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Abstract

This paper aims to investigate, from an academic perspective, a potential appli-
cation of dynamic fund protection to protect a mortgagor of a property against
the downside risk due to falling property price. The valuation of the dynamic
fund protection is discussed through modelling the property price and interest
rate, which may be considered to be two key factors having a material impact
on the mortgagor. Specifically, a mean-reverting process is used to describe the
property price and the Heath-Jarrow-Morton theory is used to model the in-
terest rate. The valuation is done via the use of a forward measure approach.
The numerical solution to the pricing partial differential equation is obtained
via applying the finite-difference method. Numerical results with some model
parameters being estimated from the data on an Australian residential prop-
erty index and Australian zero-coupon yields and forward rates are provided.
The implications of the numerical results for the potential implementation of the
dynamic fund protection are discussed.
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1 Introduction

Property markets have always captured much attention from the media and the general
public. It is particularly the case in major international cities around the globe, where
the property prices have been skyrocketed, but have also gone through several reversals
over the past few decades. The credit crunch of 2008, which may be attributed to the
U.S. subprime mortgages, brought in the bursting of the property bubble in the United
States. The credit crunch of 2008 resulted in a large number of defaults in the U.S.
mortgage market and brought down some major players in the market such as Fannie
Mae and Freddie Mac. Though the Australian housing markets and economy were less
influenced by the credit crunch compared with those in the United States and some
other countries, the Australian markets were still affected by higher borrowing costs
(Debelle (2008)). About a decade after the credit crunch of 2008, concerns about the
downturn of Australian property markets and potential credit crunch have raised after
several years of booming in the markets. In a recent speech delivered by Philip Lowe,
the Governor of the Reserve Bank of Australia, on 6 March 2019 (see Lowe (2019)), it
was noted that Australian housing prices have dropped by 9% since late 2017 after an
increase of housing prices by almost 50% over the past half decade. This appears to
provide a justification for the decision about the monetary policy made by the Board
that the cash rate remained unchanged at a low level of 1.5%.

Let us cite a quotation from Imai and Boyle (2001), Page 31, “Both individual
and institutional investors have a basic need for protection against downside risk.” It
seems that some participants in the property markets, such as mortgagors, who may be
property investors or (owner-occupied) homeowners, lenders, builders and other stake-
holders, may be interested in this statement as well. It looks that from the perspectives
of mortgages and lenders, there may be two major concerns, namely declines in prop-
erty prices and fluctuations in interest rates. Financial instruments or derivatives, such
as caps and floors, may be used for hedging against uncertainty about interest rates,
as long as the maturities of the products may be tailored to the protection periods
that the mortgagors desire. There are some financial or insurance products offering
certain protections to lenders and mortgagors. See, for example, Chuang et al. (2018)
for mortgage insurance contracts. There are also products for securitization of resi-
dential and commercial mortgages such as credit default swaps (CDSs), collateralized
debt obligations (CDOs), mortgage-backed securities (MBS) and asset-backed securi-
ties (ABS). However, it does not seem that these products were particularly designed
to protect mortgagors no matter the mortgagors are property investors or (owner-
occupied) homeowners, against the risk of declines in property prices or downturn of
property markets.
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Dynamic fund protection was introduced in the seminal papers by Gerber and
Shiu (1998, 1999), which can be thought of as a generalization of a put option and
provide protection to its holder continuously over time in the entire lifetime of the
product. As noted by Imai and Boyle (2001), the dynamic fund protection is related
to a lookback call option on the minimum value of an underlying fund over the lifetime
of the protection. The practical convenience provided by this product to its holder is
that it saves the time and effort for the holder to make possibly sophisticated decisions
on when to exercise the provision given by the product. This is particularly impor-
tant for relatively long-lived products such as insurance protections with embedded
options. See, for example, Imai and Boyle (2001) and Fan et al. (2018) for some re-
lated discussions. The valuation of dynamic fund protection and some related dynamic
guarantees, such as lookback options, has attracted some attention to researchers in
finance and actuarial science. See, for example, Gerber and Shiu (1998, 1999, 2003a,
2003b), Gerber and Pafumi (2000), Imai and Boyle (2001), Chu and Kwok (2004),
Tse et al. (2008), Wong and Chan (2007), Wong and Lau (2008), Wong and Lam
(2010), Jin et al. (2016) and Fan et al. (2018). Among these contributions, different
approaches for the pricing of dynamic fund protection have been considered, such as
the analytical approach based on the theory of stochastic processes, the partial differ-
ential equation approach, the Fast Fourier Transform approach and the Monte Carlo
simulations approach. Furthermore, different model dynamics for the underlying fund
such as geometric Brownian motions, mean-reverting processes, stochastic volatility
models, Lévy processes and regime-switching models have been considered in these
works. Some variations of the structure of the product such as discrete time moni-
toring for protection have also been considered in some of these literature. From the
contractual structures of dynamic fund protection, it appears that this instrument may
be particularly designed for protection against falls in the value of a certain asset or
fund over a specified period of time. While potential applications of this instrument
to protect against declines in values of insurance and financial funds may have been
quite well-explored, it does not seem that the potential of applying this instrument to
protest against declines in property values may have been well-explored.

The aim of this paper is to investigate, from an academic perspective, a potential
application of a dynamic fund protection to protect against the risk of falling property
prices. The potential issuer of the dynamic fund protection may be an insurance
company, a bank or a financial institution. Two key factors having a material impact
on the mortgagor, namely the property price and the interest rate, are incorporated
in the valuation of the dynamic fund protection. Specifically, a continuous-time mean-
reverting stochastic process is used to model the property price, and the Heath-Jarrow-
Morton (HJM) theory is used to describe the stochastic interest rate. The forward
measure approach is then employed to value the dynamic fund protection and a pricing
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partial differential equation governing the value of the dynamic fund protection is
obtained. The finite-difference method will be employed to compute the numerical
solution to the pricing partial differential equation. Attention is given to a particular
case of the Gaussian HJM model, namely the Ho-Lee model (Musiela and Rutkowski
(2005), Page 432). Numerical results with some model parameters being estimated
from the data on an Australian residential property index and Australian zero-coupon
yields and forward rates are provided. The comparison of the valuation results with
those in the case of non-stochastic interest rate is also provided. The impacts of the
current property price and the minimal value of the property up to the current time
and the protection level on the value of the dynamic fund protection are investigated.
The numerical results for investigating these impacts seem to be mostly in line with
some existing results in the literature, such as Jin et al. (2016), and be consistent
with intuition. From the modeling perspective, it may be more realistic to assume
that the interest rate is stochastic. However, it is found from our numerical results
that under the Ho-Lee model and the estimated parameters based on the Australian
datasets considered here, the impact of stochastic interest rate on the values of the
DFP does not seem to be very significant though there are some differences between
the values under the Ho-Lee model and those under its non-stochastic counterpart. It
may be interesting to investigate if this finding is robust when other stochastic interest
rate models and/or other datasets are used. This may represent a topic for further
research. In the current paper, we use the HJM theory in general and the Ho-Lee
model in particular. The value of the dynamic fund protection appears to be large
when the protection level is higher than the current value of the property and the
period of protection is long. A 50-50 sharing rule as a potential remedy is discussed.

