)ϵ)(1 − δ(t)ϵ)θ (s − t − ϵ)

≈ (1 − µ(t)ϵ − δ(t)ϵ)
S(s)

θ (s − t − ϵ). (2.15)

S(t + ϵ)
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q. (2.13) can now be written as

(W (t), t) = max
C(t),π (t),L(t)

E
[∫ t+ϵ

t

S(s)
S(t)

θ (s − t)F (C, L, s)ds
]

+(1 − δ(t)ϵ − µ(t)ϵ)V (W (t + ϵ), t + ϵ). (2.16)

Using Itô’s lemma and Eq. (2.4), V (W (t + ϵ), t + ϵ) can be shown
o be

(W (t + ϵ), t + ϵ) = V (W (t), t) + Vt (W (t), t)ϵ

+ VW (W (t), t)[(α − r)π∗(t)W (t) + r · W (t) + Y (t)

− C∗(t) − P∗(t)]ϵ +
1
2
VWW (W (t), t)π∗2W (t)2σ 2ϵ,

(2.17)

where C∗(t), π∗(t) and P∗(t) are optimal consumption, optimal
portfolio investment proportion and optimal insurance premium,
respectively. We also define Vt (W , t) = ∂V (W , t)/∂t , VW (W , t) =

∂V (W , t)/∂W and VWW (W , t) = ∂2V (W , t)/∂W 2.
By substituting Eq. (2.17) into Eq. (2.16), the standard HJB

equation for the naïve agent at time s is now

δ(s)V (W (s), s)ϵ + µ(s)V (W (s), s)ϵ − Vs(W (s), s)ϵ

= max
C(s),π (s),L(s)

E
[∫ s+ϵ

s

S(u)
S(s)

θ (u − s)F (C, L, u)du
]

+ VW (W (s), s)[(α − r)π∗(s)W (s) + r · W (s) + Y

− C∗(s) − P∗(s)]ϵ +
1
2
VWW (W (s), s)π∗2W (s)2σ 2ϵ.

(2.18)

Dividing Eq. (2.18) by ϵ and taking the limit ϵ → 0, we now have

δ(s)V (W (s), s) + µ(s)V (W (s), s) − Vs(W (s), s)

= F (C∗, L∗, s) + VW (W (s), s)[(α − r)π∗(s)W (s) + r · W (s)

+ Y (s) − C∗(s) − P∗(s)] +
1
2
VWW (W (s), s)π∗2W (s)2σ 2,

(2.19)

where L∗ is the optimal legacy cost.
If there is no commitment, a naïve agent at time t = 0 will

take action based on the solution of Eq. (2.19) for a short time
period, that is, ϵ. Then, at time t = ϵ, the naïve agent will change
this decision to the solution of

δ(s − ϵ)V (W (s), s) + µ(s)V (W (s), s) − Vs(W (s), s)

= F (C∗, L∗, s) + VW (W (s), s)
[
(α − r)π (s)W (s) + r · W (s)

+ Y (s) − C∗(s) − P∗(s)
]
+

1
2
VWW (W (s), s)π∗2W (s)2σ 2.

herefore, generally, the solution for the naïve case is this solu-
ion from the family of HJB equations,

(s − t)V (W (s), s) + µ(s)V (W (s), s) − Vs(W (s), s)

= F (C∗, L∗, s) + VW (W (s), s)[(α − r)π∗(s)W (s) + r · W (s)

+ Y (s) − C∗(s) − P∗(s)] +
1
2
VWW (W (s), s)π∗2W (s)2σ 2.

(2.20)

Sophisticated agents notice that their behaviour can be time
inconsistent. Their optimal strategy is time consistent which is
based on an equilibrium of a series of future behaviours. For the
sophisticated case, however, the strategy adopted by the agent
at one time point is related to the strategy at the next time
point (Marín-Solano and Navas, 2010). Hence, we first study the
sophisticated case in discrete time and then move on to consider
continuous time. We can discretise Eq. (2.13) by dividing (0, τ )
into N time periods of a very short length ϵ, where ϵ2

≈ 0. Setting
83
dt ≡ ϵ and t ≡ jϵ, we have

(W (j), j) = max E

[N−j∑
i=0

S(i + j)
S(j)

