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This paper studies the joint effect of borrowing and short-sale constraints under hetero-

geneous beliefs and risk aversions. Although the constraints never simultaneously bind in

equilibrium, interesting economics emerge in the anticipatory effects of potentially future

binding constraints. In particular, the risk-free rate and Sharpe ratio experience endoge-

nous jumps at a critical state, where two equilibria coexist.Moreover, a short-sale ban can

lead to a lower stock price andhigher volatility depending on the relative tightness between

the constraints, and tightening the borrowing constraint during a short-sale ban can also

make returns more volatile. (JEL G11, G12)
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During economic downturns, investors are likely to face both tight borrow-
ing and short-sale constraints simultaneously. For example, following the
bankruptcy of Lehman Brothers on September 15, 2008, previously highly
leveraged investors faced severe borrowing constraints. According to
Dyugan-Bump et al. (2013), “spreads between Libor and overnight index
swap (OIS) rates rose to unprecedented levels as short-term credit markets
came under pressure, and credit default swap (CDS) spreads for many large
financial institutions soared. As institutions become unwilling to lend to each
other, the flow of credit in financial markets was severely disrupted.” At the
same time, there was a serious impediment to the short selling of U.S stocks.
On September 18, the U.S. Securities and Exchange Commission (SEC) im-
posed a permanent ban on naked short selling for all U.S. stocks and a
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temporary ban on all short sales in 797 financial stocks. Moreover, Diether,
Lee, and Werner (2009) show that during 2005 short selling accounted for
24%of the trading volume on theNewYork StockExchange and 31%of the
Nasdaq trading volume. However, during the short-sale ban, “emphshorting
activity in large-cap stocks subject to the ban drops by about 77%”
(Beohmer, Jones, andZhang, 2013). Our aim is to understand the joint effects
of borrowing and short-sale constraints in a parsimonious dynamic asset
pricingmodel. The current literaturemainly entertains one-constraintmodels
that examine the impact of short-sale and borrowing constraints separately,
which ignores the effect of their interaction.1 This paper fills this gap by
showing that market equilibrium can behave very differently in a double-
constrained economy compared to single-constrained economies.
We consider the Chabakauri (2015) one-tree Lucas (1978) economy pop-

ulated by two investors with heterogeneous risk aversions and heterogeneous
beliefs about the average rate of economic growth. The investors trade in a
risk-free bond and a risky stock that represents a claim to the stream of
dividends produced by the tree. We consider a double-constrained economy,
inwhich investors face both short-sale and borrowing constraints.We assume
the optimistic investor is more risk tolerant than the pessimistic investor, as
our analyses will show, both heterogeneity in preferences and beliefs play
important roles in generating empirically relevant implications for themodel.
Moreover, we use the consumption share of the optimistic investor as the
state variable, which measures the relative tightness between the two con-
straints. Intuitively, as the optimistic (resp. pessimistic) investor’s consump-
tion share increases, in order to clear the market, she must invest a smaller
(resp. larger) proportion of wealth in the risky stock and reduce the amount
of borrowing (resp. lending), thus she is less likely to exceed the borrowing
(resp. short-sale) limit. In the limit when the optimistic (resp. pessimistic)
investor’s consumption share approaches one, she must invest her entire
wealth in the stock in order to clear the market, in which case the borrowing
(resp. short-sale) constraint becomes redundant. We characterize market
equilibrium by the risk-free rate, market price of risk and stock return vola-
tility, all of which are functions of the state variable. Note that, as in
Chabakauri (2015), the constraints in our model are assumed to be constant
rather than time-varying to improve tractability. For the purpose of inter-
preting the results more intuitively in the context of financial crisis, we can
think of the model as an approximation to reality, where the borrowing and
short-sale constraints are highly persistent during crisis.
We distinguish between two scenarios in the double-constrained economy.

In the first scenario, the constraints are loose in the sense that there exists an

1 For example, Gallmeyer and Hollifield (2008) examines the effect of a marketwide short-sale ban, whereas
Kogan, Makarov and Uppal (2007), Gârleanu and Pedersen (2011), Chabakauri (2013), and Rytchkov (2014)
study the effect of a leverage and/or margin constraint.
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open interval of the state variable in which neither constraint binds. In this
scenario, the double-constrained economy can be viewed as a combination of
single-constrained and unconstrained economies. Intuitively, for sufficiently
low (resp. high) values of the state variable the double-constrained economy
resembles a borrowing-constrained (resp. short-sale-constrained) economy,
and for intermediate values of the state variable it resembles anunconstrained
economy. In the second and more interesting scenario, the constraints are
tight such that the aforementioned open interval at which neither constraint
binds no longer exists. The tight-constraint scenario arises in the double-
constrained economy whenever the optimistic and pessimistic investors’ op-
timal portfolios in an otherwise identical unconstrained economy violate the
borrowing and short-sale constraints simultaneously in an open interval of
the state variable. The natural questions that follow are whether or not the
two constraints can bind simultaneously, and what effects (if any) the inter-
action between short-sale and borrowing constraints have on market equi-
librium. This paper seeks to address these key questions.
We find that the two constraints never bind simultaneously, which gives

rise to a regime-switching phenomenon, whereby either the short-sale or the
borrowing constraint is binding for every state of the economy, and there
exists a critical value of the state variable where the binding constraint
switches. Counterfactually, if both constraints bind in an open interval,
investors’ portfolio weights must be constant, thus, by the market-clearing
condition (aggregate stock investment equals to aggregate wealth), their
wealth shares also must be constant in the same interval. However, this can-
not be true since any dividend shocks will lead to wealth fluctuations and a
redistribution of wealth shares among investors, who hold different portfo-
lios.2 The regime-switching phenomenon in the double-constrained economy
has interesting economic implications, which we outline and explain below.
We would also like to point out from the outset that these economic impli-
cations cannot be obtained by simply piecing together the insights from those
studies that consider the two constraints separately.
First, in the tight-constraint scenario, ourmodel predicts a positive jump in

the risk-free rate and a negative jump in the market price of risk (or Sharpe
ratio) at the critical state, where equilibrium switches from borrowing-
constraint binding to short-sale-constraint binding. Intuitively, two equilibria
coexist at the critical state, one with low risk-free rate and high Sharpe ratio
(borrowing-constraint-binding) and another with high risk-free rate and low
Sharpe ratio (short-sale-constraint-binding). Note that at the critical state,

2 Basak et al. (2008) and Hugonnier (2012) also identify multiplicity of equilibrium in a pure exchange economy,
however, through a differentmechanism. Basak et al. (2008) consider, in a two-period, two-state, two-goods and
one constrained investor economy, howportfolio constraints can dramatically enlarge the set of equilibria, while
Hugonnier (2012) shows how multiplicity of equilibria can arise in a multiasset economy when there exists a
bubble in the market portfolio. In contrast, the multiple equilibria in our model arise from the interaction effect
between borrowing and short-sale constraints, namely, switching from one binding constraint to another.

Review of Asset Pricing Studies / v 11 n 4 2021

888

D
ow

nloaded from
 https://academ

ic.oup.com
/raps/article/11/4/886/6132363 by M

acquarie U
niversity user on 01 D

ecem
ber 2021



although the optimistic and pessimistic investors’ optimal portfolios simul-
taneously hit their borrowing and short-sale limits, only one of the con-
straints can be binding, not both. For example, in the borrowing-
constrained binding equilibrium at the critical state, the pessimistic investor
optimally chooses her portfolio to coincide with the short-sale limit, not be-
cause the short-sale constraint is binding, but because of the low risk-free rate
and high Sharpe ratio. The opposite is true in the short-sale-constraint bind-
ing equilibrium at the critical state. Therefore, suppose a short-sale ban is
imposed on the financial market, the double-constraint model suggests that,
if the borrowing constraint were previously binding and the short-sale ban
causes a switch of the binding constraint, we would observe a positive (en-
dogenous) jump in the risk-free rate. This is consistent with the empirical
observations that the 3-month U.S. Treasury-bill rate rose by 20 basis points
(bps) on September 18 after the Securities and Exchange Commission (SEC)
announced a permanent ban on naked shorting in all U.S. stocks, and that
the 3-month Treasury-bill rate further rose by 76 bps on September 19 after
the SECannounced a temporary ban on all short sales in 797 financial stocks.
Second, our results reveal that the impact of a short-sale ban on the P/D

ratio depends on the relative tightness of the constraints. More specifically,
suppose a short-sale ban is imposed on a previously borrowing-constrained
economy, which leads to a switch of the binding constraint. Assume invest-
ors’ elasticity of intertemportal substitution, EIS< 1, P/D ratio can actually
decrease as a result of the ban in the neighborhood of the critical state. In
comparison, Chabakauri (2015) finds that, when EIS < 1, a short-sale ban
always increases the P/D ratio if imposed on a previously unconstrained
economy. Intuitively, near the critical state investors anticipate significant
probability of endogenous jumps in the risk-free rate and Sharpe ratio oc-
curring in the future due to switching of the binding constraint. In particular,
the anticipation of a positive jump in the risk-free rate can dominate the
optimal consumption decision of the more risk-averse (and pessimistic) in-
vestor, who perceives an improvement in investment opportunity set, and
thus consumes a relatively large fraction of wealth, which leads to a low
wealth-to-consumption (W/C) ratio that drives down the P/D ratio. The
anticipatory effects of the endogenous jumps become less significant away
from the critical state, in this case we find the same result as Chabakauri
(2015) that a short-sale ban increases the P/D ratio. Our results about the
behavior of P/D ratio in a double-constraint model can partially explain the
mixed empirical finding in Beber and Pagano (2013), about whether short-
sale bans during the 2007–2009 credit crisis served to support previously
falling stock prices.
Third, we find interesting dynamics of stock return volatility in the tight-

constraint scenario in the double-constrained economy, which are quite dis-
tinct from those in single-constrained economies. We find that, similar to the
impact on the P/D ratio, whether a short-sale ban increases or decreases stock
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volatility is state-dependent. In particular, returns are least volatile close to the
critical state. However, away from the critical state a binding short-sale ban
can actually increase volatility. The intuition for these results is ultimately
linked to anticipatory effects of the endogenous jumps in the risk-free rate
and Sharp ratio, and to the asymmetric responses of investors’ W/C ratios to
the change in the state variable near the critical state due to the heterogeneity
in their risk aversions. Therefore, heterogeneity in risk aversions and beliefs is
the key ingredient together with short-sale and borrowing constraints to ex-
plore the model’s full potential to better explain the empirical findings during
the financial crisis. Boehmer, Jones and Zhang (2013) find that, after the
short-sale ban became effective, price volatility increased for large-cap firms,
which is consistent with the model’s prediction on the effect on stock vola-
tility when the market is not too close to the critical state, and a (binding) no-
short-sale constraint is imposed on a previously borrowing-constrained
economy.
Fourth, we find that tightening the borrowing constraint during a short-

sale ban can lead to an increase in volatility near the critical state. The intu-
ition can be understood as follows. By tightening the borrowing constraint,
one is actually moving the market equilibrium away from the critical state to
a state where the borrowing constraint dominates, thus stock returns become
more volatile. Note that this is different from the third implication above.
Here, the increase in volatility is due to the binding of borrowing constraint
and it occurs at or near the critical state. In the third implication, imposing a
short-sale ban when borrowing is restrictive increases volatility, because the
short-sale constraint becomes binding, which occurs away from the critical
state when the optimistic investor has a relatively larger consumption share.
Overall, analyzing a double-constrained economy with tight borrowing

and short-sale constraints lead to additional insights that are relevant to
the empirical findings when short-sale ban was introduced during the finan-
cial crisis. The results cannot be obtained by piecing together results from
one-constraint models.
Lastly, we also find that, compared to single-constrained economies, mar-

ket selection does not necessarily slow in a double-constrained economy. The
reason is that only the constraint placed on the irrational investor is effective
in slowing market selection, since the constraint limits investors’ speculative
trading because of their erroneous belief. On the other hand, the constraint
placed on rational investors eventually becomes redundant because of the
market-clearing condition, as their consumption share converges to one over
time.
In the following, we review the closely related works in the literature.