It appears that the valuation of dynamic fund protection is often priced under
a geometric Brownian motion and some of its extension, which could, in general, be
related to random walk processes. Wong and Lau (2008) considered the analytical
valuation of lookback options, which are related to dynamic fund protections, when the
underlying asset exhibits mean reversion. Motivated by the mean-reverting property of
property prices and the significance of fluctuations in interest rates in property markets,
the two features are captured in the valuation of the dynamic fund protection in the
current paper. An alternative approach to hedge against falling property prices may
be to employ an American-style put option. However, as noted by Imai and Boyle
(2001), it may be difficult for households to make an optimal decision on when the
option should be exercised. Furthermore, this involves an optimal stopping problem,
who could be sophisticated when the stochastic interest rate is incorporated. It was
also noted in Imai and Boyle (2001) that it is not optimal to exercise an American-style
dynamic fund protection. Consequently, it may suffice to consider a European-style
dynamic fund protection as will be done in this paper.
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The rest of the paper is organized as follows. The next section presents the dynam-
ics for the property prices and and stochastic interest rates. The payoff structures of
the dynamic fund protection for the property are also presented. The valuation of the
dynamic fund protection using the forward measure approach is discussed in Section
3. A partial differential equation governing the price of the dynamic fund protection
is derived in Section 3. The numerical scheme using the finite-difference method is
presented in Section 4. The numerical results and the discussions for their implications
are provided in Section 5. Some issues for the implementation of the protection are also
discussed in Section 6. Concluding remarks are provided in Section 7. The appendix
contains tables and figures of the numerical results.

2 Model Dynamics and Dynamic Fund Protection

A continuous-time economy is considered here, where the horizon T is given by [0, T ]
with T <∞. Uncertainties and their resolution are described by a complete probability
space (Ω,F ,P), where P is a real-world probability measure. Let {H(t)|t ∈ T } be the
price process of a property. For each t ∈ T , let Y (t) := lnH(t), so that {Y (t)|t ∈ T }
is the natural logarithm of the price process of the property {lnH(t)|t ∈ T }. It is
supposed that under the measure P, the natural logarithm of the price process of the
property {Y (t)|t ∈ T } is governed by the following mean-reverting Ornstein-Uhlenbeck
(OU) process:

dY (t) = β(α− Y (t))dt+ σdW1(t). (2.1)

Here α and β are the mean-reversion level and the speed of mean reversion for the
property price, respectively; σ is the volatility of the natural logarithm of the price
process of the property, where σ > 0; {W1(t)|t ∈ T } is a standard Brownian motion
on (Ω,F ,P). The modeling of the natural logarithm of the property price ensures that
the property price is always positive.

Then by Itô’s lemma, it can be seen that

dH(t) =

(
β(α− lnH(t)) +

1

2
σ2

)
H(t)dt+ σH(t)dW1(t). (2.2)

In practice, the valuation of property price for a particular property may be uneasy
to be made precise. When the price or valuation data for a certain property are not
available, a certain reference price for the property that is estimated from some relevant
property index data (e.g., the Case-Shiller house price index and the OFHEO house

5



price index), the average or median unit or house price data in the same suburb or
region, the (real-time) data for property prices per squared foot for similar properties,
(i.e., units, apartments or houses), may be used as a proxy for a property value, say
H(t).

In Hendershott and van Order (1987), it was assumed that the price dynamics
for a property, say the house price dynamics, are governed by a geometric Brownian
motion. Here we incorporate mean reversion in the property price. As noted in Gao et
al. (2009), some studies, such as Case and Shiller (1989), Meese and Wallace (1994),
Abraham and Hendershott (1996), Malpezzi (1999), Cappoza, Hendershott and Mack
(2004), and Zandi and Chen (2006), documented that house prices exhibit serial corre-
lation and mean reversion. Using an autoregressive mean reversion model, Gao et al.
(2009) studied evidence for mean reversion and downward rigidity in the house price
dynamics for both the cyclical and non-cyclical markets using the the Case-Shiller
house price index and the OFHEO house price index. Capozza et al. (2002) studied
serial correlation and mean reversion in house price dynamics using a panel data set
of 62 metro areas in the United States from 1979 to 1995. Their results appear to
be mixed. While they found that mean reversion is higher in large metro areas and
faster-growing cities, it is low in high construction cost areas. Using house prices data
between 1980 and 2003, Glaeser et al. (2014) documented mean reversion and excess
volatility (Glaeser and Nathanson (2017)). Glindro et al. (2011) provided evidence for
serial correlation and mean reversion in the house price dynamics for nine Asia-Pacific
economies. There appear to be some theoretical supports for mean reversion in the
house price dynamics. Glaeser et al. (2014) established a rational equilibrium model
for house price dynamics with mean reversion based on housing supply and demand.
See also Glaeser and Nathanson (2017). One potential implication of the mean re-
version in the house price dynamics is predictability of house price changes. Glaeser
et al. (2014) showed that predictability in house price changes is compatible with a
no-arbitrage rational-expectation equilibrium.

We assume that there is a risk-neutral probability measure Pλ which is defined by
a Girsanov’s measure change as follows:

dPλ

dP

∣∣∣∣
F

:= exp

(∫ T

0

λ(t)dW1(t)− 1

2

∫ T

0

λ2(t)dt

)
. (2.3)

Here λ(t) is interpreted as the market price of risk for the property price at time t. It
is supposed that {λ(t)|t ∈ T } is adapted to the filtration F := {F(t)|t ∈ T } generated
by the property price process {H(t)|t ∈ T }.

Remark 1. The basis of the assumption of the existence of a risk-neutral measure is
the option pricing theory under the no-arbitrage principle. Hendershott and van Or-
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der (1987) adopted the option pricing theory to value options embedded in mortgages.
Williams (1991) used continuous-time option pricing theory to value options for real
estate development. Ward and French (1997), Booth et al. (2001), Shen and Preto-
rius (2013), amongst others, adopted binomial option pricing models to value option
contracts for real estate investment and development. In practice, the assumptions un-
derlying the option pricing theory based on the no-arbitrage principle may not hold in
real estate markets. The pricing results based on the option pricing theory may, at best,
be thought of as a first approximation given that the real estate markets are not liquid.
Shiller (2008) discussed that the lack of liquidity of real estate markets may be a reason
for the slowness of the growth of derivatives markets for real estates.

Then by the standard Girsanov’s theorem for Brownian motions (Bensoussan
(1992)), the process {W λ(t)|t ∈ T } defined by:

W λ
1 (t) := W1(t)−

∫ t

0

λ(u)du, (2.4)

is a standard Brownian motion under the risk-neutral probability measure Pλ.

Consequently, under Pλ,

dH(t) =

(
β(α− lnH(t)) +

1

2
σ2 + λ(t)σ

)
H(t)dt+ σH(t)dW λ

1 (t). (2.5)

The HJM theory (Health et al. (1992)) is now used to model the interest rate
1. Specifically, it is supposed that under the risk-neutral probability measure Pλ, the
price process {B(t, T )|t ∈ T } of a zero-coupon bond maturing at time T is given by:

dB(t, T ) = r(t)B(t, T )dt− σ(t, T )B(t, T )dW2(t), (2.6)

where {r(t)|t ∈ T } is the instantaneous rate of interest; {σ(t, T )|t ∈ T } is supposed
to be a time-deterministic volatility process; {W2(t)|t ∈ T } is a standard Brownian
motion under the risk-neutral measure Pλ. Here we follow the convention in Musiela
and Rutkowski (2005) in describing the bond price dynamics under the HJM theory
in Eq. (2.6), where a minus sign appears in front of the bond volatility σ(t, T ). The
bond price process under the risk-neutral probability measure was also considered in
Elliott and Kopp (2005), Chapter 9.