θ (i)F (C, L, i + j)

]
ϵ

= max E [F (C, L, j)] ϵ

+max E

[N−j−1∑
i=1

S(i + j)
S(j)

θ (i)F (C, L, i + j)

]
ϵ

+max E
[
S(N)
S(j)

θ (N − j)F (C, L,N)
]

ϵ. (2.21)

lso, we have

(W (j + 1), j + 1) = max E

[N−j−2∑
k=0

S(k + 1 + j)
S(j + 1)

θ (k)F (C, L, k + 1 + j)

]
ϵ

+ max E
[

S(N)
S(j + 1)

θ (N − j − 1)F (C, L,N)
]

ϵ. (2.22)

By substituting Eq. (2.22) into Eq. (2.21), it can be shown that

S(j)θ (N − j − 1)V (W (j), j) − S(j + 1)θ (N − j)V (W (j + 1), j + 1)

= S(j)θ (N − j − 1)max E [F (C, L, j)] ϵ

+ θ (N − j − 1)max E

[N−j−1∑
i=1

S(i + j)θ (i)F (C, L, i + j)

]
ϵ

− θ (N − j)max E

[N−j−2∑
k=0

S(k + 1 + j)θ (k)F (C, L, k + 1 + j)

]
ϵ.

(2.23)

Using Itô’s lemma, V (W (j + 1), j + 1) then becomes

V (W (j + 1), j + 1) = V (W (j), j) + Vt (W (j), j)ϵ
+ VW (W (j), j)[(α − r)π∗(j)W (j) + r · W (j) + Y

− C∗(j) − P∗(j)]ϵ +
1
2
VWW (W (j), j)π2(j)W 2(j)σ 2ϵ. (2.24)

sing Eq. (2.24), we can simplify Eq. (2.23) to

(S(j)θ (N − j − 1) − S(j + 1)θ (N − j)) V (W (j), j)
= K ϵ + S(j)θ (N − j − 1)max E [F (C, L, j)] ϵ

+ S(j + 1)θ (N − j)VW (W (j), j)[(α − r)π∗(j)W (j)ϵ
+ r · W (j) + Y − C∗(j) − P∗(j)] + Vt (W (j), j)ϵ

+
1
2
S(j + 1)θ (N − j)VWW (W (j), j)π∗2(j)W 2(j)σ 2ϵ, (2.25)

here

= max
[
E

N−j−1∑
i=1

S(i + j)
[
θ (N−j−1)θ (i)−θ (N−j)θ (i − 1)F (C, L, i+j)

]]
.

ere, as θ (k) = exp(−
∫ kϵ
0 δ(s)ds), we can write that θ (N − j) =

(N − j − 1)[1 − δ(N − j)ϵ] and θ (k) = θ (k − 1)[1 + δ(k)ϵ]. By
ividing Eq. (2.25) by ϵ and taking the limit ϵ → 0, we then have
he modified HJB equation for the sophisticated case,

(τ − t)V (W (t), t) + µ(t)V (W (t), t) − Vt (W (t), t)
= U1(C∗, t) + µ(t)U2(L∗, t) + K (t)

+VW (W (t), t)
[
(α − r)π∗(t)W (t)

+r · W (t) + Y (t) − C∗(t) − P∗(t)
]

+
1
2
VWW (W (t), t)π∗2(t)W 2(t)σ 2, (2.26)

where

lim
ϵ→0

S(j)θ ((N − j − 1)) − S((j + 1))θ (N − j)
ϵ

= lim
θ (N − j − 1)(S(j) − S(j + 1)) + θ (N − j − 1)δ(N − j)S(j + 1)ϵ
ϵ→0 ϵ



J. Zhang, S. Purcal and J. Wei Insurance: Mathematics and Economics 101 (2021) 80–90

a

K

a

h

d

= lim
ϵ→0

[
θ (N − j − 1)

(S(j) − S(j + 1))
ϵ

+ θ (N − j − 1)δ(N − j)S(j + 1)
]