Chabakauri (2015) shows that in a single-constrained economy, borrowing
and short-sale constraints both decrease volatility. In contrast, we show that
volatility can go either way depending on the state variable. Furthermore, we
find endogenous jumps in risk-free rate and market price of risk, which are
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absent in his model. The increased interest rate and volatility (the latter is
state dependent) are consistent with observations during GFC. Our work is
also related to that of Detemple and Murthy (1997) and Dou (2014), who
examine the joint effect of borrowing and short-sale constraints in a general
equilibrium (GE) model. Detemple and Murthy (1997) consider logarithmic
investors with heterogeneous beliefs and learning, they also find discontinu-
ities in the risk-free rate and the market price of risk. However, the logarith-
mic preferences generate less interesting volatility dynamics. Stock volatility
is identical to dividend volatility and hence constant. Since expected return
and volatility of return are both constant, the jump in themarket price of risk
ismoremechanical. Dou (2014) considers one optimistic logarithmic and one
pessimistic CRRA investor in a finite-horizon binomial-tree model.
Although he numerically shows that short-sale and borrowing constraints
virtually never bind simultaneously, he does not prove the result analytically,
nor does he depict the regime-switch phenomenon as we do. More impor-
tantly, both papers have not linked their results to price behavior during
economic downturns.
Other related works also include Basak and Croitoru (2000), who consider

logarithmic investors with heterogeneous beliefs and show that mispricing
can occur between redundant securities when investors’ beliefs are heteroge-
neous enough and face portfolio constraints, Basak and Croitoru (2006)
adopts a similar framework and analyze the effect of introducing an arbitra-
geur, who exploit price discrepancies between redundant securities. Fostel
and Geanakoplos (2008) develop a theory for pricing emerging asset classes/
markets, they show that heterogeneous priors and market incompleteness
(because of leverage and short-sale constraints) are the key ingredients to
explain stylized facts observed in the data. Fostel and Geanakoplos (2012)
use amodel of heterogeneous beliefs and endogenous leverage to explainwhy
bad news increases volatility and reduces leverage. Brunnermeier and
Oehmke (2014) introduce the notion of predatory short selling. Leverage-
constrained financial institutions have to sell long-term assets in order to
repay debt to satisfy its leverage constraint as soon as predatory short-
sellers temporarily depress the stock price of a financial institution, which
in turn trigger the institution’s stock price to dive. Different from the above
papers, we study the joint impact of borrowing and short-sale constraints on
market equilibrium by assuming general CRRA preferences, and allowing
heterogeneity in beliefs and risk aversions.

1. Model

We present a parsimonious model to analyze the joint impact of borrowing
and short-sale constraints in general equilibrium.More specifically, we adopt
the Chabakauri (2015) model and consider a pure-exchange economy with a
single consumption good. The uncertainty is represented by a filtered
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probability space (X;F ; fF tg;P) on which a one-dimensional Wiener pro-
cess wt is defined. There are two groups of investors represented by investors
A and B, respectively, who trade a risky stock in positive supply of one unit
and a risk-free bond in zero net supply. The stock is a claim to aggregate
dividend denoted by Dt. The dividend process Dt under the subjective prob-
ability measure of investor i 2 fA;Bg; Pi, is given by a geometric Brownian
motion,

dDt ¼ Dtðli
Ddtþ rDdw

i
tÞ i ¼ A;B; (1)

where wi
t is a Brownian motion under subjective probability measure P

i.
Therefore, although investors observe the same Dt, they agree to disagree
about the drift. Moreover, since investors agree on the observed dividend
growth rate dDt=Dt, we have lB

Ddtþ rDdw
B
t ¼ lA

Ddtþ rDdw
A
t and

dwA
t ¼ dwB

t þ DDdt; where DD ¼
lB
D � lA

D

rD
: (2)

Without loss of generality, we assume DD > 0, that is, investor B is rela-
tively more optimistic than investor A. We assume that investors do not
update their beliefs, hence their disagreement DD about the mean growth
rate is constant.3

The stock and bond prices, St and Bt, in equilibrium adhere to the follow-
ing processes:

dBt ¼ Btrtdt (3)

dSt þDtdt ¼ St½li
t þ rtdw

i
t�; i ¼ A;B; (4)

where B0 ¼ 1. Both groups maximize their expected utility by choosing con-
sumptions cit and proportion hit of wealth invested in the stock, that is,

max
cit;hit

E
i

ð1
0

e�qt c
1�ci
it

1� ci

24 35 (5)

whereEi represents the expectation undermeasure Pi, subject to the dynamic
budget constraint

dWit ¼ ½Wit

�
rt þ hitðli

t � rtÞ
�
� cit�dtþWithitrtdw

i
t; i ¼ A;B: (6)

3 It would be interesting to extend the analysis to the case of learning, in which investors update their beliefs about
the mean dividend growth rate given new information generated by the realized dividend process. This should
enrich the results with the addition of a new state variable, namely, the disagreement variable DD, which is now
stochastic. However, we believe that our main idea remains valid in the case of learning, therefore we assume
constant disagreement in order to simplify the analysis, which helps us to better address the economic implica-
tions of our results.
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Moreover, both groups of investors are constrainedwhen they trade in the
risky stock, that is, the fraction of wealth invested in the stock for investor i is
in the convex cone,

hit 2 Hi ¼ fh : h � h � �hg; i 2 fA;Bg:

The constraintswe consider are effectively the sameas thoseofDetemple and
Murthy (1997). We focus on the special cases of borrowing and short-sale
constraints, that is h � 0 and �h � 1. In ourmodel, since investorB is relatively
more optimistic than investorA, in equilibrium investor B borrows at the risk-
free rate to invest in the stockwhile investorA lends at the risk-free rate by either
investing less or short selling the stock. Therefore, the borrowing (resp. short-
sale) constraint is only relevant for investorB (resp.A).We are interested in the
joint effect of the borrowing and short-sale constraints on market equilibrium.

2. Equilibrium

We define and solve for the equilibrium quantities, which are all functions of
a single state variable. The equilibrium is given by a triplet frt; li

t; rtgi2fA;Bg
characterizing pricesSt andBt, optimal consumption and investment fc�it; h�itg
solving optimization (5) for investor i with the market-clearing conditions

c�At þ c�Bt ¼ Dt; h�AtW
�
At þ h�BtW

�
Bt ¼ St; ð1� h�AtÞW�At þ ð1� h�BtÞW�Bt ¼ 0:

(7)

As inChakabauri (2015), we take investor B’s share of aggregate consump-
tion, yt ¼ c�Bt=Dt as the state variable that is assumed to be Markovian,

dyt ¼ �yt½lytdtþ rytdw
B
t �; (8)

where lyt and ryt depend on the triplet frt; li
t; rtgi2fA;Bg. All equilibrium

quantities depend on the price-to-dividend (P/D) ratio Wt ¼ St=Dt and the
investors’ wealth-to-consumption (W/C) ratioUit ¼W�it=c

�
it; i 2 fA;Bg. The

consumption share y of investor B is a natural state variable, since itmeasures
the relative tightness between the constraints. Intuitively, as y increases, the
borrowing constraint becomes less likely to be binding since investor B, who
ismore optimistic, must invest a smaller proportion of her wealth in the stock
to clear themarket, that is, hBbecomes closer to one. Similarly, as ydecreases,
the short-sale constraint becomes less likely to be binding.
The classic treatment in the constrained portfolio problem transforms the

constrained economy into a fictitious unconstrained economy (see Cvitani�c
and Karatzas 1992), in which the state-price density process, nit, is given by

dnit ¼ �nit½ðrt þ dð��itÞÞdtþ ðji
t þ

��it
rt
Þdwi

t�; i ¼ A;B; (9)

where ji
t ¼

li
t�rt
rt

is the market price of risk perceived by investor i, ��it is an
adjust term that can be interpreted as the shadow cost of the constraint, and
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dð�Þ is the support function for the set of admissible portfolio strategies Hi

defined as

dð�Þ ¼ sup
h2Hi

f��hg: (10)

The adjustment process ��it belong to the support function’s effective do-
main characterized by f� 2 R : dð�Þ < 1g. Furthermore, the shadow cost
of the constraint must satisfy the complementary slackness condition,

��ith
�
it þ dð��itÞ ¼ 0; (11)

whose role in transforming the constrained economy into an unconstrained
one is detailed in Cvitani�c andKaratzas (1992). As aforementioned, we focus
on the borrowing and short-sale constraints, thus the support function and its
effective domain are given by

Constraint �i : dð�iÞ < 1 dð�iÞ

hi � h; h � 0 �i � 0 ��ih

hi � �h; �h � 1 �i � 0 ��i�h

Given the set of shadow cost of constraint, f��At; ��Btg, each investor can
then solve her optimization problem in the fictitious economy and the first
order condition is given by

e�qtðc�itÞ
�ci ¼ kinit i ¼ A;B (12)

where ki is the Lagrange multiplier corresponding to investor i’s budget con-
straint, which yields

c�it ¼ ðkieqtnitÞ�
1

c ii ¼ A;B: (13)

Therefore, the optimal consumption in (13), the market-clearing condi-
tions in (7) and the relationship between stock volatility and P/D ratio de-
termine the triplet frt; li

t; rtgi2fA;Bg in equilibrium.