1We would like to thank a referee for suggesting the use of the HJM theory for the bond price
process.
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To incorporate the correlation between the natural logarithm of the property price
and the bond price, it is supposed that the correlation coefficient between {W λ

1 (t)|t ∈
T } and {W2(t)|t ∈ T } is ρ, which is assumed to be a constant for simplicity. Then

dW λ
1 (t) = ρdW2(t) +

√
1− ρ2dW (t), (2.7)

where {W (t)|t ∈ T } is another standard Brownian motion independent of {W2(t)|t ∈
T } under the measure Pλ. It is known that there is a relation between the bond
price and the forward rate. Consequently, the forward rate and the property price
are assumed to be correlated here. Saunders and Tulip (2020) found large effects
of interest rates, rents and momentum on housing prices in the Australian housing
market. Intuitively, house prices and interest rates may be negatively correlated 2.
Consequently, we may assume that the correlation coefficient ρ is positive so that the
bond price and the house price are positively correlated.

Under the risk-neutral measure Pλ,

dH(t) =

(
β(α− lnH(t)) +

1

2
σ2 + λ(t)σ

)
H(t)dt+ σH(t)

×(ρdW2(t) +
√

1− ρ2dW (t)). (2.8)

The payoff structure of the dynamic fund protection for the property price over the
whole investment period, say [0, T ], is now described as in the payoff structure for
dynamic fund protection in, for example, Gerber and Pafumi (2000), Imai and Boyle
(2001), Wong and Chan (2007) and Fan et al. (2018). Let L be the constant protection
level. Then the terminal payoff of the dynamic fund protection at time T , denoted by
F (T ), is given by:

F (T ) = H(T ) max

{
1, max

u∈[0,T ]

L

H(u)

}
. (2.9)

Note that {H(t)|t ∈ T } is the value process for an unprotected portfolio while {F (t)|t ∈
T } is the value process of a protected portfolio, where F (0) = H(0), (see, for example,
Imai and Boyle (2001)). In other words, by acquiring the dynamic fund protection,
the property holder will receive the payout from the protection portfolio F (T ) at the
terminal time T .

Then the terminal value of the dynamic fund protection at time T , denoted by
V (T ), is:

V (T ) = F (T )−H(T ) = H(T ) max

{
0, max

u∈[0,T ]

L

H(u)
− 1

}
. (2.10)

2We would like to thank a referee for suggesting this.
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For each t ∈ [0, T ], let

Hmin(t) := min
u∈[0,t]

H(u). (2.11)

The terminal value of the dynamic fund protection V (T ) at time T becomes:

V (T ) = H(T )

{
max

(
L

Hmin(T )
, 1

)
− 1

}
. (2.12)

3 Valuation of Dynamic Fund Protection

In this section, the valuation of dynamic fund protection and the derivation of the
respective pricing partial differential equation (PDE) are discussed. The forward mea-
sure approach is adopted for the valuation so that the interest rate is separated from
the payoff of the dynamic fund protection and that the pricing PDE will depend on
time t and the underlying property price H 3. See, for example, Musiela and Rutkowski
(2005), Elliott and Kopp (2005) and Gatarek et al. (2007) for the forward measure
approach.

Let {P (t)|t ∈ T } denote the price process of a money market account with the
instantaneous interest rate process {r(t)|t ∈ T } and an initial investment of one unit
of account. That is,

P (t) = exp

(∫ t

0

r(u)du

)
. (3.1)

Define a forward measure QT corresponding to the maturity T as follows:

dQT

dPλ

∣∣∣∣
F

:=
B(T, T )

P (T )B(0, T )
. (3.2)

Let FB denote the filtration {FB(t)|t ∈ T } generated by the bond price process
{B(t, T )|t ∈ T }. Write G for the enlarged filtration {G(t)|t ∈ T } such that

G(t) := F(t) ∨ FB(t), (3.3)

where F(t) ∨ FB(t) := σ(F(t) ∪ FB(t)). For convenience, we take F := G(T ).

3We would like to thank a referee for suggesting the use of the forward measure approach to reduce
the dimension of the pricing PDE.
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Consider the FB-martingale {ΛT (t)|t ∈ T } defined by:

ΛT (t) := Eλ

[
B(T, T )

P (T )B(0, T )
|FB(t)

]
, (3.4)

where Eλ[·|FB(t)] is the conditional expectation given FB(t) under Pλ.

Note that the discounted bond price {B(t,T )
P (t)
|t ∈ T } is an (FB,Pλ)-martingale.

Consequently, from Eq. (3.4),

ΛT (t) :=
B(t, T )

P (t)B(0, T )
. (3.5)

From Eq. (2.6),

B(t, T ) = B(0, T ) exp

(∫ t

0

(
r(u)− 1

2
σ2(u, T )

)
du−

∫ t

0

σ(u, T )dW2(u)

)
. (3.6)

Then from Eq. (3.1), Eq. (3.5) and Eq. (3.6),

ΛT (t) := exp

(
−
∫ t

0

σ(u, T )dW2(u)− 1

2

∫ t

0

σ2(u, T )du

)
. (3.7)

By the standard Girsanov’s theorem for Brownian motions, the process {W T
2 (t)|t ∈ T }

defined by:

W T
2 (t) := W2(t) +

∫ t

0

σ(u, T )du, (3.8)

is a standard Brownian motion under the forward measure QT .

Consequently, under the forward measure QT ,

dH(t) =

(
β(α− lnH(t)) +

1

2
σ2 + λ(t)σ − ρσσ(t, T )

)
H(t)dt+ σH(t)

×(ρdW T
2 (t) +

√
1− ρ2dW (t)). (3.9)

Let

dW T (t) := ρdW T
2 (t) +

√
1− ρ2dW (t). (3.10)

Then {W T (t)|t ∈ T } is a standard Brownian motion under QT . Consequently, under
QT ,

dH(t) =

(
β(α− lnH(t)) +

1

2
σ2 − λ(t)σ + ρσσ(t, T )

)
H(t)dt

+σH(t)dW T (t). (3.11)
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Now, given information G(t) up to and including time t, the conditional price of
the dynamic fund protection at time t is given by:

V (t) = Eλ

[
P (t)

P (T )
V (T )|G(t)

]
. (3.12)

By a version of the Bayes’ rule,

V (t) =
ET [ΛT (T ) P (t)

P (T )
V (T )|G(t)]

ΛT (t)

= B(t, T )ET [V (T )|G(t)], (3.13)

where ET [·|G(t)] is the conditional expectation given G(t) under the forward measure
QT . Consequently, the conditional price of the dynamic fund protection is decomposed
as the product of the bond price B(t, T ) and the expected payoff ET [V (T )|G(t)] under
the forward measure QT .

In what follows, we shall derive a pricing partial differential equation governing
ET [V (T )|G(t)]. Note that ET [V (T )|G(t)] = V (t)

B(t,T )
, which is the forward price of the

dynamic fund protection and is the value of the protection when the zero-coupon
bond is used as the unit of account or the numéraire. A partial differential equation
governing the price of the dynamic fund protection will be derived along the line in,
for example, Imai and Boyle (2001) and Fan et al. (2018). This is based on standard
applications of Itô’s lemma and exploring the martingale property to identify that the
drift term vanishes. However, the derivations to be presented here provide clarifications
for how the strongly path-dependent term due to the lookback feature of the dynamic
fund protection may be dealt with using the approximation arguments in Jiang (2003),
Chapter 9, Section 9.5 therein.