= θ (τ − t)S(t)µ(t) + θ (τ − t)δ(τ − t)S(t),

lim
ϵ→0

θ (N − j − 1)θ (i) − θ (N − j)θ (i − 1)
ϵ

= lim
ϵ→0

θ (N − j − 1)θ (i) − θ (N − j − 1)θ (i)(1 − δ(N − j)ϵ)(1 + δ(i)ϵ)
ϵ

= lim
ϵ→0

θ (N − j − 1)θ (i)(δ(N − j) − δ(i))

= θ (τ − t)θ (s − t)(δ(τ − t) − δ(s − t))

nd

(t) = E
∫ τ

t

S(s)
S(t)

θ (s − t) [δ(τ − t) − δ(s − t)]

×
[
U1(C∗, s) + µ(s)U2(L∗, s)

]
ds. (2.27)

Different to the naïve agent, who modifies decisions at each time
point without the consideration of future inconsistent behaviours,
a sophisticated agent makes a decision at the start of the decision
period (i.e., τ − t) and considers future utility.2

2.2. Optimal behaviour for time inconsistent agents

Here we consider the ansatz for the value function,

V (W , t) = a(t)
(W (t) + b(t))γ

γ
, (2.28)

where a(t) is defined as an annuitisation factor or marginal
propensity of consumption.

From Eqs. (2.20) and (2.26) and the first-order condition, the
optimal consumption, optimal portfolio investment proportion
and optimal legacy amount can be obtained as follows,

C∗(t) = a(t)
1

γ−1 (W (t) + b(t)),

π∗(t) =
α − r

(1 − γ )σ 2

(W (t) + b(t))
W (t)

,

and L∗(t) = m(t)[C∗(t) − υ(W (t) + b(t))]

= m(t)a(t)
1

γ−1 (W (t) + b(t)) − m(t)υ · (W (t) + b(t)). (2.29)

As a negative legacy, that is, a negative bequest motive, is not
allowed in most jurisdictions, we adopt the constraint: υ ≤

a(t)
1

γ−1 .
Hence, with Eq. (2.7), the utility functions of optimal consump-

tion and legacy can be shown to be,

U1(C∗(t), t) =
a(t)

γ
γ−1 (W (t) + b(t))γ

γ
,

nd U2(L∗(t), t) =
m(t)a(t)

γ
γ−1 (W (t) + b(t))γ

γ
. (2.30)

Based on Eq. (2.2), the optimal premium amount P∗(t) is then

P∗(t) = (L∗(t) − W (t))µ(t)

= µ(t)m(t)(a(t)
1

γ−1 − υ)(W (t) + b(t)) − µ(t)W (t). (2.31)

As mentioned before, we define Vt (W , t) = ∂V (W , t)/∂t ,
VW (W , t) = ∂V (W , t)/∂W and VWW (W , t) = ∂2V (W , t)/∂W 2,
respectively. Then, from Eq. (2.28), we have

VW (W , t) = a(t)(W (t) + b(t))γ−1,

VWW (W (t), t) = (γ − 1)a(t)(W (t) + b(t))γ−2

and Vt (W , t) = a′(t)
(W (t) + b(t))γ

γ
+ a(t)(W (t) + b(t))γ−1b′(t)

2 K (t) can be defined as the optimal expected discounted future utility.
84
= a′(t)
(W (t) + b(t))γ

γ

+a(t)(W (t) + b(t))γ−1
[−Y + (r + µ(t))b(t)]. (2.32)

For the naïve case, we put Eqs. (2.29), (2.30), (2.31) and (2.32)
into Eq. (2.20). Following same simplifications, we have

a′(s) + a(s)
[

(α − r)2

2σ 2(1 − γ )
γ + r · γ − µ(s)(1 − γ − γm(s)υ) − δ(s − t)

]
= − (1 + µ(s)m(s)) (1 − γ )a(s)

γ
γ−1 , (2.33)

where a(0) = 1 and a′(0) = 0.
Eq. (2.33) is a Bernoulli differential equation, and we define

a(s) = d(s)1−γ , (2.34)

where a′(s) = (1 − γ )d(s)−γ d′(s).
With Eq. (2.34), Eq. (2.33) can be written as

(1 − γ )d(s)−γ d′(s)+
[ (

(α − r)2

2σ 2(1 − γ )
+ r

)
γ

− µ(s)(1 − γ − m(s)υ) − δ(s − t)
]
d(s)1−γ

= − [1 + µ(s)m(s)] (1 − γ )d(s)−γ . (2.35)