Lemma 1. In equilibrium, the triplet frt; li
t; rtgi2fA;Bg is given by

rt ¼ qþ Ct
Ct

cB
ytl

B
D þ

Ct

cA
ð1� ytÞlA

D

� �
� 1

2
PtCtr

2
D

�Ct

cB
ytdð��BtÞ �

Ct

cA
ð1� ytÞdð��AtÞ

þC3
t ytð1� ytÞ

c2Ac2B
½ ðcB � cAÞrD þ

cAcB
Ct

DD

� �
��Bt
rt
� �

�
At

rt
þ DD

� �

� 1

2
1þ cAcB

Ct

� �
��Bt
rt
� �

�
At

rt
þ DD

� �2

�;

(14)
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where Ct ¼ ðð1� ytÞ=cA þ yt=cBÞ�1 and Pt ¼ C2
t ðð1� ytÞð1þ cAÞ=c2A þ

ytð1þ cBÞ=c2BÞ are the risk aversion and prudence parameters of a repre-
sentative investor;

jB
t ¼ Ct rD �

yt
cB

��Bt
rt
� ð1� ytÞ

cA

��At
rt
� DD

� �� �
; jA

t ¼ jB
t � DD; (15)

rt ¼ rD � ytryt
W0ðytÞ
WðytÞ

; (16)

where

WðytÞ � St=Dt ¼ ð1� ytÞUAðytÞ þ ytUBðytÞ; UiðytÞ ¼Wit=cit

and

ryt ¼
ð1� ytÞCt

cAcB
ðcB � cAÞrD � DD �

��Bt
rt
þ �

�
At

rt

� �
; (17)

lB
yt ¼ lB

D � rytrD �
rt þ dð��BtÞ � q

cB
� 1þ cB

2
ðrD � rytÞ2;

lA
yt ¼ lB

yt � DDryt:

(18)

Note that in the case when only one constraint binds, the results in
Lemma 1 reduce to those in Chabakauri (2015). A complete character-
ization of equilibrium triplet frt; li

t; rtgi2fA;Bg requires us to solve for the
shadow cost of constraints, f��A; ��Bg and also the P/D ratio WðyÞ. Before
we move on to the numerical solution of market equilibrium, we would
like to emphasize the following fact. When only one constraint can be
binding for each state, although the expressions for the equilibrium trip-
let frt; li

t; rtgi2jA;B are identical to those in Chabakauri (2015), it does not
necessarily imply that they behave in the same way as in single-
constrained economies, because a nonbinding constraint can still affect
market equilibrium if it has a nonzero probability of being binding in the
future.
To solve for the shadow cost of constraints, we start with investor i’s
optimal portfolio, which is a function of her wealth-consumption ratio
(see proposition 1 in Chabakauri 2015),

h�it ¼
1

cirt
ji
t þ

��it
rt
� cirytyt

U0it
Uit

� �
: (19)

Lemma 2. Suppose there exists an equilibrium triplet fr; li; rgi2fA;Bg with
wealth-to-consumption ratios UiðyÞ; i 2 fA;Bg (continuous and twice
differentiable), then each UiðyÞ satisfies the following ordinary differen-
tial equation (ODE):
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0 ¼
y2r2

y

2
U00i � y li

y þ
1� ci

ci
ry ji þ �

�
i

r

� �� �
U0i

1� ci
2ci

ji þ �
�
i

r

� �2

þ ð1� ciÞðrþ dð��i ÞÞ � qÞUi

ci
þ 1

 (20)

where r, li, and r are given in Lemma 1; ��i and the boundary conditions
at y ¼ 0, 1 are given in Appendix 4.

The optimality conditions on consumptions and portfolios are shown in
lemma A.1 of Chabakauri (2015). To solve the system of ODEs in (20),
we need to determine the shadow cost of constraint ��i as a function of
the state variable y. We prove in the next proposition that, for a given
value of y, the short-sale and borrowing constraints can never simulta-
neously bind, which implies that the shadow cost of constraint ��i has the
exact same form as that in Chabakauri (2015).

When portfolio constraint binds for investor i, h�it=
~hi ¼ 1 with

~hi 2 fh; �hg, which implies that

��it
~hi ¼ 1� 1

rt
~hi

ji
t

ci
� rytyt

U0it
Uit

� �� �
ciðrt

~hiÞ2; i ¼ A;B: (21)

Note that if both investors’ portfolio constraints bind at the same time,
(21) must hold simultaneously for investors A and B. The next proposi-
tion shows that this can never happen unless ~hA ¼ ~hB ¼ 1.

Proposition 1. When both investors are faced with portfolio constraints
characterized by h � hit � �h; i 2 fA;Bg, their constraints bind simulta-
neously on a continuous interval ðy; �yÞ if and only if h ¼ �h ¼ 1, in which
case the shadow costs of constraints satisfy

��Bt � ��At ¼ ðcB � cAÞr2
D � DDrD with ��At � 0; ��Bt � 0 (22)

and the stock volatility is given by rt ¼ rD. Therefore, borrowing and
short-sale constraints can never simultaneously bind, and the shadow
cost of constraint is given by

��it ¼
~hi

g2i
r2
t �

rD

g2i
þ ðck � ciÞrD �

lk
D � li

D

rD

� �
rt; k 6¼ i; i; k ¼ A;B;

(23)

if investor i’s constraint is binding and zero otherwise, where stock vol-
atility is given by
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rt ¼
rD

ð1� ~hiÞg1i þ ~hi

; i ¼ A;B (24)

with

g1AðyÞ ¼
1� ð1� yÞ U0AðyÞ

UAðyÞ

1� ð1� yÞ U0AðyÞ
UAðyÞ þ ð1� yÞW0ðyÞ

WðyÞ

; g1BðyÞ ¼
1þ y

U0BðyÞ
UBðyÞ

1þ y
U0BðyÞ
UBðyÞ � yW0ðyÞ

WðyÞ

;

and

g2A ¼
Cy

cAcB
1� ð1� yð ÞU

0
AðyÞ

UAðyÞ
Þ; g2B ¼

Cð1� yÞ
cAcB

1þ y
U0BðyÞ
UBðyÞ

� �
:

The intuition behind Proposition 1 is as follows. Consider the optimis-
tic investor B’s share of aggregate market wealth,

pðyÞ � WB

WA þWB
¼ yUBðyÞ

WðyÞ :

Next, suppose counterfactually the short-sale and borrowing constraints
bind simultaneously on the interval ðy; �yÞ. By the market-clearing con-
dition, the following relation must hold:

ð1� pðyÞÞ~hA þ pðyÞ~hB ¼ 1; y 2 ðy; �yÞ;

which implies that investor B’s wealth share must be a constant, that is,

pðyÞ ¼ 1� ~hA

~hB � ~hA

:

However, unless ~hA ¼ ~hB ¼ 1, speculative trades between investors
would generally lead to fluctuations in the wealth shares. Therefore,
pðyÞ cannot be a constant, hence the two constraints cannot bind at
the same time on any continuous interval ðy; �yÞ.
While Proposition 1 shows the nonexistence of a continuous interval
where short-sale and borrowing constraints can bind simultaneously, it
does not rule out that both constraints can simultaneously bind at one
point, in particular, at the critical state y�, where the pessimistic and
optimistic investors’ optimal portfolios are exactly at the lower and upper
boundaries, respectively, that is, hAðy�Þ ¼ ~hA ¼ h and hBðy�Þ ¼ ~hB ¼ �h.
Therefore, the question is: can both constraints bind simultaneously at
y�, that is, ��Aðy�Þ > 0 and ��Bðy�Þ < 0?

We would argue this is not the case. Rather, only one of the two
constraints can be binding at y�; that is, either the short-sale constraint
(�Aðy�Þ > 0; �Bðy�Þ ¼ 0) or the borrowing constraint binds
(��Aðy�Þ ¼ 0; ��Bðy�Þ < 0). In other words, there exist two equilibria at
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y�, one equilibrium with jið��AÞi2fA;Bg and rð��AÞ (i.e., low market price of
risk and high risk-free rate), and another equilibrium with jið��BÞi2fA;Bg
and rð��BÞ (i.e., high market price of risk and low risk-free rate).4 This is
consistent with the observation that the market price of risk and risk-free
rate experience endogenous jumps at the critical state, y�. We relegate the
elaborated and technical explanations to the proof of Proposition 1 in
Appendix A.
Furthermore, since Proposition 1 shows that the market-clearing con-

dition cannot continue to hold after any dividend shocks that change the
wealth share. A natural question that follows is why an equilibrium nec-
essarily exists for all states of the economy. The existence of an equilib-
rium depends on existence of the shadow costs of constraints, f��i gi2fA;Bg,
as a solution to (23). Moreover, since only one constraint can be binding
for each state, the solution takes the same form as equation (31) in prop-
osition 1 of Chabakauri (2015), who shows in remark A.1 of his paper
that, depending on the value of g2i; i ¼ A;B, (23) can have unique, mul-
tiple or no solutions. As he states at the end of remark A.1,
“Demonstrating the multiplicity or nonexistence remains an open ques-
tion because they are not observed in our calibrations.” Likewise, we also
do not observe any multiplicity (except at the critical state) or nonexis-
tence of equilibria in all of the cases we solved numerically.

Corollary 1. Suppose ~hA and ~hB are set such that the borrowing con-
straint binds, that is, h�Bt=

~hB ¼ 1, for 0 � y � y and the short-sale con-
straint binds, that is, h�At=

~hA ¼ 1, for �y � y � 1. Then, one of the
following two scenarios could arise.

• When the constraints are relatively loose, y < �y, hence ðy; �yÞ is an
interval on which neither the borrowing nor the short-sale constraint
binds.

• When the constraints are relatively tight, y ¼ �y ¼ y�, and hence y� is
the critical value at which there are two equilibria, (a) borrowing con-
straint binds and short-sale constraint does not bind, that is,
��A ¼ 0; ��B < 0, and (b) short-sale constraint binds and borrowing con-
straint does not bind, that is, ��A > 0; ��B ¼ 0.

Corollary 1 follows from the fact that borrowing and short-sale con-
straints can never simultaneously bind, which was established in
Proposition 1. We are more interested in the second scenario, that is,
when the constraints are relatively tight, in which case the equilibrium

4 jið��AÞi2fA;Bg and rð��AÞ denote the values of j
i and r by substituting ��A given by Equation (23) and ��B ¼ 0 into

Equations (14) and (15). On the other hand, jið��BÞi2fA;Bg and rð��BÞ denote the values of j
i and r by substituting

��B given by Equation (23) and ��A ¼ 0 into Equations (14) and (15).
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market price of risk j and risk-free rate r can be discontinuous around the
critical state y� when the equilibrium switches from borrowing-
constrained binding to short-sale-constrained binding or vice versa.
Note that such discontinuities are not possible for the P/D ratio, W, or
stock volatility, r, since the wealth-to-consumption ratios, fUigi2fA;Bg,
are assumed to be continuous and twice differentiable.

In the case of logarithmic agents, Detemple and Murthy (1997) also
discusses discontinuities in the risk-free rate, however, they focus on the
characterization of equilibrium prices within the interior of domain that
delineated in advance according to the boundaries of the constraints, but
they do not determine the endogenous thresholds that depend on not
only the constraints but also the state of the economy. They are able to
explain how investor-specific constraints attribute to the stock price’s
speculative and collateral premium value, respectively, since they can
obtain the shadow cost of constraint explicitly in the logarithmic
preference.

3. Results

In this section, we analyze the equilibrium in a double-constrained economy
and compare the results to those in single-constrained economies, to drawout
the relevant economic insights. In addition, we also study the probability of
endogenous jumps and the effect of increasing tightness of the borrowing
constraint, and we provide evidence of the model predictions. Appendix B
carefully describes the numerical algorithm used to solve the model.