Firstly, following the arguments in, for example, Shreve (2004) and Fan et al.
(2018), the joint process {(H(t), Hmin(t))|t ∈ T } is a Markov process with respect to
the enlarged filtration G. Consequently,

Ṽ (t) = ET [V (T )|G(t)]

= ET [V (T )|(H(t), Hmin(t))]

:= V̄ (t,H(t), Hmin(t)), (3.14)

for some Borel-measurable function V̄ : T ×<2 → <. We suppose that V̄ ∈ C1,2,1(T ×
<2,<), where C1,2,1(T ×<2×<) is the space of functions g(t, x, y), which is continuously
differentiable in (t, y) and twice continuously differentiable in x.
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Following the approximation method in Jiang (2003), Pages 296-297 therein, the
pricing partial differential equation governing the value of the dynamic fund protection
is derived in the sequel.

Note that Hmin(t) is not differentiable with respect to t, (i.e., dHmin(t)
dt

does not

exist). Consequently, we do not approximate dHmin(t)
dt

. Instead we approximate Hmin(t)
by a sequence of functions {Hn(t)|t ∈ T }n=−1,−2,... defined by:

Hn(t) :=

(
1

t

∫ t

0

(H(u))ndu

) 1
n

. (3.15)

Since H(t) is continuous in t, Pλ-almost surely, Hn(t)→ Hmin(t) as n→ −∞ for each
t ∈ T , Pλ-almost surely.

Note that for each n = −1,−2, . . . , Hn(t) is continuously differentiable with re-
spect to t and that for each t ∈ T ,

dHn(t)

dt
=

(H(t))n − (Hn(t))n

nt(Hn(t))n−1
→ 0, (3.16)

as n→ −∞.

Applying Itô’s lemma to V̄ (t,H(t), Hn(t)) gives:

V̄ (t,H(t), Hn(t))

= V̄ (0, H(0), Hn(0)) +

∫ t

0

∂V̄

∂u
du+

∫ t

0

∂V̄

∂Hn

dHn(u)

+

∫ t

0

∂V̄

∂H

(
β(α− lnH) +

1

2
σ2 + λ(u)σ − ρσσ(u, T )

)
H(u)du

+
1

2

∫ t

0

σ2H2(u)
∂2V̄

∂H2
du+

∫ t

0

∂V̄

∂H
σH(u)dW T (u)

= V̄ (0, H(0), Hn(0)) +

∫ t

0

∂V̄

∂u
du+

∫ t

0

∂V̄

∂Hn

dHn(u)

du
du

+

∫ t

0

∂V̄

∂H

(
β(α− lnH) +

1

2
σ2 + λ(u)σ − ρσσ(u, T )

)
H(u)du

+
1

2

∫ t

0

σ2H2(u)
∂2V̄

∂H2
du+

∫ t

0

∂V̄

∂H
σH(u)dW T (u) (3.17)
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From Eq. (3.16) and Eq. (3.17),

V̄ (t,H(t), Hn(t))

= V̄ (0, H(0), Hn(0)) +

∫ t

0

∂V̄

∂u
du+

∫ t

0

∂V̄

∂Hn

(
(H(t))n − (Hn(t))n

nt(Hn(t))n−1

)
du

+

∫ t

0

∂V̄

∂H

(
β(α− lnH) +

1

2
σ2 + λ(u)σ − ρσσ(u, T )

)
H(u)du

+
1

2

∫ t

0

σ2H2(u)
∂2V̄

∂H2
du+

∫ t

0

∂V̄

∂H
σH(u)dW T (u) (3.18)

Under the assumption that V̄ ∈ C1,2,1(T × <2 ×<),

lim
n→−∞

V̄ (t,H(t), Hn(t)) = V̄ (t,H(t), Hmin(t)),

lim
n→−∞

∂V̄

∂t
(t,H(t), Hn(t)) =

∂V̄

∂t
(t,H(t), Hmin(t)),

lim
n→−∞

∂V̄

∂H
(t,H(t), Hn(t)) =

∂V̄

∂H
(t,H(t), Hmin(t)),

lim
n→−∞

∂2V̄

∂H2
(t,H(t), Hn(t)) =

∂2V̄

∂H2
(t,H(t), Hmin(t)), (3.19)

Pλ-almost surely, since Hn(t)→ Hmin(t) as n→ −∞, for each t ∈ T , Pλ-almost surely.

Passing the limit n→ −∞ to both sides of Eq. (3.18), using Eq. (3.16) and Eq.
(3.19) give:

V̄ (t,H(t), Hmin(t))

= V̄ (0, H(0), Hmin(0)) +

∫ t

0

∂V̄

∂u
du+

1

2

∫ t

0

σ2H2(u)
∂2V̄

∂H2
du

+

∫ t

0

∂V̄

∂H

(
β(α− lnH) +

1

2
σ2 + λ(u)σ − ρσσ(u, T )

)
H(u)du

+

∫ t

0

∂V̄

∂H
σH(u)dW T (u) (3.20)

Since {V̄ (t,H(t), Hmin(t))|t ∈ T } is a (G,QT )-martingale, the integral term with
respect to du in Eq. (3.20) must be identical to zero. This then gives:

∂V̄

∂t
+
∂V̄

∂H

(
β(α− lnH(t)) +

1

2
σ2 + λ(t)σ − ρσσ(t, T )

)
H(t)

+
1

2
σ2H2(t)

∂2V̄

∂H2
= 0. (3.21)
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This is the partial differential equation governing the price V̄ (t,H(t), Hmin(t)) of the dy-
namic fund protection for the property. Since it has been shown above that V̄ (t,H(t), Hmin(t))
does not depend onHmin(t) approximately, we shall write V̄ (t,H(t)) for V̄ (t,H(t), Hmin(t)).
Note that the pricing partial differential equation (PDE) in Eq. (3.21) is similar to the
pricing PDE in Imai and Boyle (2001), Section 4.4. The boundary conditions for the
pricing PDE in Imai and Boyle (2001) are applicable for the state variable H here and
they will be used in the numerical studies here.

4 Numerical Scheme

The numerical scheme for solving numerically the pricing partial differential equation
governing the value of the dynamic fund protection is discussed in this section. Specif-
ically, the numerical scheme is based on the finite-difference method. Note that Imai
and Boyle (2001) adopted the finite-element method to approximate the solution of a
partial differential equation governing the price of a dynamic fund protection. Whereas,
in Fan et al. (2018), the finite-difference method was used to approximate the solution
of a partial differential equation for the price of a dynamic fund protection coupled
with some filtering techniques, say the Baum-Welch algorithm. The finite-difference
method is also applied here to approximate numerically the solution of the PDE in Eq.
(3.21).

We first define {
ti := tmin + i∆t, i = 0, 1, . . . , Nt,

Hk := Hmin + k∆H, k = 0, 1, . . . , NH ,

where

∆t =
T − tmin

Nt

, ∆H =
Hmax −HMin

NH

.