Dividing Eq. (2.35) by (1− γ )d(s)−γ and multiplying by ς , we
ave

′(s)ς +

[(
(α − r)2

2σ 2(1 − γ )
+ r

)
γ

1 − γ

−µ(s)(1 − γ − m(s)υ) −
δ(s − t)
1 − γ

]
d(s)ς

= − [1 + µ(s)m(s)] ς, (2.36)

where ς = exp
[∫ s

0

(
(α−r)2

2σ2(1−γ )
+ r

)
γ

1−γ
− µ(u) +

γµ(u)m(u)υ
1−γ

−

δ(u−t)
1−γ

du
]
. Integrating both sides of Eq. (2.36) from t to τ yields

d(s) exp
[∫ s

0

(
(α − r)2

2σ 2(1 − γ )
+ r

)
γ

1 − γ

− µ(u) +
γµ(u)m(u)υ

1 − γ
−

δ(u − t)
1 − γ

du
] ⏐⏐⏐⏐τ

t

= −

∫ τ

t
[1 + µ(s)m(s)] exp

[ ∫ s

0

(
(α − r)2

2σ 2(1 − γ )
+ r

)
γ

1 − γ
− µ(u)

+
γµ(u)m(u)υ

1 − γ
−

δ(u − t)
1 − γ

du
]
ds. (2.37)

Eq. (2.37) can be further simplified

− d(t)S(t) exp
{(

(α − r)2

2σ 2(1 − γ )
+ r

)
γ

1 − γ
t

× exp

[
−ρt −

ζ

ξ
(1 − exp(−ξ t))

1 − γ

]

× exp
(∫ t

0

γµ(u)m(u)υ
1 − γ

du
)}

= −

∫ τ

t
[1 + µ(s)m(s)] S(s)

× exp
[(

(α − r)2

2σ 2(1 − γ )
+ r

)
γ

1 − γ
s
]

× exp
{

−ρs −
ζ

ξ
[1 − exp(−ξ s)]

1 − γ

}
× exp

(∫ s

0

γµ(u)m(u)υ
1 − γ

du
)
ds, (2.38)
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(t) =

∫ τ

t
(1 + µ(s)m(s))

S(s)
S(t)

θ (s − t)
1

1−γ

× exp
[(

(α − r)2

2σ 2(1 − γ )
+ r

)
γ

1 − γ
(s − t)

]
× exp

(∫ s

t

γµ(u)m(u)υ
1 − γ

du
)
ds.

Based on Eq. (2.34), the value of a(t) can now be found,

a(t) =

{∫ τ

t
(1 + µ(s)m(s))

S(s)
S(t)

θ (s − t)
1

1−γ

× exp
[(

(α − r)2

2σ 2(1 − γ )
+ r

)
γ

1 − γ
(s − t)

]
× exp

(∫ s

t

γµ(u)m(u)υ
1 − γ

du
)
ds

}1−γ

.

ith a closed-form result for a(t) and given the initial wealth
evel, we can obtain the optimal strategy for the naïve agent via
qs. (2.28), (2.29) and (2.31).
For the sophisticated case, substituting the optimal consump-

ion and bequest equation into the modified HJB equation,
q. (2.26), and multiplying both sides by γ yields

= a′(t)(W (t) + b(t))γ

+ a(t)
γ

γ−1 (W (t) + b(t))γ [(1 − γ ) + µ(t)m(t)(1 − γ )]

+ a(t)(W (t) + b(t))γ
[

1
2

(α − r)2

σ 2(1 − γ )
γ − (µ(t) + δ(τ − t))

+ (r + µ(t))γ + γµ(t)m(t)υ
]

+γ K (t), (2.39)

ogether with the wealth constraint

W (t) = [(α − r)π (t)W (t) + r · W (t) + Y − C(t) − P(t)]dt + π (t)σW (t)dBt

=

[
(α − r)2

(1 − γ )σ 2 + µ(t)m(t)υ − (1 + µ(t)m(t))a(t)
1

γ−1

]
(W (t) + b(t))dt

+ [(r + µ(t))W (t) + Y ] dt +
α − r

(1 − γ )σ
(W (t) + b(t))dBt . (2.40)