3.1 Analysis of the equilibrium

In Figure 1, we demonstrate the two scenarios in Corollary 1 in an economy
with a relatively optimistic and less risk-averse investor who faces a borrow-
ing constraint and a relatively pessimistic and more risk-averse investor who
faces a short-sale constraint. In panels A and B, when the constraints are
relatively loose (~hA ¼ �0:5; ~hB ¼ 3:0), neither constraint is bindingwhen the
state variable lies within an intermediate interval, onwhich investors’ optimal
portfolios are identical in the unconstrained, single-constrained and double-
constrained cases. In contrast, panels C and D show that, when constraints
are sufficiently tight (~hA ¼ 0; ~hB ¼ 1:8), either borrowing or short-sale con-
straint is binding for every state, and the market switches from being
borrowing-constrained to short-sale constrained around y� ¼ 0:5. Note
that, although both the borrowing and short-sale constraintsmay be violated
at the same time, that is, hA < ~hA � 0 and hB > ~hB � 1 for the same value
of y in an unconstrained economy, an equilibrium is only attainable with one
constraint binding, that is, there does not exist a triplet frt; li

t; rtgi2fA;Bg such
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that h�A ¼ ~hA and h�B ¼ ~hB except at the critical value y ¼ y�. The results
suggest that, depending on the state of the economy, a moderate borrowing
constraint, for example, ~hB ¼ 1:8, can be tighter than a marketwide short-
sale constraint, for example, ~hA ¼ 0.
Next, we analyze market equilibrium in a double-constrained economy. It

is important to note that, although only one of the constraints can bind for
every state of the economy, it does not follow that the equilibrium quantities
frt; li

t; rtgi2fA;Bg in the double-constrained economy are necessarily the same

(a) (b)

(c) (d)

Figure 1

Investors’ optimal portfolios (h�i ðyÞ; i 2 fA;Bg) as functions of the state variable y ¼ c�B=D for short-sale-con-

strained, borrowing-constrained, and double-constrained economies

Panels A and B: ~hA ¼ �0:5; ~hB ¼ 3 (loose constraints). Panels C andD: ~hA ¼ 0; ~hB ¼ 1:8 (tight constraints).
Other parameters include cA ¼ 3; cB ¼ 1:5; lA

D ¼ 0:65lB
D; lB

D ¼ 0:018; rD ¼ 0:032, and q ¼ 0:02.
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as those in the single-constrained economies even with the same binding
constraint, especially when the state variable y is close to the critical value
y�. Figure 2 illustrates this.
Figure 2 plots the equilibrium quantities for the unconstrained
ð~hA ¼ �1; ~hB ¼1Þ, short-sale constrained ð~hA ¼ 0; ~hB ¼1Þ,
borrowing-constrained ð~hA ¼ �1; ~hB ¼ 1:8Þ, and double-constrained ð~hA

¼ 0; ~hB ¼ 1:8Þ economies. We have the following observations. To facilitate
the discussion, for each equilibrium quantity x 2 fr; jB;W; rg, we denote x
ðy; h; �hÞ as its value in the double-constrained economy with hA � h and
hB � �h. When �hðresp: hÞ ! 1ðresp:�1Þ, investor B (resp. A) becomes
unconstrained and we are back to the borrowing-constrained and short-
sale constrained economies, respectively.
First, consistent with Corollary 1, panels A and B show that both the

market price of risk jBðy; h; �hÞ and risk-free rate rðy; h; �hÞ experience jumps
at the critical state, y�, where the market switches from being borrowing-
constrained binding to short-sale-constraint binding and vice versa. Note
that these are endogenous jumps that occur even when tightness parameters,
~hA and ~hB, are held constant, such endogenous jumps do not occur in single-
constrained economies. Also, jBðy; h; �hÞ and rðy; h; �hÞ can deviate (slightly)
from those in the single-constrained economies close to the critical state y�

even with the same binding constraint.
Second, panel C shows that the P/D ratio Wðy; h; �hÞ is a continuous and

differentiable function of the state variable, y; that is, it does not experience
the same endogenous jumps as the market price of risk and risk-free rate do.
Moreover, the P/D ratio is bounded between those in the single-constrained
economies, that is, Wðy; h;1Þ � Wðy; h; �hÞ � Wðy;�1; �hÞ, close to y�.
Thus, the price effects of borrowing and short-sale constraints tend to offset
each other. However, as y increases and the no-short-sale constraint becomes
significantly tighter than the borrowing constraint, we have
Wðy; h; �hÞ � Wðy;�1; �hÞ � Wðy; h;1Þ. Therefore, whether the no-short-
sale constraint can support prices depends on the relative tightness of the
constraints. In particular, changing h ¼ �1 to h ¼ 0 can actually lead to a
price drop if y � y� and h�A � 0.
Third, panel D examines the behavior of stock volatility rðy; h; �hÞ in the

double-constrained economy. As one expects, rðy; h; �hÞ converges to
rðy;�1; �hÞ when y is sufficiently small and the effect of borrowing con-
straint dominates that of the no-short-sale constraint. Similarly, rðy; h; �hÞ
converges to rðy;�1; �hÞ when y is large enough and the no-short-sale
becomes the dominant constraint. In contrast, for intermediate values of y,
we observe interesting and surprising dynamics for stock volatility which are
significantly different from those in the single-constrained economies. First,
returns are least volatile near the critical state, that is,
rðy�; h; �hÞ < rðy�; h;1Þ < rðy�;�1; �hÞ. Second, as y increases from the
critical state y�, imposing a short-sale ban can increase stock volatility, that is,
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(a) (b)

(c) (d)

(e) (f)

Figure 2

Equilibrium in unconstrained (~hA ¼ �1; ~hB ¼1), borrowing-constrained (~hA ¼ �1; ~hB ¼ 1:8), short-sale-
constrained (~hA ¼ 0; ~hB ¼1), and double-constrained (~hA ¼ 0; ~hB ¼ 1:8) economies
Other parameters include cA ¼ 3; cB ¼ 1:5; lA

D ¼ 0:65lB
D; lB

D ¼ 1:8%; rD ¼ 3:2%, and q ¼ 0:02. Processes
are functions of the state variable y ¼ c�B=D.
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rðy; h; �hÞ > rðy; h;1Þ, when y > y� and the binding constraint switches
from borrowing to short-sale. In the following, we try to provide explana-
tions for these two observations.
We first try to understand why stock volatility is significantly lower near

the critical state. We argue that stock volatility rðy�; h; �hÞ � rD is due to the
behavior of the P/D ratio WðyÞ rather than consumption-share volatility
ryðyÞ. The reason is as follows. Following Chabakauri (2015), we write
consumption-share volatility as

ryðyÞ ¼
ðh�A � h�BÞrðyÞ

1
1�y� y

U0AðyÞ
UAðyÞ þ y

U0BðyÞ
UBðyÞ

:

Therefore, even at the critical state y�, the state variable is not constant.
Intuitively, as long as the investors hold different portfolios, their consump-
tion shares will fluctuate due to dividend shocks. Therefore, the reason that
rðy�; h; �hÞ � rD in Figure 2, panel D, is because W0ðyÞ � 0 near the critical
state. We provide a further explanation in the following two paragraphs.
We start with the relation WðyÞ ¼ ð1� yÞUAðyÞ þ yUBðyÞ. Thus, we see

that the change in the P/D ratio is linked to changes in investors’ W/C ratios,
that is,

W0ðyÞ ¼
�
UBðyÞ � UAðyÞ

�
þ ð1� yÞU0AðyÞ þ yU0BðyÞ:

Therefore, since UBðyÞ � UAðyÞ > 0, we require either investor A or B’s
W/C ratio to have a sufficiently negative reaction to the state variable in order
for W0ðyÞ � 0. As we will articulate in the next paragraph, the key ingredient
is heterogenous risk aversions.
Figure 2, panels E and F, shows that, because of heterogeneous risk aver-

sions, UAðyÞ and UBðyÞ react very differently as the state variable y
approaches the critical state y�. In particular, the more risk-averse investor
(A) sharply reduces W/C ratio, that is, U0AðyÞ becomes significantly negative,
whereas U0BðyÞ almost remains the same for the more risk-tolerant investor
(B). The reason is that since investor A is more risk averse, her perceived
investment opportunity set improves dramatically as the effect of the positive
jump in the risk-free rate r dominates the that of the negative jump in the
market price of risk j, as a result, her W/C ratio decreases significantly, that
is, U0AðyÞ < 0. On the other hand, since investor B is relatively risk tolerant,
the effects of the two endogenous jumps at the critical state roughly cancels
out, and as a result U0BðyÞ changes very little and remains positive.5

5 Suppose that the triplet fr; li; rgi2fA;Bg are constants, then the propensity to consume is given by
cit
Wit
¼ 1

Uit
¼ 1

ci
q� ð1� ciÞ rþ 1

2

j2
i

ci

� �h i
; ji ¼ li�r

r , which Chabakauri (2015) shows to be a good approxima-

tion even when the triplet fr; li; rgi2fA;Bg is stochastic.
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Therefore, at the critical state y�, the effect ofU0AðyÞ cancels out with those of
U0BðyÞ and UBðyÞ � UAðyÞ, thus W0ðyÞ � 0, which leads to rðyÞ � rD.
In summary, stock volatility is the lowest near the critical state, because

investors facing endogenous jumps in the market price of risk and risk-free
rate revise their optimal consumption decisions differently due to their het-
erogeneous risk aversions. The more risk-averse investor consumes a signif-
icantly larger proportion of wealth, since the effect of a positive jump in the
risk-free rate increases her propensity to consume. On the other hand, for the
more risk-tolerant investor, the effects of the positive interest rate jump are
largely canceled out by the negative jump in the market price of risk.
Therefore, heterogeneous risk aversions play a key role in generating the
interesting volatility dynamics in the double-constrained economy.
Next, we explain why imposing a short-sale ban when borrowing con-

straint was previously binding can increase stock volatility, which is ulti-
mately due to market equilibrium switching from borrowing-constraint-
binding to short-sale-constraint binding. Consider the single-constrained
economies, one short-sale-constrained economy with ð~hA ¼ 0; ~hB ¼1Þ
and another borrowing-constrained economy with ð~hA ¼ �1; ~hB ¼ 1:8Þ.
As shown in Figure 1, panels C andD, the no-short-sale constraint is binding
in the first economywhen the state variable y 2 ðy; 1Þ with y � 0:22, and the
borrowing constraint is binding when y 2 ð0; �yÞ with �y � 0:65 in the second
economy. Moreover, we know that the critical state y� � 0:5 in the double-
constrained economy with ð~hA ¼ 0; ~hB ¼ 1:8Þ. Thus, assume y 2 ðy�; �yÞ, if
the no-short-sale constraint is imposed on a previously borrowing-
constraint-binding economy, the binding constraint will switch, whether
the switching of the binding constraint increases or decreases stock volatility
depend on the current market state. If the current state y is close to y�,
volatility would decrease for reasons we have outlined above. On the other
hand, if y is further away from y� such that the impact of the endogenous
jumps becomes weaker, a short-sale ban would increase volatility, because
without the anticipatory effect of the endogenous jumps the no-short-sale
constraint in general has a smaller effect in curbing volatility than the bor-
rowing constraint, see Chabakauri (2015).
Before we conclude the discussion on the stock volatility in the double-