It is assumed, in this paper, that tmin = rmin = 0, HMin = 1, rmax = 0.2 and Hmax = 21.
For mathematical convenience, we convert Eq. (3.21) into a forward equation in time
τ, where τ = T − t :

∂V̄

∂τ
=
∂V̄

∂H

(
β(α− lnH) +

1

2
σ2 + λ(t)σ − ρσσ(t, T )

)
H +

1

2
σ2H2 ∂

2V̄

∂H2
. (4.1)

Hereafter, it is assumed that the volatility in (2.6) has an explicit form σ(t, T ) =
η(T − t) = η(τ), where η is a given positive constant. In this case, η is the constant
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volatility of the forward rate process under the Ho-Lee model, which is a particular
case of the Gaussian HJM model, see Musiela and Rutkowski (2005), Page 432.

It is known that the basic idea of finite difference methods is to replace the partial
derivatives in PDEs with approximations based on Taylor’s expansions of the relevant
functions to be approximated in the neighbourhoods of certain mesh points. The
commonly used approximation methods include the forward-difference approximation,
the backward-difference approximation and the central-difference approximation. The
central-difference approximation method is applied, in this paper, to approximate the
derivatives with respect to the state variable H and the time variable τ . This is
described as follows:

∂V̄

∂τ
(τi, Hk) ≈

V̄ i+1
k − V̄ i

k

∆τ
,

∂V̄

∂H
(τi, Hk) ≈

V̄ i+1
k+1 − V̄

i+1
k−1

2∆H
,

∂2V̄

∂H2
(τi, Hk) ≈

V̄ i+1
k+1 − 2V̄ i+1

k + V̄ i+1
k−1

(∆H)2
.

(4.2)

Then the PDE in (4.1) becomes

V̄ i+1
k − V̄ i

k

∆τ
= Hk

(
β(α− lnHk) +

1

2
σ2 + λσ − ρση(τi)

)
V̄ i+1
k+1 − V̄

i+1
k−1

2∆H

+
1

2
σ2H2

k

V̄ i+1
k+1 − 2V̄ i+1

k + V̄ i+1
k−1

(∆H)2
.

Rearranging the similar terms yields:

AHk
V̄ i+1
k−1 +BHk

V̄ i+1
k + CHk

V̄ i+1
k+1 = fk, (4.3)

where 

AHk
= −

(
β(α− lnHk) + 1

2
σ2 + λσ − ρση(τi)

)
Hk

2∆H
+

σ2H2
k

2(∆H)2
,

BHk
= −

(
1

∆τ
+

σ2H2
k

(∆H)2

)
,

CHk
=

σ2H2
k

2(∆H)2
+

(
β(α− lnHk) + 1

2
σ2 + λσ − ρση(τi)

)
Hk

2∆H
,

fk = − V̄ i
k

∆τ
.

(4.4)

It should be noted that the market prices of risk λ(t) is assumed to be a given constant,
i.e., λ(t) = λ.

We now describe the numerical algorithm for solving Eq. (4.3). Given V̄ i
k , the

solution vector:
V̄ i+1

1:NH
:=
[
V̄ i+1

1 , V̄ i+1
2 , . . . , V̄ i+1

NH

]′
15



can be obtained by solving the tridiagonal system:

WH V̄
i+1

1:NH
= f1:NH

,

where f1:NH
:= [f1, f2, . . . , fNH

]′ and WH is a tridiagonal matrix given by:

BH1 CH1 0 · · · 0 0
AH2 BH2 CH2 · · · 0 0

0 AH3 BH3 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · BNH−1 CNH−1

0 0 0 · · · ANH
BNH


.

The pseudo-code in the following Algorithm 1 illustrates the implementation of solving
Eq. (4.3).

Algorithm 1 Numerical algorithm for solving Eq. (4.3)

Require: Previous values V̄ i
k .

procedure Find the new values V̄ i+1
k

for k = 1; k ≤ NH ; k++ do
Find the values of AHk

, BHk
, CHk

and fk by using Eq. (4.4)
Solve WH V̄

i+1
1:NH

= f1:NH
by using the Thomas algorithm

end for
end procedure

The initial condition which represents the terminal payoff of the dynamic fund
protection is given by:

V̄ (T,H) = H(T )

{
max

(
L

Hmin(T )
, 1

)
− 1

}
. (4.5)

The boundary conditions for H are given by:

∂V̄

∂H

(
ti+1, Hmin(t)

)
= 0 on H = Hmin,

and

V̄ (ti+1, H) = H(t)

{
max

(
L

Hmin(t)
, 1

)
− 1

}
on H = Hmax.
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5 Numerical Studies and Their Implications

In this section, the numerical results for the prices of dynamic fund protection are
presented. Some implications of the numerical results and some potential challenges or
difficulties that may come across for the implementation of the dynamic protection fund
are discussed. The model parameters α, β and σ in the dynamics of the logarithmic
property price are estimated using a first-order autoregressive time series model and
the data on the quarterly residential property price index in Perth, Australia. The
source of the data is from the Australian Bureau of Statistics (https://www.abs.gov.
au/statistics/economy/price-indexes-and-inflation/residential-property

-price-indexes-eight-capital-cities/latest-release). The period of the data
is from 1 September 2003 to 1 September 2020, which covers some period of Covid
19. There are 69 observations. The following AR(1) process is estimated using the
logarithm of the quarterly residential property price index in Perth. The estimation is
done using the function “arma” in the R package “tseries”.

Ym = α0 + α1Ym−1 + εm, (5.1)

where {εm} is a sequence of i.i.d. normal random variables with εm ∼ N(0, σ̄2).

Table 1 below presents the estimation result.

∼ Table 1 about here ∼

The volatility parameter η in the bond price dynamics is calibrated to the volatility
of bond prices, which are computed using the daily data on the Australian zero-coupon
yields with maturities from 0.25 years to 10 years with an increment of 0.25 years (a
total of 40 maturities). The source of the data is from the Reserve Bank of Australia
(https://www.rba.gov.au/statistics/tables/xls/f17hist.xls?v=2020-12-13-
16-14-00). The daily yield data are represented in per cent per annum. The period
of the data is from 2 January 2009 to 30 November 2020 with 3007 observations for
each maturity.

Firstly, the yield data are converted into the bond price data using the following
formula (see, for example, Elliott and Kopp, Chapter 9):

B(t, T ) = e−Y (t,T )(T−t). (5.2)
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Let τ denote the time to maturity and B(τ) denote the price of a zero-coupon bond
with the time to maturity τ . Given N observations about the daily yields with time
to maturity τ , say {Y1(τ), Y2(τ), . . . , YN(τ)}. The respective zero-coupon bond prices,
say {B1(τ), B2(τ), . . . , BN(τ)}, can be computed using Eq. (5.3) as follows:

Bi(τ) = e−Yi(τ)τ . (5.3)

The daily sample standard deviation (daily actual volatility) of the zero-coupon bond
prices with time to maturity τ is computed as:

σB(τ) =

√∑N
i=1(Bi(τ)− B̄(τ))2

N − 1
, (5.4)

where B̄(τ) =
∑N

i=1Bi(τ)

N
. From the given daily yield data, N = 3007.

Suppose M times to maturity are considered, say {τ1, τ2, . . . , τM}. Then the
volatility parameter η is calibrated to the daily actual volatility of the bond prices
with different maturities by solving the following least-square problem:

min
η

M∑
m=1

(σB(τm)− ητm)2. (5.5)

From the given daily yield data, M = 40.

Using the R function “nlm” for nonlinear optimization, the calibrated value of η is
given by 0.2030154 (with the initial value being selected as 0.1).