By letting W̃ (t) = W (t) + b(t), we then have

dW̃ (t) =

[
(r + µ(t)) +

(α − r)2

(1 − γ )σ 2 + µ(t)m(t)υ

−(1 + µ(t)m(t))a(t)
1

γ−1

]
W̃ (t)dt

+
[
−(r + µ)b(t) + b′(t) + Y

]
dt +

α − r
(1 − γ )σ

W̃ (t)dBt . (2.41)

rom Eq. (2.9), it follows that −(r + µ(t))b(t) + b′(t) + Y = 0.
herefore, we obtain

W̃ (t) =

[
(r + µ(t)) +

(α − r)2

(1 − γ )σ 2 + µ(t)m(t)υ

−(1 + µ(t)m(t))a(t)
1

γ−1

]
W̃ (t)dt

+
α − r

(1 − γ )σ
W̃ (t)dBt . (2.42)

The above equation is a geometric Brownian motion differential
equation for γ < 1 and W̃ (0) > 0. Hence, we have

W̃ (s)

W̃ (t)
= exp

{∫ s

t

[
(r − µ(t)) +

(α − r)2

(1 − γ )σ 2 −
(α − r)2

2(1 − γ )2σ 2 + µ(u)m(u)υ

− [1 + µ(u)m(u)]a(u)
1

γ−1

]
du +

α − r
(1 − γ )σ

(B(s) − B(t))
}
.

(2.43)
85
Putting Eqs. (2.30) and (2.43) into Eq. (2.27), it follows that

K (t) = (W (t) + b(t))γ
∫ τ

t

S(s)
S(t)

θ (s − t)(δ(τ − t)

− δ(s − t))
1
γ
(1 + µ(s)m(s))a(s)

γ
γ−1 g(s)ds, (2.44)

here g(s) = exp
{∫ s

t (r + µ(t))γ +
(α−r)2

(1−γ )σ2 γ + µ(u)m(u)υ · γ −

γ [1 + µ(u)m(u)]a(u)
1

γ−1 du
}
.

Based on Eqs. (2.39) and (2.44), we obtain the integro-
differential equation

0 = a′(t) + a(t)
γ

γ−1 [(1 − γ ) + µ(t)m(t)(1 − γ )]

+

∫ τ

t

S(s)
S(t)

θ (s − t)(δ(τ − t) − δ(s − t))

× (1 + µ(s)m(s))a(s)
γ

γ−1 g(s)ds

+ a(t)
{
1
2

(α − r)2

σ 2(1 − γ )
γ − [µ(t) + δ(τ − t)]

+(r + µ(t))γ + γµ(t)m(t)υ
}

. (2.45)

Drawing on the work of Ekeland et al. (2012), we develop a nu-
erical scheme to approximate the integro-differential equation,
q. (2.45). The existence and uniqueness and convergence of the
umerical scheme have been discussed in Ekeland et al. (2012),
here they point out the proofs thereof are an ongoing research
roject. Nevertheless, these authors have used these techniques
n their published work, as do we.

We write

(s) = exp
(∫ s

t
l + µ(u)(1 + m(u)υ)γ du

)(
A(s)
A(t)

)
, (2.46)

here

= r · γ +
(α − r)2

(1 − γ )σ 2 γ

nd

(s) = exp
{∫ τ

s
γ [1 + µ(u)m(u)]a(u)

1
γ−1 du

}
. (2.47)

We define tn = τ − n∆t , where ∆t = τ/N and the total number
f time units, N , are used to discretise the time interval [0, τ ];
q. (2.45) can be written as follows
′(tn) = a(tn)

γ
γ−1 [γ − 1 − µ(tn)m(tn)(1 − γ )]

−

∫ τ

tn

S(sn)
S(tn)

θ (sn − tn)(δ(τ − tn) − δ(sn − tn))

× (1 + µ(sn)m(sn))a(sn)
γ

γ−1 g(sn)dsn

+ a(tn)
[
−

1
2

(α − r)2

σ 2(1 − γ )
γ + µ(tn)

× + δ(τ − tn) − (r + µ(tn))γ + γµ(tn)m(tn)υ
]

.

e can write
′(tn) = a(tn)