constrained economy, we again stress the key role played by the heteroge-
neous risk aversions. Figure C.1 in Appendix 4 plots the equilibrium quan-
tities as functions of the state variable y, where investors have the same risk
aversions, that is, ci ¼ c; i ¼ A;B, and c ¼ 0:8.While endogenous jumps are
still observable, the interesting volatility dynamics near the critical state dis-
appear. In fact, we observe that rðy; h; �hÞ � rðy;�1; �hÞ, thus imposing a
short-sale ban when borrowing is restrictive always makes returns less vola-
tile. Furthermore, we also observe that Wðy; h; �hÞ � Wðy;�1; �hÞ and
Wðy; h; �hÞ � Wðy; h;1Þ, thus stock price in the double-constrained
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economy is always lower than those in the single-constrained economies.
Therefore, heterogeneity in risk aversions is indispensable.
We also point out that while Figure 2, panelD, shows stock volatility tend

to be lower in the case of constraints relative to the unconstrained case,
depending on the nature of the constraint, its effect on the P/D ratio and
stock volatility can be quite different. For example, in Chen, Petukov and
Wang (2018), a circuit breaker, defined as the first passage time for stock
price to reach 1� a times the initial stock price S0, which is endogenously
determined in equilibrium. In this case, compared to the benchmark case
without a circuit breaker, P/D ratio declines sharply and stock volatility
increases sharply when the price reaches close to the threshold ð1� aÞS0.
These results are qualitatively similar to the ones obtained by Chabakauri
(2015) in the case of limited participation, where stock volatility can rise
sharply as the consumption share of the constrained investor approaches
one, when IES > 1.
Overall, the above results suggest that although the two types of constraint

do not overlap, their interaction can have an economically significant effect
on market equilibrium, especially near the critical state in which constraints
are either binding or close to binding. In particular, the risk-free rate and
market price of risk can experience endogenous jumps, and these jumps can
lead to complex behavior of stock volatility, distinct from those observed in
single-constrained economies, which is mainly due to the asymmetric reac-
tions of investors’ W/C ratios to changes in the state variable close to the
critical state.

3.2 Probability of endogenous jumps

One might argue that since that the critical state does not take almost surely,
that is, the probability of y ¼ y� is zero, the endogenous jumps in the risk-free
rate andmarket price of risk can never be observed.Wewould argue that this
is not the case. Intuitively, endogenous jumps are observed whenever the
binding constraint switches in market equilibrium during a certain time in-
terval. In the following, we numerically compute, given the current state of
the economy yt, the probability of hitting the critical value during the next
year, that is,

p�ðyt; h; �hÞ � f
1� P½sup½0;1� ytþs < y�jyt; h; �h�; yt < y�

1� P½inf½0;1� ytþs > y�jyt; h; �h�; yt > y�:
(25)

Figure 3 plots the probability of endogenous jumps as a function of the
state variable for different borrowing constraints combined with the
no-short-sale constraint. Figure 3 shows that endogenous jumps occur with
a nonzero probability and aremore likely when y is closer to y�. Interestingly,
the probability also increases when the borrowing constraint becomes less
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restrictive. Our intuition is that when the optimistic investor is able to employ
more leverage, the optimal portfolios become more heterogenous, thus vol-
atility ry;t of the state variable increases, which in turn increases the proba-
bility of hitting the critical state.
Another related question is how tight the constraints need to be for the

critical state and thus the endogenous jumps to exist. Figure 4 plots the region
marked by h and �h, in which y� exists, that is, for every state y 2 ð0; 1Þ either
the borrowing or the short-sale constraint is binding. In producing Figure 4,
we examine investors’ optimal portfolios, h�Aðy;�1;1Þ and h�Bðy;�1;1Þ,
in an unconstrained economy. We conclude a critical state, y�, exists in a
double-constrained economy with the limits h and �h if we observe there are
values of y for which h�Aðy;�1;1Þ < h and h�Bðy;�1;1Þ > �h simulta-
neously. In other words, the constraints are sufficiently tight when both bor-
rowing and short-sale limits would have been exceeded if the economy were
unconstrained. Figure 4 reveals that the region is quite large. In particular,
when shorting is banned (h ¼ 0), a critical state y� exists even when the
borrowing constraint is relatively loose (e.g., �h ¼ 3).

3.3 Increasing tightness of the borrowing constraint

So far, we have established that the effect of a short-sale ban crucially
depend on the tightness of the borrowing constraint. However, changing
tightness of the borrowing constraint can have complex and mixed effect

Figure 3

Probability p�ðyt; h; �hÞ of observing endogenous jumps in the risk-free rate, r, and market price of risk, j, during
the next year given the current state of the economy, yt, and the portfolio constraints ðh; �hÞ ¼ ð~hA; ~hBÞ
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during a short-sale ban, which has not been fully understood. Although a
large body of literature, for example, Chabakauri (2015), Rytchkov
(2014), and He and Krishnamurthy (2013), has shown that borrowing
and margin constraints can introduce nonlinearity into the formulation
of asset prices, the literature has not examined the impact of changes in the
tightness of the borrowing constraint on market equilibrium during a
short-sale ban.
In fact, having borrowing constraint too tight or too loose could both limit

the effect of a short-sale ban. For example, when no borrowing is allowed,
that is, ~hB ¼ 1, any short-sale constraints have no effect on market equilib-
rium since they never bind. Also, when borrowing is unlimited, that is,
~hB ¼1, a short-sale ban would not trigger jumps in the market price of
risk and the risk-free rate. Therefore, to better understand the interaction
between the short-sale and borrowing constraint, we analyze market equilib-
rium with a short-sale ban and different levels of tightness for the borrowing
constraint.
Figure 5 shows the equilibrium quantities for ~hA ¼ 0 and

~hB 2 f3:0; 1:8; 1:4; 1:1g.We highlight the following observations. First, pan-
els A and B show that, when the borrowing constraint is tightened, for

Figure 4

Region in which either the borrowing or the short-sale constraint binds for each state of the economy, and the

critical state y� exists where the market price of risk and risk-free rate experience endogenous jumps
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example, from ~hB to (~hB � d), and is binding, the market price of risk j
increases, while the risk-free rate r decreases. Moreover, if tightening the
borrowing constraint changes it from nonbinding to binding, that is, switches
the binding constraint, thenwe can expect a large upward jump in themarket
price of risk and downward jump in the risk-free rate. Otherwise, the change
in the two equilibrium quantities is relatively small. Furthermore, we also
observe the endogenous jumps even when borrowing constraint is relatively
loose (~hB ¼ 3:0) or when it is relatively tight (~hB ¼ 1:1). As ~hB decreases
closer to one, the critical state also moves closer to one. Note that in all of
the cases considered, y� � ð1� ~hAÞ=ð~hB � ~hAÞ is a good approximation for
the critical state.

(a) (b)

(c) (d)

Figure 5

Equilibrium in the double-constrained economies with increasing tightness of the borrowing constraint:

(~hA ¼ 0; ~hB ¼ 3:0), (~hA ¼ 0; ~hB ¼ 1:8), (~hA ¼ 0; ~hB ¼ 1:4), and (~hA ¼ 0; ~hB ¼ 1:1)
Other parameters include lB

D ¼ 1:8%; rD ¼ 3:2%; q ¼ 0:02; lA
D ¼ 0:65lB

D; and cA ¼ 3, and cB ¼ 1:5.
Processes are functions of the state variable y ¼ c�B=D.
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Second, panel C shows that the P/D ratioW increases when the borrowing
constraint is tightened, which is consistent with the results in the single con-
strained case, reported in Chabakauri (2015), who provides the following
intuition. Credit tightening tends to increase j and reduce r, the net effect
is negative for both investors, since investorA is pessimistic, and investor B’s
borrowing constraint is binding which prevents her from taking full advan-
tage of the higher j. Thus, investors’ W/C ratios Ui increases since EIS < 1
and so does the P/D ratio W.
Third, panel D shows that stock volatility r decreases when the borrowing

constraint becomes tighter for most values of y, except near the critical value
y� where the binding constraints switches. For example, when ~hB decreases
from 1.8 to 1.4, r increases for y close to y� � 0:5, and decreases when y
moves further away from the critical state. Therefore, whether tightening the
borrowing constraint during a short-sale ban exacerbates ormitigatesmarket
volatility depends on the relative tightness of the two constraints, which
varies according to the state variable. In particular, if the constraints are close
to being equally tight, that is, h�A � ~hA; h�B � ~hB and y � y� then reducing ~hB

to (~hB � d) can actually make returns more volatile. The intuition is that
stock volatility is the lowest near the critical state
y� � ð1� ~hAÞ=ð~hB � ~hAÞ, thus decreasing ~hB can move the equilibrium
from the critical state to a state where the borrowing constraint dominates,
thus stock volatility increases.

3.4 Evidence

We first present evidence for the endogenous jump in the risk-free interest
rate. On September 18, 2008, after theU.S. market closed, theU.S. Securities
and Exchange Commission (SEC) issued a ban on all short sales in 797
financial stocks. The next trading day saw the short-termU.S. Treasury rates
increased by 50–75 bps, which are the largest changes in short-term interest
rates since 1990. One may argue that this is not necessarily an endogenous
jump, since a short-sale ban changes the underlying parameter, that is, h, in a
discontinuous way, which can lead to a jump in the equilibrium variables
even in a single-constrained economy. However, Figure 2, panel B, shows
that if the short-sale ban were imposed on a previously unconstrained econ-
omy, that is, moving the equilibrium from ð~hA ¼ �1; ~hB ¼1Þ to
ð~hA ¼ 0; ~hB ¼1Þ, the jump in risk-free rate will be only 10 bps at the critical
state. In comparison, if short-sale ban were imposed on a previously
borrowing-constrained economy, that is, moving the equilibrium from ð~hA

¼ �1; ~hB ¼ 1:8Þ to ð~hA ¼ 0; ~hB ¼ 1:8Þ, the risk-free rate jumps by 50 bps at
the critical state, which is much more in line with the empirical observation.
Prior to the short-sale ban, the SEC announced a permanent ban on naked
short selling on the evening of Wednesday, September 17, which became
effective at 12:01 a.m. (EST) onThursday, September 18. The 1- and 3-month
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Treasury rates increased by approximately 20 bps following the ban on naked
shorting, which is significantly less than the upward jump on September 19.
For the empirical analysis, we take the daily change in the 3-month

Treasury-bill rates in 2008 (using the 1- and 6-month Treasury-bill rates
give similar results) and perform the following regression:

Drt ¼ aþ
X2
k¼1

bkDrt�k þ c1ShortingBanþ c2NakedBanþ c3ImpVolt þ et;

(26)

where Drt is the daily interest rate difference, ShortingBan is a dummy for
September 19,NakedBan is a dummy for September 18. We also control for
lagged daily interest rate changes andmacroeconomic uncertainty proxied by
the S&P 500 30-day implied volatility index.6

Results in Table 1 show that both dummies are statistically significant at
the 1% level. In terms ofmagnitude, the short-sale ban on September 19 has a
larger positive impact on the interest rate than the naked short-sale ban on
September 18, however, after controlling for lagged interest rate differences
and macroeconomic uncertainty, the difference has significantly reduced.
Therefore, both the permanent and temporary bans seem to have caused
upward jumps in the Treasury-bill rate.