Let ∆ := T
M

. A discretized version of the logarithmic property price dynamics in
Eq. (2.1) is given by:

Ym = αβ∆ + (1− β∆)Ym−1 + σ
√

∆εm, m = 1, 2, . . . ,M. (5.6)

Consequently, from Eq. (5.1) and Eq. (5.6),

α =
α0

1− α1

, β =
1− α1

∆
, σ =

σ̄√
∆

(5.7)

A rough estimate for λ is given by:

λ ≈
µ̄
∆
− r
σ

, (5.8)

18



where µ̄ is the sample average of the logarithmic return from the quarterly residential
property price index and r is taken as the cash rate on 2 December 2020 from the
Reserve Bank of Australia, which is 0.1%.

The values the model parameters to be used are shown in Table 2 below unless
otherwise stated. While the values for α, β, σ, λ and η are estimated or calibrated
to the real data on the quarterly residential property index and the daily yields with
different maturities, the value ρ is selected to be 0.01, which indicates a mild positive
correlation between the logarithmic property price and the bond price.

∼ Table 2 about here ∼

Note that the solution of the partial differential equation in Eq. (3.21) gives the forward
values of the dynamic fund protection, and so its numerical solution from the finite-
difference method computed from the recursive formula in Eq. (4.3) gives numerical
approximations to the forward values of the dynamic fund protection. It is, however,
that from Eq. (3.13), the value of the dynamic fund protection V (t) is given by the
product of the value of the bond price B(t, T ) and the forward value of the dynamic
fund protection V̄ (t,H(t)) = ET [V (T )|G(t)]. Consequently, to compute the value of
the dynamic fund protection, we need to compute the bond price B(t, T ). Recall that
the Ho-Lee model, which is a particular case of the Gaussian HJM model, is considered,
where the constant volatility of the forward rate process is η. In this case, the short
rate process {r(t)|t ∈ T } is given by:

r(t) = f(0, t) +
1

2
η2t+ ηW2(t), (5.9)

where f(0, t) is the initial forward rate with maturity at time t, and so {f(0, t)|t ∈ T }
describes the initial forward rate curve; {W2(t)|t ∈ T } is a standard Brownian motion
under the risk-neutral measure Pλ. See Musiela and Rutkowski (2005), Page 432.

We now suppose that t = 0 and T = 10 years, (i.e. τ = T − t = 10 years). The
current day is 30 November 2020, (i.e., t = 0). Then the initial forward rate curve
{f(0, t)|t ∈ T } is calibrated to the data on the forward rates of the Australian zero-
coupon bonds on 30 November 2020 with maturities from 0 years to 10 years with an
increment of 0.25 years (a total of 41 maturities). Again the source of the data is from
the Reserve Bank of Australia. As an illustration, a simple linear regression model is
fitted to the forward rates data for the calibration. In other words, the initial forward
rate curve f(0, t) is approximated by the following linear function:

f(0, t) ≈ a0 + b0t, (5.10)
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and the following simple linear regression model is fitted to the forward rates data:

f(ti) = a0 + b0ti + εti , (5.11)

where f(ti) is the forward rate with maturity at the time point ti = 0.25i, for i =
0, 1, . . . , 40; {εti|i = 0, 1, . . . , 40} is a white noise process; a0 and b0 are the parameters
to be estimated. The estimation is done using the “lm” function in R and the estimation
result is presented in Table 3 below.

∼ Table 3 about here ∼

Note that the parameters a0 and b0 are estimated using the forward rates data
which are expressed in terms of per cent per annum and that the parameter η is
calibrated to the yields data which are also expressed in terms of per cent per annum.
To express the short rate process in Eq. (5.18) as decimals, the following short rate
process is considered:

r̄(t) =
f(0, t) + 1

2
η2t+ ηW2(t)

100
, (5.12)

which will be used for discounting when computing the price of a zero-coupon bond.

Then the current price at time t = 0 of the zero-coupon bond with maturity at time
T = 10 years is given by:

B(0, T ) = Eλ

[
exp

(
−
∫ T

0

r̄(t)dt

)]
. (5.13)

Using Eq. (5.18) and Eq. (5.10), the bond price B(0, T ) may be approximated as
follows:

B(0, T ) ≈ exp

(
−a0T − 0.5b0T

2 − 0.25η2T 2

100

)
Eλ

[
exp

(
− η

100

∫ T

0

W2(t)dt

)]
.(5.14)

It is well known from the Itô’s formula that∫ T

0

W2(t)dt = TW2(T )−
∫ T

0

tdW2(t). (5.15)

See, for example, Øksendal (2003), Chapter 4.
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From Eq. (5.14), Eq. (5.15) and the moment generating function of a normal random
variable,

B(0, T )

≈ exp

(
−a0T − 0.5b0T

2 − 0.25η2T 2

100

)
Eλ

[
exp

(
− η

100
TW2(T ) +

η

100

∫ T

0

tdW2(t)

)]
= exp

(
−a0T − 0.5b0T

2 − 0.25η2T 2 + 0.5(0.01)η2T 2.5

100

)
Eλ

[
exp

(
η

100

∫ T

0

tdW2(t)

)]
.

(5.16)

To compute a Monte Carlo estimate for the bond price B(0, T ), the risk-neutral ex-
pectation in the last term of the last equation in Eq. (5.16) is approximated by the
Monte Carlo method. The time horizon [0, T ] with T = 10 years is dividend into 40
sub-intervals with length 0.25 years for each sub-interval. The number of simulations
is 5000. Then the Monte Carlo estimate of the bond price is given by:

B(0, T ) ≈ 0.9042278. (5.17)

In the case of non-stochastic interest rate, the short rate r̄N(t) at time t expressed as
decimals may be approximated as follows:

r̄N(t) =
f(0, t)

100
≈ a0 + b0t

100
. (5.18)

Then the price BN(0, T ) of the zero-coupon bond with maturity T = 10 years in the
case of non-stochastic interest rate may be approximated by:

BN(0, T ) ≈ exp

(
−a0T − 0.5b0T

2

100

)
= 0.9127503. (5.19)

Note that the property value H, the protection level L and the value of the dynamic
fund protection are expressed in terms of 100K, (i.e., 100-thousand dollars). Say if
the property value H is equal to 8, then the property value is 800, 000 dollars (or 0.8
million dollars).

Table 4 below provides the values of the DFP for different values of the protection
level L and the minimal property value Hmin up to the current time, which is called the
current minimal property value hereafter, when the stochastic interest rate is modelled
by the Ho-Lee model. The current value of the property H is fixed as 8 for illustration.

∼ Table 4 about here ∼
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It can be seen from Table 4 that the value of the DFP increases as the protection
level L does. This may make intuitive sense for a higher premium is required for a
higher level of protection. This result appears to be consistent with those from Gerber
and Pafumi (2000), Imai and Boyle (2001) and Fan et al. (2018). Furthermore, from
Table 4, it can be observed that as the current minimal property value Hmin increases,
the value of the DPF decreases. If the current minimal property value Hmin is higher,
it may be likely that the payoff from the DPF may become lower. This may then
decrease the value of the DPF. This seems to be in line with the results in Jin et al.
(2016).

Table 5 below presents the values of the DFP for different values of the protection
level L and the minimal property value Hmin up to the current time in the case of
non-stochastic interest rate.

∼ Table 5 about here ∼

It may be seen from Table 5 that the values of the DFP in the case of the non-stochastic
interest rate have similar patterns with those under the Ho-Lee model as shown in Table
4. Comparing the values in Table 4 with those in Table 5, the impact of stochastic
interest rate on the values of the DFP does not seem to be very significant though
there are some differences in the values of both cases.