γ
γ−1 [γ − 1 − µ(tn)m(tn)(1 − γ )]

+a(tn)
[
−

1
2

(α − r)2

σ 2(1 − γ )
γ + µ(tn) + δ(τ − tn)

−(τ + µ(tn))γ + γµ(tn)m(tn)υ
]

−

∫ τ

I(sn, tn)(1 + µ(sn)m(sn))a(sn)
γ

γ−1

(
A(sn)

)
dsn, (2.48)
tn A(tn)



J. Zhang, S. Purcal and J. Wei Insurance: Mathematics and Economics 101 (2021) 80–90

B
s
(

3

3

r
v
a
m
b
r
s
t
m

c
t
o
r
ξ

s
t
d

S
i

v
d

Table 1
Parameters used in the numerical results.
t = 30 τ = 100
α = 0.0757 r = 0.0244
ρ = 0.001925 σ = 0.18
Y = 81, 012 Swiss francs γ = −0.5
ξ = 0.5 ζ = 0.25
υ = 0 or 0.02 Retirement age = 65

where

I(sn, tn) =
S(sn)
S(tn)

θ (sn − tn)(δ(τ − tn) − δ(sn − tn))

× exp(l(sn − tn) +

∫ sn

tn
µ(u)(1 + m(u)υ)γ du).

For the sequence atn and Atn we have

a(tn+1) = a(tn) − a′(tn)∆t,

and

A(tn+1) = A(tn) − A′(tn)∆t

= A(tn) + γ (1 + µ(tn)m(tn))a(tn)
1

γ−1 A(tn)∆t, (2.49)

where A′(tn) = −γ (1 + µ(tn)m(tn))a(tn)
1

γ−1 A(tn). Eq. (2.48) can
then be discretised as follows

a(tn+1) = a(tn) − a(tn)
γ

γ−1 [γ − 1 − µ(tn)m(tn)(1 − γ )]∆t

− a(tn)
[
−

1
2

(α − r)2

σ 2(1 − γ )
γ + (µ(tn)

+δ(τ − tn)) − (r + µ(tn))γ + γµ(tn)m(tn)υ
]

∆t

− (∆t)2
n−1∑
j=0

I(tj, tn)(1 + µ(tj)m(tj))a(tj)
γ

γ−1

(
A(tj)
A(tn)

)
.

(2.50)

ased on Eqs. (2.28), (2.29) and (2.31), an optimal strategy for the
ophisticated case can be determined using the result of a(t) from
2.50).

. Numerical results

.1. Parameter values

We list the parameters values which are used for numerical
esults in Table 1. We calibrate our model to Swiss data, in
iew of the nation’s remarkable annuity behaviour. This is aimed
t showcasing the mathematical results above to explore their
erit in explaining life cycle consumption and insurance/annuity
ehaviour. It is for broad illustrative purposes only, and many
ealistic economic features are omitted (like taxation and social
ecurity).3 We present numerical results from a starting age of
= 30 to a limiting age of τ = 100. We use male population
ortality from the Swiss Federal Statistical Office (2005).
According to Barro (1999), the parameters used in Eq. (2.11)

an be calibrated to match the exponential model. Specifically,
he present value of a perpetuity contract under the exponential
r hyperbolic model should be no different. With an exponential
ate of 0.005 (Purcal and Piggott, 2008) and the suggested ζ and
value range from Barro (1999), we follow Tang et al. (2018)

3 Social security (government mandated annuity benefits) was explored in
imilar modelling in Purcal and Piggott (2008). They point out its impact is
o flatten, and extend to older ages, the total wealth distribution, increasing
emand for life insurance and reducing levels of annuitisation.
 a

86
to calibrate hyperbolic parameter values, finding ρ = 0.001925,
ζ = 0.25 and ξ = 0.5.

We set the risky asset return rate at α = 0.0757 (p.a.) and the
risk-free rate at r = 0.0244 (p.a.), based on the geometric mean
of the SIX Swiss Exchange Index (1990–2014) and the yield of
Swiss federal bonds over the last 25 years (1990–2014). From the
SIX Index, we also calculated the volatility over the last 25 years,
finding that σ = 0.18 (p.a.). In addition, we use the Swiss average
monthly wage (2009–2011) from the Swiss Federal Statistical
Office to obtain an annual income figure, Y = 81,012 Swiss
francs4—-which is also assumed to be the initial wealth amount.
In our model, agents are set to receive a constant annual income
of Y = 81,012 Swiss francs before retirement and no income,
that is, Y = 0, after retirement. Further, we take υ to be 0 or
0.02 to demonstrate the effect of luxury-type bequests. We set
the compulsory retirement age to 65.

