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Abstract
A widely used scheme for target localization is to measure the time of arrival of a wireless signal emitted by a tag, which
requires the clocks of the anchors (receivers at known locations) to be accurately synchronized. Conventional systems
rely on transmissions from a timing reference node at a known location for clock synchronization and therefore are sus-
ceptible to reference node failure. In this article, we propose a novel localization scheme which jointly estimates anchor
clock offsets and target positions. The system does not require timing reference nodes and is completely passive (non-
intrusive). The positioning algorithm is formulated as a maximum likelihood estimation problem, which is solved effi-
ciently using an iterative linear least square method. The Cramér–Rao lower bound of positioning error is also analyzed.
It is shown that the performance of the proposed scheme improves with the number of targets in the system and
approaches that of a system with perfectly synchronized anchors.
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Introduction

Wireless positioning1 has attracted significant research
interest in recent years due to its widespread applica-
tions. Various techniques have been developed for posi-
tioning, including those based on received signal
strength (RSS) fingerprinting, round trip ranging
(RTR), time of flight (TOF), time of arrival (TOA),
and time difference of arrival (TDOA). Time-based
approaches do not require site surveying as
fingerprinting-based techniques and typically achieve
higher accuracy than the RSS-based approaches. In
particular, one of the most widely used schemes for tar-
get localization is to measure the TOA of a wireless sig-
nal emitted by a tag, which keeps the cost and power
consumption of the tags low and can be used to locate

existing commercial off-the-shelf devices (e.g. WiFi
devices).2

To locate a target based on TOA measurements, the
clocks of the anchors need to be precisely synchronized.
Particularly, the clock skew and clock offset of each
anchor need to be estimated and compensated.3 This is
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conventionally achieved by reference-broadcast syn-
chronization,2,3 which estimates the clock skew and off-
set among anchors based on the TOA of beacons
transmitted by a timing reference node (RN) at a
known location. The drawback of this scheme is that
the system is susceptible to the failure of the timing
RN. In addition, the transmission of the timing RN
may interfere with those of the targets and compromise
the operation of the targets (e.g. in the case of tracking
WiFi devices, the network throughput maybe reduced
due to the transmissions of the timing RN). Differential
TDOA-based localization described in Li et al.4 and
Makki et al.5 does not explicitly synchronize the anchor
clocks but still requires a transmitting timing RN as in
the reference-broadcast scheme. A scheme similar to
differential TDOA was proposed in Xu et al.6 for acous-
tic localization systems. A synchronization-free TDOA-
based localization algorithm was proposed in Kim and
Chong,7 which assumes that the target transmits rang-
ing signals periodically and makes use of the estimated
target position in the previous time step to estimate the
current position. However, the positioning accuracy of
such a system is degraded if the target position in the
previous time step is incorrectly estimated. Joint syn-
chronization and localization for TOF-based localiza-
tion systems was studied in literatures8–12 and shown to
improve the positioning performance. In particular, a
Bayesian belief propagation scheme was proposed in
Yuan et al.10 for joint cooperative localization and clock
synchronization. Extended Kalman filter was employed
in Koivisto and Colleagues11,12 to jointly track the TOF
and synchronize the clock between anchors and tags.

In this article, we consider a TOA-based passive
positioning system with multiple targets and propose a
novel scheme which jointly estimates the anchor clock
offsets and target positions. The system does not
require a timing RN and therefore is more robust than
conventional systems that use reference-broadcast syn-
chronization. In addition, it is completely passive and
non-intrusive, allowing commercial off-the-shelf devices
to be tracked without knowing the structure of the
existing system or interfering with its operation (e.g.
tracking WiFi mobile devices without incurring addi-
tional WiFi packet transmission in the network), as has
also been considered in Jean and Weiss.13 The position-
ing algorithm is formulated as a maximum likelihood
(ML) estimator, which is solved efficiently using an
iterative linear least square (LS) method. In addition,
an algorithm for initializing the ML estimator is pro-
vided, which significantly improves the convergence of
the iterative linear LS method. The Cramér–Rao lower
bound (CRLB) of positioning error and clock synchro-
nization error is also provided. The performance of the
proposed scheme is compared against systems with per-
fectly synchronized anchors under various

configurations, and it is shown that the performance
gap diminishes as the number of targets increases.

System model

Considering a positioning system with N anchors and
M tags, we use xi = ½xi, yi�T (i= 1, . . . ,M) and
aj = ½aj, bj�T (j= 1, . . . ,N ) to denote the positions of
the tags and anchors, respectively. (We consider two-
dimensional (2D) positioning in this article. However,
the algorithms and analysis can be readily extended to
three-dimensional (3D) case.) The anchors sense the
wireless signals emitted by the tags and record the arri-
val time of the signals to estimate the location of each
tag. Since all the positioning-related processing is con-
ducted by the anchors, the tags can be commercial off-
the-shelf devices in an existing wireless system. For
example, the access points (APs) in a WiFi network (if
augmented with the capability of measuring high-
precision packet arrival time) can be used as anchors to
track mobile WiFi devices. It is also possible to deploy
anchors that are purely passive and dedicated for
positioning.