Table 1

Interest rate in response to the short-sale ban

1 2 3 4

NakedBan 0.21* 0.44*** 0.44***
(1.73) (3.40) (3.38)

ShortingBan 0.76*** 0.76*** 0.57*** 0.57***
(6.02) (6.05) (4.30) (4.30)

Lagged rate changes � �
ImpVol �
Intercept �0.02* �0.02* �0.01* 0.00

(�1.93) �2.05 �1.87 �0.06
Adjusted R-squared 13% 13% 21% 21%

The table provides the estimated coefficients and intercepts for various specifications of the regression Drt ¼ a

þ
P2
k¼1

bkDrt�k þ c1ShortingBanþ c2NakedBanþ c3ImpVolt þ et: The dependent variable in each specifica-

tion is the daily changes in the 3-monthU.S. Treasury-bill rates. NakedBan is a dummy variable equal to one on
September 18, 2008, when the SEC announced a permanent ban on naked short selling on all U.S. stocks, and
zero otherwise.ShortingBan is a dummy variable equal to one on September 19, 2008, when the SECannounced
a temporary ban on all short sales in 797U.S. financial stocks, and zero otherwise. ImplVolt is the daily S&P 500
30-days implied volatility index. We also control for lagged rate changes. Robust standard errors are given in
parentheses.
***p <.01; **p <.05; *p <.10.

6 We obtain the Treasury-bill rates from the Federal Reserve Bank of St. Louis and the implied volatility from
CBOE. In addition, the VIX is a proxy for macroeconomic uncertainty (see, e.g., Bloom (2009)).
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We realize that on September 19, the same day when the short-sale ban
became effective, the U.S. Federal Reserve (Fed) announced a couple of
measures to ease the runs on money market funds, namely, the Troubled
Asset Relief Program (TARP) and the Asset-Backed Commercial Paper
MoneyMarket Mutual Fund Liquidity Facility (AMLF). These announce-
mentsmay also have contributed to the jump in Treasury rate on September
19, by boosting investors’ confidence in the financial market and reversing
the flight-to-quality, thus reducing the demand in the Treasury bills. While
we cannot rule out the above explanation, the double-constraints model
offers an alternative channel through which the switching of binding con-
straints can cause interest rate jumps even without any major macroeco-
nomic news potentially affecting investors’ beliefs. Intuitively, prior to the
short-sale ban, since the borrowing constraint was binding, the Treasury
rate had to be low in order for the bond market to clear. However, after the
short-sale ban became effective, since borrowing constraint was no longer
binding, a high Treasury yield and a low bond price were necessary for
optimistic investors to reduce their borrowing by buying back the bonds
from the short-sellers who were unwinding their short positions in the
stocks. We also point out that the ban on naked short selling on
September 18, which also caused an upward jump in the Treasury-bill
rate, was not accompanied by any other major announcements, which lends
support to our hypothesis.
Moreover, the double-constraints model also predicts large downward

jump in the Sharpe ratio, thus expected excess returns, following the short-
sale ban assuming the borrowing constraint was previously binding. Battalio,
Mehran, and Schultz (2012) find that both financial stocks subjected to bans
and the nonfinancial stocks that were not subjected to the short-sale ban
experienced large negative cumulative daily returns during the fourteen
days during which the ban was in effect, which is consistent with our model’s
prediction. Note that, because of the positive endogenous jump in the risk-
free rate, expected excess returns and expected returns do not always move
together in the model. While the switching of binding constraint triggered by
the short-sale ban always leads to a downward jump in the former, its effect
on the latter depends on the level of stock volatility, which determines the
trade-off between the endogenous jumps in the risk-free rate and Sharpe
ratio.
In terms of stock volatility, Boehmer, Jones and Zhang (2013) measure

short-term, firm-level volatility by the difference between the highest and
lowest transaction price for a given stock on a given trading day, divided
by the stock’s volume-weighted average trade price for that day. They find
that average firm-level volatility, especially for large firms, increased signifi-
cantly after the short-sale ban on financial stocks, which is consistent with a
double-constrained economy with tight borrowing and no-short-sale con-
straints. According to Boehmer, Jones and Zhang (2013), “Increased
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volatility during the shorting ban could be due to the worsening market
quality, but it could also simply reflect greater tumult in the fundamentals
during this time period.” We show that the increased volatility also could be
due to the switch of the binding constraint fromborrowing to short sale.Note
that volatility does not necessarily need to experience a positive jump for the
model results to be consistent with the empirical findings, since we are com-
paring volatilities in two different equilibria, one with borrowing constraint
only, and one with both short-sale and borrowing constraints, our model
shows that stock volatility can be higher in the second equilibrium with two
constraints.
Another interesting implication of the double-constrained model is that, if

the regulator’s aim is to stabilize the financial market, a short-sale ban im-
posed on a previous borrowing constrained economy is most effective in
reducing stock volatility if the pessimistic investor is currently holding a small
(short or long) position in the stock, that is, h�A � 0. Intuitively, if h�A � 0,
imposing a short-sale banwouldmove the economy closer to the critical state
y�, where returns are least volatile. In contrast, in an unconstrained economy,
imposing a no-short-sale constraint when h�A � 0 has little effect on stock
volatility. Therefore, the interaction between borrowing and short-sale con-
straints has a first-order effect on the volatility dynamics.

3.5 Market selection

A growing literature looks at the long-run survival and price impact of
irrational investors. It is known that, in a completemarket, only the investor
with the most accurate belief survives in the long-run, thus the
heterogeneous-beliefs economy eventually converge to a single-agent econ-
omy since each investor’s consumption share converges to either zero or one
in the long run.7

We analyze how borrowing and short-sale constraints affect the speed of
market selection compared to the unconstrained case. In Figure 6, we as-
sume investor B holds the correct belief and investor A is overly pessimistic,
thus investor B’s consumption share yT ! 1 almost surely as T!1.
Panels A and B show that portfolio constraints reduce both the mean and
volatility of investor’s consumption growth dyt=yt, however, the borrowing
constraint tend to have a larger effect compared to short-sale constraint.
Moreover, in the double-constrained economy, there seems to be a further
reduction in the mean of volatility of dyt=yt compared to the single-
constrained economies, especially near the critical state y�. Therefore,
one might expect the market selection process to be much slower in
the double-constrained economy, however, we show that this is not
necessarily the case.

7 See, for example, Sandroni (2000), Blume and Easley (2006), Kogan, Ross, and Wang (2006, 2017), Massari
(2017), Boroviĉka (2020), and Dindo (2019).

Review of Asset Pricing Studies / v 11 n 4 2021

912

D
ow

nloaded from
 https://academ

ic.oup.com
/raps/article/11/4/886/6132363 by M

acquarie U
niversity user on 01 D

ecem
ber 2021



Figure 6, panels C and D, plots the CDF for yT at T ¼ 20 and T ¼ 100
years, using Monte-Carlo with 10, 000 simulated paths for yt. First, we ob-
serve that the short-sale constraint is much more effective in slowing market
selection compared to the borrowing constraint. Intuitively, since over time
yt ismuchmore likely to increase than to decrease, the short-sale constraint is
more likely to be binding for the pessimistic investor than the borrowing
constraint binding on the optimistic investor. This feature is more pro-
nounced when time horizon T is longer, because as T increases, y moves
closer to one. Second, when there is ban on short sales, further restricting
access to credit will not significantly slow market selection, especially when
the investment horizon is relatively long. This is because the borrowing

(a) (b)

(c) (d)

Figure 6

Market selection in unconstrained (~hA ¼ �1; ~hB ¼1), borrowing-constrained (~hA ¼ �1; ~hB ¼ 1:8), short-
sale constrained (~hA ¼ 0; ~hB ¼1), and double-constrained (~hA ¼ 0; ~hB ¼ 1:8) economies
Panels A and B show the mean and volatility of investor B’s consumption growth dyt=yt as a function of y.
Panels C and D show the cumulative probability distribution function (CDF) of yT for T ¼ 20 and T ¼ 100
years, respectively. Other parameters include lB

D ¼ 1:8%; rD ¼ 3:2%; q ¼ 0:02; lA
D ¼ 0:65lB

D, and
cA ¼ 3; cB ¼ 1:5.
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constraint only has an effect in the short term, since it is only binding if y <
0.5. In sum, the constraint relevant to the irrational investor plays a domi-
nant role in slowing market selection more so than the constraint relevant to
the rational investor.

4. Conclusion

In a general equilibrium model with heterogeneous beliefs and preferences,
this paper shows that although borrowing and short-sale constraints never
bind simultaneously, market equilibria can be very different between double-
constrained and single-constrained economies. When both constraints are
sufficiently tight, both the market price of risk and risk-free rate experience
endogenous jumps at the critical state of the economy where market equilib-
rium switches from being borrowing-constraint binding to short-sale-
constraint binding. The endogenous jumps also lead to interesting dynamics
for the stock volatility. In particular, imposing a short-sale ban when bor-
rowing is already restrictive or tightening the borrowing constraint during a
short-sale ban can amplify stock volatility, which do not occur in a single-
constrained economy.
We believe that the current paper opens many future avenues of research.

First, it would be interesting to extend the current framework to a multitrees
setting (see, e.g., Cochrane, Longstaff and Santa-Clara (2008); Branger,
Schlag, and Wu (2011)), which would provide a richer environment to ana-
lyze the effect of interaction between short-sale and borrowing constraints. In
this case, the optimistic investor in one stock can substitute borrowing at the
risk-free rate for short selling a different stock; therefore, both borrowing and
short-sale constraints can be potentially binding at the same time but in the
different trees depending on the relative size of the trees. This allows us to
study the spillover effect of a short-sale ban in a crisis (see, e.g., Lioui (2011);
Liu (2015)).
Second, we can also allow investors to update their beliefs about the

mean dividend growth rate as new information becomes available. When
investors have dogmatic beliefs, as in the current model, a borrowing
(short-sale) constraint is always more likely to bind when dividend growth
is below (above) average and the pessimistic (optimistic) investor has a
larger consumption share. This is not entirely satisfactory, since a short-
sale ban is likely to be issued during a financial crisis when the economy
experiences negative dividend growth. In contrast, when the investors en-
gage in learning, an investor may switch from being optimistic to being
pessimistic or vice versa, therefore it becomes more complex to determine
the conditions under which each of the constraints becomes binding in
equilibrium. Another possible extension would be to introduce portfolio
delegation (see, e.g., Vanayos and Woolley (2013); Buffa, Vayanos and
Woolley (2014)), since most mutual fund manager faces short-sale
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constraints and even the hedge fund managers do not necessarily have
unlimited access to credit.