The closed-form solution of Richard’s model for each control
variable is given in Eq. (2.29) for state variableW (t) and unknown
a(t). That section also provides the analytic solutions for a(t) for
both the naïve and sophisticated cases, thus yielding the value of
the control variables for given W (t).

From Eq. (2.42), the dynamics of combined wealth and cap-
italised income follow geometric Brownian motion. Simulation
was used to determine the expected value of the state and control
variables.5

3.2. Time consistent and inconsistent consumers compared

To explore the impact of time inconsistent preferences asso-
ciated with hyperbolic discounting we compare outcomes with
the time consistent preference case. Our results, interestingly,
typically show naïve and sophisticated agents as lying at op-
posite extremes of behaviour, with the time consistent agent
lying between. The exponential and hyperbolic discounting cases,
including the naïve and sophisticated cases are shown in Figs. 1
and 2(a). In Fig. 1, utility-maximising naïve agents consume more
than both sophisticated agents and agents with exponential dis-
counting in the early stages of life. As a consequence, naïve agents
have less wealth as they age, together with lower consumption.
In contrast, sophisticated agents consciously reduce their con-
sumption in their early years. Their sophisticated behaviour even
allows them to consume more in the later stages of their life
than agents with time consistent preferences (the exponential
discounting case). Their convex consumption pattern, however,
makes them less applicable in explaining real-world (concave)
data.

Fig. 2(a) shows naïve agents continue their demand for life
insurance for most of the lifetime, while sophisticated agents
and agents with time consistent preferences utilise their wealth
ultimately for annuitisation—recall, a positive premium amount
means demand for life insurance while a negative premium
amount means annuitisation. Again, with awareness of their
time inconsistent preferences, sophisticated agents end up with
wealth that is surplus to bequests and is used to purchase annu-
ities. If we consider the consistent preference as the benchmark,
Fig. 2(a) demonstrates that time-inconsistent preference can pro-
duce higher demand for annuity when agents have awareness
and can create demand for life insurance when agents do not have
the awareness.

4 This figure is the median male gross income in 2014 from the Swiss Federal
tatistical Office. Due to the complexity of the Swiss tax system, we use gross
ncome instead of net income.
5 Specifically, we average 10,000 simulated time paths to generate expected
alues. Our calculations show the relative mean error of wealth – standard error
ivided by the mean – is small, ranging from 0.007 to 0.028 for the chosen naïve
nd sophisticated parameters.



J. Zhang, S. Purcal and J. Wei Insurance: Mathematics and Economics 101 (2021) 80–90

Fig. 1. Expected consumption paths (on a log scale): the exponential discounting case (Cexp in legend) versus hyperbolic discounting cases (Cn and Cs in legend).
Compared to exponential and sophisticated cases, we see our naïve agents consume the most when young and least when old.

Fig. 2. Expected insurance premium paths.
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Fig. 3. Comparison of expected consumption between the naïve case without luxury-type bequest and the naïve case with luxury-type bequest.
.3. Luxury and non-luxury type bequests compared

.3.1. Expected consumption paths
Eq. (2.11) links time inconsistent preferences with the value

f the degree of impatience, ζ . Intuitively, we believe that agents
ith higher impatience are more ‘‘short-sighted’’ and so there
hould be a degree of over-consumption in the earlier stages of
ife. As shown in Fig. 3(a), when bequests are not luxury goods,
onsumption is greater among naïve agents with a higher ζ value
n the early stage of life. For agents who are less myopic, that
s, who have lower ζ values, consumption increases substantially
nd, in the later stages of life, overwhelms that of agents with
igher ζ values. Hump-shaped consumption appears for some ζ

alues, which matches the empirical data.6
Expected consumption paths of naïve agents with luxury-type

equests are given in Fig. 3(b). In contrast to Fig. 3(a), we observe
igher consumption peaks – almost 60% higher – when bequests
re treated as luxury goods.