Each anchor j in the system has a local clock that is
not synchronized to each other or to any external refer-
ence in hardware. The reading of the clock at time
instant t (the world time, for example, UTC) is given
by Sathyan et al.14

tj =(1+aj)(t+bj) ð1Þ

where aj and bj denote the clock skew and clock offset
of anchor j, respectively. Note that aj is in the order of
10�6 for typical crystal oscillators.3 Both aj and bj are
time-varying, but can be considered invariant within a
short-time window during which the measurements are
made for positioning.

Suppose tag i transmits a wireless signal at time ti,
the TOA of the signal recorded by anchor j is given by

rj, i =(1+aj) ti +
dj, i

c
+bj + zj, i

� �
ð2Þ

according to equation (1), where

dj, i ¼D jaj � xij ð3Þ

denotes the distance between node i and anchor j, c is
the speed of light, and zj, i;G(0,s2) is the Gaussian-
distributed time measurement error with a variance
of s2.

To simplify the notations, we assume that the clock
skew aj of each anchor j has been estimated and cor-
rected. Particularly, aj can be estimated based on two
or more consecutive transmissions of a tag, as is out-
lined in Appendix 1. Therefore, equation (2) reduces to
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rj, i = ti +
dj, i

c
+bj + zj, i ð4Þ

The position of each tag is then estimated based on
ffrj, igN

j= 1g
M
i= 1 and fajgN

j= 1. Note that this article is
focused on estimating a snapshot of the tag locations
within a short-time window, during which rj, i are mea-
sured and the tags are considered stationary. However,
the positioning results can be combined with filtering
algorithms (e.g. Kalman filter) to provide tracking
results.

In conventional systems based on reference-
broadcast synchronization, the clock offset bj is esti-
mated based on beacons transmitted by a timing RN at
a known location. Specifically, the relative clock offset
between anchor j and k is given by

bj � bk ’ rj, RN � rk, RN �
1

c
(dj, RN � dk, RN) ð5Þ

According to equation (4), where rl, RN denotes the
arrival time of a beacon recorded by anchor l, dl, RN

denotes the distance between anchor l and the timing
RN. The results obtained by equation (5) are used to
compensate for the clock offsets in rj, i before comput-
ing the tag locations. The drawbacks of this approach
are that the system is susceptible to RN failure and that
the transmission of the timing RN may interfere with
the operation of the tags.

Joint clock synchronization and position
estimation

In this article, we propose a TOA-based passive locali-
zation scheme which jointly synchronizes anchor clocks
and estimates target positions. Specifically, fxigM

i= 1,
fbjgN

j= 1, and ftig
M
i= 1 (see equation (4)) are estimated

according to the ML criteria as follows

x̂i, t̂if gM

i= 1,

b̂j

� �N

j= 1

8<:
9=;= arg max

xi, ti,bj

p xi, tif gM
i= 1, bj

� �N

j= 1
; aj, rj, i

� �M

i= 1

n oN

j= 1

� � ð6Þ

s:t: b1 = 0 ð7Þ

where

p xi, tif gM
i= 1, bj

� �N

j= 1
; aj, rj, i

� �M

i= 1

n oN

j= 1

� �
¼DQN

j= 1

QM
i= 1

1ffiffiffiffi
2p
p

s
e
� 1

2s2 ti +
dj, i (xi)

c
+bj�rj, i

� �2 ð8Þ

is the likelihood function, with dj, i(xi) defined in equa-
tion (3). Note that the constraint equation (7) is

introduced so that the problem has a unique solution.
Particularly, if fxi, tigM

i= 1, fbjgN
j= 1 is a solution to

equation (6), fxi, ti � DtgM
i= 1, fbj +DtgN

j= 1 is also a
valid solution (for any Dt), as can be shown by substi-
tuting the variables into equation (4). The reason is that
only the relative clock offsets among anchors are
required while the absolute values of clock offsets do
not matter. Setting b1 = 0 means that the solution bj

to equations (6) and (7) is the relative clock offset of
anchor j with respect to anchor 1.

Since no timing RN is required, the proposed
scheme is completely passive and non-intrusive and is
more robust than conventional systems that rely on
reference-broadcast for clock synchronization. Note
that equation (6) falls into the category of TOA-based
one-way ranging, since the distances between the tar-
gets and the anchors are readily available once bj and ti

are estimated.