Appendix A

A.1 Proof of Lemma 1

Using Brownian motion wB
t , we write the state-price densities for two investors as

dnAt
nAt
¼ �½ðrt þ dð��AtÞ þ DDjAt þ DD

��At
rt
Þdtþ ðjAt þ

��At
rt
ÞdwB

t � (A1)

dnBt
nBt
¼ �½ðrt þ dð��BtÞÞdtþ ðjBt þ

��Bt
rt
ÞdwB

t �: (A2)

Plugging consumption c�it from (13) into consumption clearing condition (7), by applying the

Itô formula to both sides, matching the dt and dwB
t terms we obtain

lB
D ¼

rt � q
Ct
þ dð��BtÞyt

cB
þ
ðdð��AtÞ þ DDjAt þ DD

��At
rt
Þð1� ytÞ

cA

þ 1

2
yt
1þ cB

c2B
ðjBt þ

��Bt
rt
Þ2 þ 1

2
ð1� ytÞ

1þ cA
c2A

ðjAt þ
��At
rt
Þ2;

(A3)

rD ¼
yt
cB

jBt þ
��Bt
rt

� �
þ 1� yt

cA
jAt þ

��At
rt

� �
; (A4)

which lead to the expressions for the risk-free rate rt and the market price of risk jit in (14) and

(15). Moreover, from St ¼ WðytÞDt, using the Itô formula we obtain

dSt þDtdt

St
¼ 	 	 	 dtþ ð�W0ðytÞryt

Dt

St
þ rD

Dt

St
WðytÞÞdwB

t ;

which leads to the stock volatility in (16). Lastly, investor B’s consumption share volatility ryt is

obtained by applying the Itô formula to c�Bt.

A.2 Proof of Lemma 2

The classic treatment in the constrained portfolio problem transforms the constrained economy

into a fictitious unconstrained economy. Following Cvitani�c and Karatzas (1992), with the state-

price density constructed in (12), we show that the fictitious unconstrained economy comprises a

risky stock and a riskless bond

d ~Bt

~Bt

¼ ðrt þ dð�itÞÞdt (A5)

d ~St þ ~Dtdt

~St

¼ ðli
t þ �it þ dð�itÞÞdtþ rtdw

i
t: (A6)

Hence, the budget constraint in the optimization problem (5) is

d ~W
i

t ¼ ~Witðrt þ dð�itÞ þ hitðli
t � rt þ �itÞÞdt� citdtþ ~W

i

thitrtdw
i
t: (A7)

JiðWi
t; ytÞ denotes the investors’ value functions. The dynamic programming principle gives the

following Bellman equation:
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0

¼ maxci ;hi e�qt c
1�ci
it

1� ci
þ @Jit

@t
þ ½ ~Witðrt þ dð��itÞ þ hiBrtðji

t þ
��it
rt
ÞÞ � cit�

@Jit

@ ~Wit

(

�ytli
yt

@Jit
@yt
þ 1

2
~W
2

ith
2
Btr

2
t

@2Jit

@ ~W
2

it

� 2 ~WithBtrtytryt

@2Jit

@ ~Wit@yt
þ y2t r

2
yt

@2Jit
@y2t

" #)
;

subject to the transversality condition E
i
t½JiT� ! 0 as T!1 under investor i’s subjective mea-

sure. Note that we use li
y for the drift term of the consumption share process under investor i’s

belief. The homogeneity of system and use of ci ¼ Wi

Ui
conjecture value function form as

JiðytÞ ¼ e�qt
~W
1�ci
it UiðytÞci
1� ci

(A9)

which leads to the following ODEs:

0

¼ maxhi

(
1þ ð1� ciÞðrþ dð��i Þ þ hirðji þ �

�
i

r
ÞÞ � q� 1

2
cið1� ciÞr2

t h
2
i

� �
Ui

ci

�ð1� ciÞrhiryyU
0
i � cilyytU

0
i þ

1

2
r2
yy

2 U00i � ð1� ciÞ
ðU0iÞ

2

Ui

" #)
:

The first order condition will give optimal portfolio h�it (19). Plugging (19) into (A10) and

dropping maximum operator produces ODEs (20). The boundary conditions are achieved

by shifting limits to ODEs. When y ¼ 0, the economy is dominated by A agent, the boundary is

UAð0Þ ¼
cA

q� ð1� cAÞ

�
jAð0Þ

�2
2cA

þ rð0Þ

0B@
1CA

UBð0Þ ¼
cB

q� ð1� cBÞ
jBð0Þ þ �

�
Bð0Þ
rD

� �2

2cB
þ rð0Þ � ��Bð0Þ~hB

0BBB@
1CCCA

(A11)

where ��Að0Þ ¼ 0; ��Bð0Þ ¼ minf0; cBr2
D

~h
2

B � cAr2
D

~hB � rDDD
~hBg=~hB, jAð0Þ ¼ cArD,

jBð0Þ ¼ cArD þ DD, rð0Þ ¼ qþ cAlA
D � 1

2 cAð1þ cAÞr2
D. Be aware that the constraint will not

bind for agent A if she dominates economy; Otherwise the market cannot be cleared. Therefore,

��Að0Þ ¼ 0. Analogously, when y ¼ 1, the economy is dominated by B agent. The boundary is

UAð1Þ ¼
cA

q� ð1� cAÞ
jAð1Þ þ �

�
Að1Þ
rD

� �2

2cA
þ rð1Þ � ��Að1Þ~hA

0BBB@
1CCCA

UBð1Þ ¼
cB

q� ð1� cBÞ

�
jBð1Þ

�2
2cB

þ rð1Þ

0B@
1CA

(A12)
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where ��Að1Þ ¼ minf0; cAr2
D

~h
2

A � cBr2
D

~hA þ rDDD
~hAg=~hA, ��Bð1Þ ¼ 0,

jAð1Þ ¼ cBrD � DDjBð1Þ ¼ cBrD, rð1Þ ¼ qþ cBlB
D � 1

2 cBð1þ cBÞr2
D.

Depending on whether or not investor i’s constraint starts to bind, ��A � 0 and ��B � 0 for

y 2 ½�0; 1�. The coefficients in front ofU0i andUi can differ in sign at some y�, which causesUi to

be discontinuous. In the end, we have P
D ¼ W

c ¼
cA
c
WA

cA
þ cB

c
WB

cB
¼ ð1� yÞUA þ yUB in equilibrium.

A.3 Proof of Proposition 1

From (21), after substituting jit, i ¼ A;B and ryt from (15) and (17), by assuming the constraints

bind for both investors we obtain the following system of equations for ��At
~hA and ��Bt

~hB (we

suppress time index for notational convenience, essentially all variables are stochastic except ci and
~h i (i ¼ A;B) with ~hA ¼ h and ~hB ¼ �h),

~hA�
�
A ¼ ½1�

1

~hAr

C
cA
ðrD �

yDD

cB
� y

cBr~hB

~hB�
�
B �
ð1� yÞ
cAr~hA

~hA�
�
AÞ

þ 1

~hAr

yð1� yÞC
cAcB

ððcB � cAÞDD þ
��B � ��A

r
ÞU
0
AðyÞ

UAðyÞ
Þ�cAðr~hAÞ2;

~hB�
�
B ¼ ½1�

1

~hBr

C
cB
ðrD þ

ð1� yÞDD

cA
� y

cBr~hB

~hB�
�
B �
ð1� yÞ
cAr~hA

~hA�
�
AÞ

þ 1

~hBr

yð1� yÞC
cAcB

ððcB � cAÞDD þ
��B � ��A

r
ÞU
0
BðyÞ

UBðyÞ
Þ�cBðr~hBÞ2:

(A13)

The system of equations in (A13) can be reduced to

g2A
~hA�

�
A

ð~hArÞ2
þ ~g2A

~hB�
�
B

ð~hBrÞ2
¼ 1� g3A

~hAr
;

~g2B

~hA�
�
A

ð~hArÞ2
þ g2B

~hB�
�
B

ð~hBrÞ2
¼ 1� g3B

~hBr
;

(A14)

where

g2A ¼
Cy

cAcB
1� ð1� yð ÞU

0
AðyÞ

UAðyÞ
Þ; g3A ¼ rD þ ððcB � cAÞrD � DDÞg2A; ~g2A ¼ �

~hB

~hA

g2A

and

g2B ¼
Cð1� yÞ

cAcB
1þ y

U0BðyÞ
UBðyÞ

� �
; g3B ¼ rD � ððcB � cAÞ � DDÞg2B; ~g2B ¼ �

~hA

~hB

g2B:

The system (A14) simplifies to8

��A � ��B ¼
~hA

g2A
r2 � ðrD

g2A
þ ðcB � cAÞrD � DDÞr;

���A þ ��B ¼
~hB

g2B
r2 � ðrD

g2B
� ðcB � cAÞrD þ DDÞr;

(A15)

which is equivalent to

8 Note that if only one investor’s constraint binds, the result reduces to that in Chabakauri (2015).
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r ¼
1
g2A
þ 1

g2B
~hA

g2A
þ ~hB

g2B

rD: (A16)

However, in equilibrium stock volatility must also satisfy (16), which can be written as

r ¼ rD �
yð1� yÞC

cAcB

~hB

g2B
r� rD

g2B

 !
W0ðyÞ
WðyÞ

using ry from (17) and ��B � ��A from (A15). Solving for r gives us

r ¼
g2BW� yð1�yÞC

cAcB
W0

g2BW� ~hByð1�yÞC
cAcB

W0
rD: (A17)

The following facts are useful to simplify (A17):

W ¼ ~hAð1� yÞUA þ ~hByUB

W0 ¼ y~hBU0B þ ð1� yÞ~hAU0A þ ~hBUB � ~hAUA

U0A ¼ Cy� cAcBg2A
Cyð1� yÞ UA

U0B ¼ cAcBg2B � Cð1� yÞ
Cyð1� yÞ UB;

where the first equality is due to P
D ¼ W

C ¼
~hAWA
~hBWB

. The last two equalities are due to the definitions

for g2A and g2B. By plugging these expressions into (A17), we obtain

r ¼

~hA ð1�yÞUAþ~hB ð1�~hB ÞyUB
ð~hA ð1�yÞUA Þ

g2A

 !
þ ~hB

g2B

1
g2A
þ 1

g2B

rD: (A18)

Equating (A16) and (A18) gives us

~hAð1� yÞUA þ ~hBð1� ~hBÞyUB

ð~hAð1� yÞUAÞ
¼ ~hA: (A19)

Using the fact that ð1� yÞUA ¼WA; yUB ¼WB and ð1� ~hBÞWB ¼ �ð1� ~hAÞWA, (A19)

simplifies to

1� ð1�
~hAÞ~hB

~hA

¼ ~hA;

which implies

~hA ¼ f
1

~hB:

Note that WA
~hA þWB

~hB ¼WA þWB, therefore only one solution is possible

~hA ¼ ~hB ¼ 1: (A20)

Hence, r ¼ rD from (A16) and ��B � ��A ¼ ðcB � cAÞr2
D þ DDrD from (A15).
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A.4 Multiple Equilibria at the Critical State y�

Here, we provide detailed explanations for the existence of two equilibria at the critical state y�,
one short-sale-constraint binding equilibriumwith lowmarket price of risk and high risk-free rate

(i.e., ��Aðy�Þ > 0; ��Bðy�Þ ¼ 0), and one borrowing-constraint binding equilibrium with high mar-

ket price of risk and low risk-free rate (i.e., ��Aðy�Þ ¼ 0; ��Bðy�Þ < 0). The two equilibria coexist at

the critical state y�. However, only one of the constraints can be binding at y�, not both.
To support our argument, we use the fact that stock volatility,rðyÞ, is a continuous functionof

the state variable for y 2 ½0; 1�. Therefore, at the critical point, y�, since either short selling or

borrowing can be binding depending on which equilibrium is selected, we must have

rðy�Þ ¼ ð1� ~hAÞg1Aðy�Þ þ ~hA ¼ ð1� ~hBÞg1Bðy�Þ þ ~hB;

fromwhich we can derive the following relation between the P/D ratio and investors’W/C ratios:

W0ðy�Þ
Wðy�Þ ¼

~h � y�

y�ð1� y�Þ þ ð1�
~hÞU

0
Aðy�Þ

UAðy�Þ
þ ~h

U0Bðy�Þ
UBðy�Þ

; ~h ¼ 1� ~hA

~hB � ~hA

:

By substituting W0ðy�Þ=Wðy�Þ back into rðy�Þ we can obtain the following expressions for

stock volatility at y�,

rðy�Þ ¼ rD

1� y�ð1� y�Þ U0Aðy�Þ
UAðy�Þ �

U0Bðy�Þ
UBðy�Þ

� �
ð1� y�Þ~hA 1þ y�

U0Bðy�Þ
UBðy�Þ

� �
þ y�~hB 1� ð1� y�Þ U0Aðy�Þ

UAðy�Þ

� � ;
and for consumption share volatility at y�,

ryðy�Þ ¼ rD
ð1� y�Þð~hA � ~hBÞ

ð1� y�Þ~hA 1þ y�
U0Bðy�Þ
UBðy�Þ

� �
þ y�~hB 1� ð1� y�Þ U0Aðy�Þ

UAðy�Þ

� � :
Next, suppose that, at y�, short-sale constraint binds and borrowing constraint does not, that

is, �Aðy�Þ > 0 is given by Equation (23), and �Bðy�Þ ¼ 0. Plug �Aðy�Þ; jið��AÞi2fA;Bg; rðy�Þ and
ryðy�Þ into Equation (19), we find that

h�Aðy�Þ ¼
1

cArðy�Þ jAðy�Þ þ �
�
Aðy�Þ
rðy�Þ � cAy

�ry y�ð ÞU
0
Aðy�Þ

UAðy�Þ

� �
¼ ~hA;

and

h�Bðy�Þ ¼
1

cBrðy�Þ jBðy�Þ � cBy
�ryðy�Þ

U0Bðy�Þ
UBðy�Þ

� �
¼ ~hB:

We can do the same exercise by assuming the borrowing constraint binds and short-sale con-

straint does not, that is, �Bðy�Þ < 0 is given by Equation (23), and �Aðy�Þ ¼ 0.Wewould find that

h�Aðy�Þ ¼
1

cArðy�Þ jAðy�Þ � cAy
�ryðy�Þ

U0Aðy�Þ
UAðy�Þ

� �
¼ ~hA;

and

h�Bðy�Þ ¼
1

cBrðy�Þ jBðy�Þ þ �
�
Bðy�Þ
rðy�Þ � cBy

�ryðy�Þ
U0Bðy�Þ
UBðy�Þ

� �
¼ ~hB:

Therefore, we have two equilibria at y�. When short-sale constraint is binding, it corresponds

to the equilibrium with low market price of risk and high risk-free rate. In this environment, the

pessimistic investor (A) wants to short the stock but is bound by the short-sale constraint, whereas

the optimistic investor (B), though not bound by the borrowing constraint, observes a lowmarket
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price of risk and high risk-free rate, thus optimally chooses h�Bðy�Þ ¼ ~hB. The opposite happens

when the borrowing constraint is binding, which corresponds to the equilibriumwith highmarket

price of risk and low risk-free rate.

Essentially, we have identified a function form for stock volatility rðy�Þ, in which two equi-

libria with different market prices of risk and risk-free rates, but the same P/D ratio and stock

volatility, can coexist. For each of the two equilibria at y�, either the short-sale constraint or the
borrowing constraint is binding, however, they do not bind simultaneously. Having said that, we

still cannot rule out that there might exist a different function form of rðy�Þ, for which both

constraints bind at the same time, and an entirely differentmarket equilibrium can arise, however,

so far we are unable to find such a function form.

Appendix B. Numerical Algorithm

We solve the model numerically using the finite difference fixed-point iterations method in the

online appendix B of Chabakauri (2015). The method can be summarized as follows. Start with

solutions in the unconstrained case as the conjectured solution to the system of ODEs in (20), and

compute ��i and the equilibrium quantities fj; r; ry; ly;rg using expressions in Lemma 1 and

Proposition 1. Then, solve the ODEs again using the updated coefficients and repeat the process

until convergence. The fixed-point iterations method works well with single-constrained econo-

mies and also double-constrained economies, where the constraints are relatively loose, such that

there is an interval ðy; �yÞ in which neither the borrowing nor the short-sale constraint binds.

However, when constraints are tight in a double-constrained economy, we must predetermine

the critical state y�, which separates the interval onwhich the borrowing constraint is binding, that
is, ½0; y��, from the interval onwhich the short-sale constraint is binding, ½y�; 1�, because otherwise
the fixed-point iterations method does not converge for y close to the critical state.

Next, we outline the procedure used to predetermine the critical state y�. We first solve for the

equilibrium optimal portfolios in single-constrained economies using the fixed-point iteration

method. In particular, letbh iðy;�1; �hÞ andbh iðy; h;1Þ denote investor i’s optimal portfolioweight,

as a function of the state variable, in a borrowing-constrained economy with ð~hA ¼ �1; ~hB ¼ �hÞ
and in a short-sale-constrained economywith ð~hA ¼ h; ~hB ¼1Þ, respectively. Since the constraints
never simultaneously bind and one of them has to be binding for every state, we set short-sale as the

binding constraint if bhAðy;�1; �hÞ < h. Similarly, we choose borrowing as the binding constraint

ifbhBðy; h;1Þ > �h.9 After doing so, we find a very small set of y grid-points, say fy1; . . . ; yngwherebhAðy;�1; �hÞ > h and bhBðy; h;1Þ < �h, each of them is a candidate for y�.10 To choose y�, we
numerically solve for equilibrium in the double-constrained economy for each candidate, by setting

y� ¼ ym; m ¼ 1; . . . ; n, and compute the maximum total error in optimal portfolios, defined as

maxi2fA;Bg
X

y2f0;Dy;2Dy;...;1g
jh�i ðy; h; �hÞ � ~h ij1h�i ðy;h ;�hÞ=~h i>1

; (B1)

where h�i ðy; h; �hÞ is investor i’s optimal portfolio in the double-constrained economy with

ð~hA ¼ h; ~hB ¼ �hÞ. The maximum error measures the extent to which the constraints are violated

by investors’ optimal portfolio, which theoretically should be exactly zero. Finally, we choose the

ym 2 fy1; . . . ; yng that gives the smallestmaximum total error.Numerically, we find this error to be

less than 10�10, which means that the portfolio constraints h�A � h and h�B � �h are satisfied in

equilibrium.We also verify that themarket-clearing conditions in (7) are satisfied and that investors’

optimal portfolios follow (19).

9 In essence, what we are saying is that if the short-sale constraint is still violated after we set borrowing as the
binding constraint, then the short-sale constraint must be binding instead of the borrowing constraint, and vice
versa.

10 Of 1,000 y grid points, we find approximately 20 y grid points, wherebhAðy;�1; �hÞ > h and bhBðy; h;1Þ < �h.
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Appendix C. CRRA Investors with Homogeneous Risk Aversions

(a) (b)

(c) (d)

(e) (f)

Fig. C.1

Equilibrium in unconstrained (~hA ¼ �1; ~hB ¼1), borrowing-constrained (~hA ¼ �1; ~hB ¼ 1:8), short-sale-
constrained (~hA ¼ 0; ~hB ¼1), and double-constrained (~hA ¼ 0; ~hB ¼ 1:8) economies
Other parameters include cA ¼ 0:8; cB ¼ 0:8; lA

D ¼ 0:65lB
D; lB

D ¼ 1:8%; rD ¼ 3:2%, and q ¼ 0:02.
Processes are functions of the state variable y ¼ c�B=D.
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Gârleanu, N., and L. Pedersen. 2011. Margin-based asset pricing and deviations from the law of one price.
Review of Financial Studies 24:1980–2022.

He, Z., and K. Krishnamurthy. 2013. Intermediary asset pricing. American Economic Review 103:732–70.

Hugonnier, J. 2012. Rational asset pricing bubbles and portfolio constraints. Journal of Economic Theory
147:2260–302.

Kogan, L., I. Makarov, and R. Uppal. 2007. The equity premium and the risk-free rate in an economy with
borrowing constraints. Mathematics and Financial Economics 1:1–19.

Kogan, L., S. Ross, and J. Wang. 2006. The price impact and survival of irrational traders. Journal of Finance
61:195–229.

———.2017. Market selection. Journal of Economic Theory 168:209–36.

Lioui,A. 2011. Spillover effects of counter cyclicalmarket regulation: Evidence from the 2008 banon short sales.
Journal of Alternative Investments 13:53–66.

Liu, X. 2015. Short-selling attacks and creditor runs. Management Science 61:814–30.

Lucas, R. 1978. Asset prices in an exchange economy. Econometrica 46:1229–145.

Massari, F. 2017. Trading in the market: A necessary and sufficient condition for a trader to vanish. Journal of
Economic Dynamics and Control 78:190–205.

Rytchkov, O. 2014. Asset pricing with dynamic margin constraints. Journal of Finance 69:405–52.

Sandroni, A. 2000. Do markets favor agents able to make accurate predictions? Econometrica 68:1303–42.

Vanayos, D., and P. Woolley. 2013. A institutional theory of momentum and reversal. Review of Financial
Studies 26:1087–145.

923

Dynamic Asset Pricing
D

ow
nloaded from

 https://academ
ic.oup.com

/raps/article/11/4/886/6132363 by M
acquarie U

niversity user on 01 D
ecem

ber 2021


	raab003-FN1
	raab003-FN2
	raab003-FN3
	raab003-FN4
	raab003-FN5
	raab003-FN6
	raab003-FN7
	app1
	raab003-FN8
	app2
	raab003-FN9
	raab003-FN10
	app3