In what follows, we will also consider the valuation of the DFP (1) when the
current minimal property value Hmin is less than the protection level L and (2) when
the current minimal property value Hmin is greater than the protection level L. Figure
1 below depicts the situation where the current minimal property value Hmin is lower
than the protection level L. It gives a three-dimensional plot of the value of the DFP
against Hmin and the current property value H.

∼ Figure 1 about here ∼

It can be seen from Figure 1 that when Hmin < L, a smaller value of Hmin renders
the ratio L

Hmin
appearing in the payoff function of the DFP larger. Consequently, the

DFP becomes larger. Specifically, when the current minimal property value Hmin is
sufficiently small and the current property value H is sufficiently large, the value of
the DFP tends to reach a peak value. On the other hand, as depicted in Figure 1, the
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value of the DFP tends to be zero and flat as the current minimal property value Hmin

is sufficiently large. These observations are in line with those in Jin et al. (2016) (see
Figure 3.1 therein) and they may be explained in a similar fashion.

Figure 2 below depicts the two situations (1) when Hmin > L and (2) when
Hmin < L in Panel (a) and Panel (b), respectively. It gives the plot of the value of the
DFP against the current property value H for each of the two situations. Note that,
in both situations, the protection level L is fixed as 8 and the current interest rate r is
fixed at r = 0.1%. The values of Hmin are fixed as 9 and 7 in Panel (a) and Panel (b),
respectively.

∼ Figure 2 about here ∼

From Panel (a) of Figure 2, it may be seen that when Hmin > L, the value of
the DFP decreases as the current property value H increases. Furthermore, from
Panel (b) of Figure 2, it may be observed that when Hmin > L, the value of the
DFP increases as the current property value H increases. These observations are
consistent with those in Jin et al. (2016) (see Figure 3.3 therein) and may entail
similar interpretations. Specifically, when the current minimal property value Hmin is
greater than the protection level L, it may be less likely that the property value will
drop below the protection level L during the protection period as the current property
value H increases towards its maximum value. Consequently, the DFP becomes less
valuable as the current property value H increases. When the current minimal property
value Hmin is less than the protection level L, it may be likely that the terminal value
of the ratio L

Hmin(T )
is greater than one. In this case, the factor “max( L

Hmin(T )
, 1) − 1”

in the terminal payoff function of the DFP is positive. Consequently, the value of the
DFP may be positively correlated with the expected terminal property value, which
may be estimated by the current property value H. This may imply that the value of
the DFP increases as the current property value H does. Projecting these observations
to the property market at an intuitive level, if the current minimal property value Hmin

is above the protection level L, then the buyer of the property may not be too worry
about the possibility that the future value of the property value will drop below the
protection level L. Furthermore, if the current property value H increases, the buyer
of the property may form an expectation that it would be even less likely that the
future value of the property will drop below the protection level L. This expectation
may decrease the value of the DFP. On the other hand, if the current minimal property
value Hmin is below the protection level L, the buyer of the property may worry about
the possibility that the terminal minimal property value may be likely to drop below
the protection level. This may then render the terminal payoff of the DFP increases
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as the terminal property value of the property increases. Consequently, if the current
property value H increases, the buyer of the property may predict that the terminal
property value H(T ) will increase based on its current property value H. Hence, the
buyer of the property may be willing to pay a higher premium for the DFP in exchange
for a potentially higher terminal payoff as the current property value becomes higher.

6 Some Issues for the Implementation

Some potential issues that may arise in the implementation for the protection are
now discussed. Specifically, it appears that the value of the dynamic fund protection
becomes large when the protection level is higher than the current property value and
the lower bound of the current property value is small. For example, from Table 4, it
can be seen that in the case of the stochastic interest rate, the value of the dynamic
fund protection is 7.3978 × 100K = 739.78K when the protection level L = 0.85
million, (i.e., L = 8.5), the current property value H = 0.8 million and Hmin = 0.55
million, (i.e., H = 8 and Hmin = 5.5), and the duration of the protection is 10 years.
That is, the ratio between the value of the protection and the current property value
is 0.924725, while the ratio between the value of the protection and the protection
level is 0.870329. Note that the dynamic fund protection guarantees that its holder
will gain whether the property value falls below the protection level any time during
the protection period and it offers more protection than, and hence, costs more than a
European put option written on the property value, (see Imai and Boyle (2001), Page
32, for a related discussion). Nevertheless, it could be uneasy for a mortgagor to pay
for the premium of the dynamic fund protection upfront as a lump-sum payment. This
represents a potential challenge, or difficulty, for the implementation of the dynamic
fund protection. One potential way to address this challenge may be to split the
upfront lump-sum payment into an upfront initial deposit and a stream of periodic
payments. This may not be unlike a mortgage contract, where a mortgagor may make
an upfront initial deposit and a stream of mortgage payments until the end of the
mortgage contract. In this situation, it may appear that the mortgagor may effectively
top up the amount of borrowing from a bank or a financial institution which offers the
mortgage contract. To illustrate this, we may consider the following simple hypothetical
example constructed from the figures in Table 1. An online mortgage calculator from
the MoneySmart website https://www.moneysmart.gov.au/about-us provided
by the Australian Securities and Investment Commissions (ASIC) of the Australian
government was used in the calculations of the repayments in the following example.

Example 1. A dynamic fund protection written on a property whose current value
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H = $0.8 million Australian dollars is considered. The dynamic fund protection has
a protection level L = $0.8 million Australian dollars and a protection period T =
10 years. Based on the figures in Table 4, when the lower bound of current value
Hmin = $0.75 million Australian dollars, the value of the dynamic fund protection is
0.8423 × 100K = 84.23K Australian dollars. Suppose that a buyer of the property
enters a 10-year mortgage contract with a bank or a financial institution to purchase
the property and the dynamic fund protection. In this case, the notional amount or
the principal of the mortgage contract is $(8 + 0.8423) × 100K = 884.23K Australian
dollars. Assume that the mortgagor makes an upfront deposit payment of 30% of the
principal, say 0.3×884.23K = 265.269K Australian dollars. Then the notional amount
or the principal reduces to approximately $618, 961 Australian dollars, which is the
amount to be borrowed from the bank. Suppose that the mortgage interest rate is 3%;
the repayment frequency is monthly; the length of the loan is 10 years; there are no
monthly fees. Then using the online mortgage calculator from the MoneySmart website
of the ASIC, the repayments will be $5977 Australian dollars per month.

As a comparison, the situation where the mortgage contract only includes the loan
for purchasing the property (but without the dynamic fund protection) is considered. In
this case, the notional amount or the principal is $0.8 million Australian dollars. Again
the length of the mortgage contract is 10 years; the mortgage interest rate is 3%; the
repayment frequency is monthly and there are no repayment fees. The mortgagor also
makes an upfront deposit payment of 30% of the principal, say 0.3×800K = 240K Aus-
tralian dollars. Then the notional amount or the principal becomes $560, 000 Australian
dollars. Again using the online mortgage calculator from the MoneySmart website of
the ASIC, the repayments will be $5407 Australian dollars per month. Consequently,
with the dynamic fund protection being included, the mortgagor will need to pay an
additional amount of $570 Australian dollars per month in exchange for the protection
to be offered by the dynamic fund protection over the 10-year period.