.3.2. Expected insurance premium paths
The expected insurance premium paths for naïve agents with

ifferent ζ and υ values are shown in Fig. 4(a).7 Positive insur-
nce premiums follow from the requirement that the sum as-
ured should cover legacy costs. Negative premiums mean wealth
evels in excess of legacy costs, with the excess being used to pur-
hase annuities. For our naïve agents with (or without) luxury-
ype bequests, their higher impatience levels, that is, higher ζ

alues, mean higher life insurance premiums—they require higher
evels of life insurance. In most cases our naïve agents without
uxury-type bequests do not have the excess wealth needed for
nnuitisation and pay positive insurance premiums, as shown in
ig. 4(a). However, levels of life insurance fall when bequests
re luxury goods, as shown in Fig. 4(b). Indeed, our naïve agents
ith luxury-type bequests have lower bequest motives and con-
equently more excess wealth, and start to purchase annuities

6 For Switzerland, hump-shaped consumption is demonstrated in Swiss
ederal Statistical Office (2019).
7 Following Barro (1999), we set the ζ value to be either 0.2, 0.25, 0.3, 0.35

or 0.4 for our calculations.
 a
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as they age. The kinks seen around age 65 in Figs. 4(a) and
4(b) are produced by the transition from working to compulsory
retirement.

4. Conclusion

We have sought to provide a novel explanation for the annuity
puzzle. In all likelihood, the annuity puzzle and its exceptions
result from the interaction of a variety of factors. We have focused
on two factors, time inconsistent preferences and luxury-type
bequest motives.

Richard’s model was extended to a framework that can gen-
erate both a robust or a thin voluntary annuity market. The
main driver of the modelling presented to explain the annuity
puzzle or its exception turns out to be agents’ time inconsistent
preferences. We use a hyperbolic discounting factor to capture
time inconsistent behaviour.

Clearly there are other influences on agent’s choice of an-
nuitisation which are not captured in our model. These include
psychological bias, trust of the annuity provider and public social
security.8

While Marín-Solano et al. (2013) have also studied the optimal
strategies for agents with time inconsistent behaviours using the
Richard model, their focus is on the life insurance market in a con-
siderably more simplified setting. To obtain a more generalised
result, and help capture the exceptions to the annuity puzzle, we
further extend the Richard model to include luxury bequests. This
generalisation brings us closer to reality (Lockwood, 2012).

In treating time inconsistency we examine two extreme cases:
naïve and sophisticated. The dynamic programming equations of
both cases are derived and we use numerical schemes and simu-
lation of the wealth path to obtain numerical results. Our results
show different behaviours between naïve agents and sophisti-
cated agents in terms of consumption and insurance/annuity de-
mand. The behaviour of naïve agents with or without luxury-type
bequests modelled in this paper demonstrates over-consumption
in earlier life stages and under-consumption in later life stages

8 See, for example, Avanzi (2010), Brown and Diamond (2005) and Friedman
nd Warshawsky (1990).
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Fig. 4. Comparison of expected insurance premium between the naïve case without luxury-type bequest and the naïve case with luxury-type bequest.
ompared to sophisticated agents or time consistent agents. De-
and for life insurance to fulfil bequest motives is shown for
aïve agents without luxury-type bequests. Hump-shaped con-
umption appears in the naïve case with or without luxury-type
equests. In contrast, the behaviour of sophisticated agents re-
ults in lower consumption at younger ages relative to naïve
r time consistent agents, enough wealth for their bequest mo-
ives and consequentially annuitisation of excess wealth. The
ophisticated agents in the model are aware of their inconsistent
ehaviours and impatience level and accordingly adjust their
trategies.
Turning to empirical data, for example that of Japan9 or Aus-

ralia,10 where agents are observed to have hump-shaped con-
umption with no intention of purchasing voluntary annuities, we
ee that the naïve agent model captures such behaviour. Further,
t also captures the empirical data of the much smaller group
f nations, like Switzerland, where agents are observed to have
ump-shaped consumption and yet voluntarily annuitise wealth.
mpirical work on annuity demand based on a time inconsistent
aïve agent would appear warranted.
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