Iterative LS estimation

In the following, we describe an algorithm that solves
equation (6) based on iteratively LS estimation.
Plugging equation (8) into equation (6), it is readily
shown that equation (6) can be reformulated as a non-
linear LS problem as in the following

x̂i, t̂if gM

i= 1, fb̂jgN
j= 1

n o
= arg min

xi, ti,bj

f (u) ð9Þ

where

f (u)=
XN

j= 1

XM
i= 1

ti +
dj, i(xi)

c
+bj � rj, i

� �2

ð10Þ

u ¼D xT
1 , . . . , xT

M , t1, . . . , tM ,b1, . . . ,bN

	 
T ð11Þ

collects all the unknown variables.
For each tag i, given a position estimate x̂i, dj, i(xi)

can be approximated using first-order Taylor expansion
by

dj, i(xi)’ jx̂i � ajj+rdj, i(x̂i)
T (xi � x̂i) ð12Þ

where

rdj, i(xi) ¼
D

∂dj, i(xi)

xi

∂dj, i(xi)

yi

" #
=

1

dj, i(xi)
xi � aj

� �
ð13Þ

Equation (9) can be approximated with a linear LS
problem by substituting dj, i(xi) with equation (12).
Specifically

û= argmin
u
jAu� bj2 ð14Þ
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where A is a matrix with MN rows and 3M +N col-
umns and b is a vector with MN rows. Each row of A
and b is given by

½A�k, : =
1

c
eM (i)�rdj, i(x̂i)

T , eM (i), eN (j)

� �
ð15Þ

and

½b�k = rj, i +
1

c
(rdj, i(x̂i)

T x̂i � jx̂i � ajj) ð16Þ

respectively, where k =(i� 1)N + j (since
i 2 f1, . . . ,Mg and j 2 f1, . . . ,Ng, k 2 f1, . . . ,MNg),
eK (k) denotes a K-element unit row vector whose kth
element equals one, � denotes the Kronecker product
operation.

The solution to equation (14) contains updated esti-
mates of the target locations and can be used in equa-
tion (12) again to formulate an LS estimation problem
to refine the position estimates. Accordingly, we pro-
pose an algorithm that iteratively estimates the
unknown variables using linear LS method, which is
described in Algorithm 1. Note that Step 2 can be
solved straightforwardly through a linear LS problem
with reduced dimension, by discarding the (3M + 1)th
column of A due to the simple equality constraint. The
algorithm falls into the category of successive convex
approximations.15,16 Particularly, it solves an approxi-
mate version of the original optimization problem in
each iteration. (Note that the gradient descent method
can also be viewed as an implementation of successive
convex approximation.12) It can be proven that the
approximate objective function in equation (14) satis-
fies assumptions A1-A5 in Yang and Pesavento;16

therefore, Algorithm 1 converges to a stationary point
of equation (9). Using an initialization algorithm pro-
posed in the following section, Algorithm 1 typically
converges within only a few iterations, as will be shown
later.

Initialization

The tags’ positions are initialized using coarsely esti-
mated anchor clock offsets. Specifically, taking the
summation of equation (4) over the tags gives

XM
i= 1

rj, i =
XM
i= 1

ti +
1

c

XM
i= 1

dj, i +Mbj +
XM
i= 1

zj, i ð18Þ

Similarly, for a different anchor k

XM
i= 1

rk, i =
XM
i= 1

ti +
1

c

XM
i= 1

dk, i +Mbk +
XM
i= 1

zk, i ð19Þ

Subtracting equation (18) by (19) and assuming that

XM
i= 1

dj, i ’
XM
i= 1

dk, i ð20Þ

gives

bj � bk ’
1

M

XM
i= 1

rj, i �
XM
i= 1

rk, i

 !
ð21Þ

The anchors are then synchronized based on equa-
tion (21), and fxi, tigM

i= 1 are initialized to the output of
conventional localization algorithms with rj, i as inputs.

Note that equation (20) holds approximately with
large number of evenly distributed tags. When the num-
ber of tags is small, equation (20) does not hold in gen-
eral. However, the above approach provides a coarse
initial point for Algorithm 1, which typically converges
within few iterations based on the result.

System requirement

A necessary condition for a valid positioning algorithm
is that the number of measurements/constraints is
greater than or equal to the number of unknown vari-
ables. For a 2D positioning system using the proposed
scheme, this corresponds to

MN � 3M +N � 1 ð22Þ

according to equations (6), (7), (9), and (14). Therefore,
there needs to be at least four anchors in the system
(since equation (22) never holds if N � 3), which is iden-
tical to that required in conventional systems. In addi-
tion, there needs to be multiple tags in the system for
the proposed scheme to work. For example, the mini-
mum number of tags is four and two if there are four
anchors and six anchors, respectively, in the system.
However, it should be noted that equation (22) hardly
hinders the implementation of the proposed scheme,
since the number of tags in a typical positioning system
is significantly greater than one.