Similarly, we can calculate the repayments with dynamic fund protection when the
interest rate is non-stochastic. According to the figures in Table 5, the value of the
dynamic fund protection is 0.8502 × 100K = 85.02K Australian dollars when L =
0.8 million and Hmin = $0.75 million. We also assume that the investor borrows
0.7 × 885.02K = 619.514K Australian dollars from the bank. The mortgagor has to
repay $5982 Australian dollars per month when the mortgage interest rate is 3% and
the loan length T is 10 years.

In Example 1 as above, it is assumed that the mortgagor bears all the costs for
purchasing the dynamic fund protection though the mortgagor finances it through
borrowing from the bank or the financial institution. One may explore the possibility

25



that both the bank and the mortgagor shares the costs for purchasing the dynamic fund
protection. For example, if the 50− 50 sharing rule is adopted, then the payouts from
the dynamic fund protection that are triggered by the event that the property value
falls below the protection level any time within the protection period of the dynamic
fund protection may be shared by both the bank and the mortgagor on a 50−50 basis.
In this case, the mortgagor may pay half of the amount of the original deposit and
borrow half of the initial amount from the bank. Whereas, the bank may take care
of the other half of the amount which is required to pay for purchasing the dynamic
fund protection. Of course, this is based on the assumption that the dynamic fund
protection is offered by a third party.

Another potential issue of the implementation of the dynamic fund protection
may be who may issue the protection. Might the protection be issued by a third party
or it may be issued by the bank which offers the mortgage contract? In either case,
a question which may be of practical relevance is how the dynamic protection fund
may be hedged. This seems to be more than a trivial issue for the structure of the
product is rather complex and what underlying instrument may be used for the hedging
represents another challenge. The hedging issue may represent an interesting topic for
further research.

7 Conclusion

The potential application of a dynamic fund protection to protect against falling in a
property value over a pre-specified future time period was discussed. A mean-reverting
OU process was employed to describe the evolution of the property price over time.
The HJM theory was applied to model the interest rate. Specifically, it was used
to model the bond price dynamics. The correlation between the bond price and the
property price was incorporated. A forward measure approach was employed to price
the dynamic fund protection so that the respective pricing partial differential equation
depends on the time variable and the underlying property price. The numerical solution
of the pricing partial differential equation governing the values of the dynamic fund
protection was obtained using the standard finite-difference method. Attention is given
to the Ho-Lee model. Numerical results for the values of dynamic fund protection with
some model parameters being estimated from the data on the Australian residential
property index and the Australian zero-coupon yields and forward rates were provided.
The numerical comparison between the values of the dynamic fund protection under
the Ho-Lee model and those under its non-stochastic counterpart was presented. The
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results appeared to be consistent with the observations in the existing literature such
as Jin et al. (2016) and in line with intuition. Specifically, the results reveal that the
minimal property value up to the current time is a key variable to be considered when
studying the relation between the value of the dynamic fund protection and the current
property value. Say, when the minimal property value up to the current time is above
the protection level, the value of the dynamic fund protection declines as the current
property value increases. Whereas, when the minimal property value up to the current
time is below the protection level, the value of the dynamic fund protection increases
as the current property value does. The numerical results reveal that under the Ho-Lee
model and the estimated parameters, the impact of the stochastic interest rate on the
values of the dynamic fund protection does not seem to be very significant though there
are some differences between the values under the Ho-Lee model and those under its
non-stochastic counterpart.

The numerical results also indicated that the dynamic fund protection appears
to be more expensive when the protection level is higher than the current property
value and the maturity is long. It may be uneasy for a mortgagor to pay for the
upfront premium of the protection as a lump sum. A hypothetical numerical example
was provided to illustrate the possibility of splitting the lump-sum payment into an
upfront deposit and a stream of periodic payments, that may be similar to a mortgage
contract. Two potential issues which may be worthwhile for future discussions or
research include the possibility of sharing the costs for purchasing the dynamic fund
protection between a mortgagor and a financial institution as well as how to hedge and
manage the risks from the dynamic fund protection.
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Appendix

Table 1: Parameter estimates of the AR(1) model for the logarithmic property price

Estimate Std. Error t value Pr(> |t|)
α1 0.92468 0.01313 70.41 < 2e-16 ***

α0 0.35317 0.05976 5.91 3.42e-09 ***

σ̄2 0.000599 - - -

Notes: “∗ ∗ ∗” means significance at 0.001.

Table 2: Model parameters
α β σ η λ ρ

4.688927244 0.30128 0.048948953 0.2030154 0.864884648 0.01

Table 3: Parameter estimates of the simple linear regression model for approximating
the initial forward rate curve

Estimate Std. Error t value Pr(> |t|)
a0 -0.221916 0.026152 -8.486 2.16e-10 ***

b0 0.226969 0.004502 50.419 < 2e-16 ***

Adjusted R2 0.9845 - - -

Notes: “∗ ∗ ∗” means significance at 0.001.
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Table 4: Values of the DFP for different L and Hmin when interest rate is stochastic

Hmin

L
8 8.5 9.0 9.5 10

5.5 6.1648 (0.7706) 7.3978 (0.9247) 8.6307 (1.0788) 9.8637 (1.2330) 11.0966 (1.3871)

6.0 4.5224 (0.5653) 5.6531 (0.7066) 6.7836 (0.8480) 7.9143 (0.9893) 9.0449 (1.1306)

6.5 3.1254 (0.3907) 4.1672 (0.5209) 5.2090 (0.6511) 6.2508 (0.7814) 7.2926 (0.9116)

7.0 1.9553 (0.2444) 2.9330 (0.3666) 3.9107 (0.4888) 4.8883 (0.6110) 5.8660 (0.7332)

7.5 0.8423 (0.1053) 1.6846 (0.2106) 2.5269 (0.3159) 3.3692 (0.4211) 4.2114 (0.5264)

Notes: 1. The current property value H = 8, the maturity date T = 10, the current time t = 0,

the interest rate r = 0.1%, which is the cash rate on 2 December 2020 from the Reserve Bank of

Australia. Here, we are considering the case where Hmin < L; 2. The ratios between the values of

the dynamic fund protection and the property values are given in parentheses.

Table 5: Values of the DFP for different L and Hmin when interest rate is non-stochastic

Hmin

L
8 8.5 9.0 9.5 10

5.5 6.2229 (0.7779) 7.4675 (0.9334) 8.7120 (1.0890) 9.9566 (1.2446) 11.2012 (1.4002)

6.0 4.5650 (0.5706) 5.7063 (0.7133) 6.8475 (0.8559) 7.9888 (0.9986) 9.1301 (1.1413)

6.5 3.1548 (0.3944) 4.2065 (0.5258) 5.2581 (0.6573) 6.3098 (0.7887) 7.3613 (0.9202)

7.0 1.9737 (0.2467) 2.9606 (0.3701) 3.9476 (0.4935) 4.9344 (0.6168) 5.9213 (0.7402)

7.5 0.8502 (0.1063) 1.7005 (0.2126) 2.5507 (0.3188) 3.4009 (0.4251) 4.2511 (0.5314)

33



Figure 1: The DFP values versus current property values and time.
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Figure 2: DFP values with t = 0 and L = 8.
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Figure List

Figure 1: The DFP values versus current property values and time.
Figure 2(a): DFP values with t = 0 and L = 8 when Hmin > L.
Figure 2(b): DFP values with t = 0 and L = 8 when Hmin < L.
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