Performance analysis

The CRLB of the joint clock synchronization and posi-
tion estimation problem is derived in this section to
analyze the performance of the proposed scheme.

Combining equations (6)–(8), the log-likelihood
function is given by

ln p xi, tif gM
i= 1, bj

� �N

j= 2
; aj, rj, i

� �M

i= 1

n oN

j= 1

� �
=

�
PN

j= 1

PM
i= 1

ln
ffiffiffiffiffiffi
2p
p

s
� �

+ 1
2s2 ti +

dj, i(xi)

c
+bj � rj, i

 �2
� �

ð23Þ
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The CRLB for the unknown variables is given by
Kay17

CRLB(u0)=F�1 ð24Þ

where u0 ¼D xT
1 , . . . , xT

M , t1, . . . , tM ,b2, . . . ,bN

	 
T
and F

is the corresponding Fisher information matrix. The ele-
ment in the ith row and the jth column of F is given by

½F�i, j = � E
∂2 ln p

∂ui0∂uj0

� �
, i, j= 1, . . . , 3M +N � 1 ð25Þ

where E½�� denotes the expectation operation.
It can be shown that F is given by

F=

Fxx Fxt Fxb

FT
xt Ftt Ftb

FT
xb FT

tb Fbb

24 35 ð26Þ

where each sub-matrix is given as follows

Fxx=

Fx1x1
0 . . . 0

0 Fx2x2
. . . 0

. . . . . . . . . . . .
0 0 . . . FxMxM

2664
3775 ð27Þ

where

Fxixi
=

1

c2s2

XN

j= 1

(xi � aj)(xi � aj)
T

d2
j, i

, i= 1, . . . ,M ð28Þ

Fxt =

Fx1t1 0 . . . 0

0 Fx2t2 . . . 0

. . . . . . . . . . . .
0 0 . . . FxM tM

2664
3775 ð29Þ

where

Fxiti =
1

cs2

XN

j= 1

xi � aj

dj, i

, i= 1, . . . ,M ð30Þ

Fxb =

Fx1b2
. . . Fx1bN

. . . . . . . . .
FxM b2

. . . FxM bN

24 35 ð31Þ

where

Fxibj
=

xi � aj

cs2dj, i

, i= 1, . . . ,M , j= 2, . . . ,N ð32Þ

Ftt =
N

s2
IM ð33Þ

where IM denotes an M-dimensional identity matrix

Ftb =
1

s2
JM ,N�1 ð34Þ

where JM ,N denotes an all-ones matrix with M rows and
N columns; finally

Fbb =
M

s2
IN�1 ð35Þ

Based on equations (24)–(35), the standard deviation
of positioning error for tag i is lower bounded by

sbx i
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½F�1�2i�1, 2i�1 + ½F�1�2i, 2i

q
, i= 1, . . . ,M ð36Þ

and the lower bound for anchor clock synchronization
error is given by

sbb j

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½F�1�3M + j�1, 3M + j�1

q
, j= 2, . . . ,N ð37Þ

Simulation results

The performance of the proposed scheme was evalu-
ated using computer simulation. Particularly, it is com-
pared against a localization system with perfectly
synchronized anchors. We considered a system with six
anchors located at [20,0], [10,10O3], [210,10O3],
[220,0], [210, 210O3], and [10,210O3], respectively
(i.e. evenly placed on a circle with a radius of 20 m).

Algorithm 1. Iterative Least Square Algorithm for Joint Clock Synchronization and Position Estimation in TOA-based Passive
Localization Systems.

Initialization: Initialize u using the approach described in the following section.
Repeat:

1. Construct matrix A and vector b according to equations (15) and (16).
2. Solve equation (14) subject to constraint ½u�3M+ 1 = 0.
3. Solve

bg = arg min
0� g� 1

f (u+ g(û� u)) ð17Þ

4. Update u with u+ ĝ(û� u).

5. For each tag i, set x̂Prev
i = x̂i, extract the estimated tag positions x̂i from u according to the definition in equation (11).

Until: jx̂Prev
i � x̂ij\E,8i 2 f1, . . . ,Mg.

Li et al. 5



The transmit time of the tags and the clock offsets of
the anchors were drawn from uniform distributions
U½0, 1� and U½0, 100� (s), respectively. The standard
deviation of the time measurement error (i.e. zj, i in
equations (2) and (4)) was s = 1 ns. The following
schemes were employed to locate the tags:

� Proposed. The proposed scheme as described in
equation (6) and Algorithm 1.

� Clock-Synced. Conventional localization scheme
where it is assumed that the anchors are perfectly
synchronized (i.e. bj is perfectly known).

Fixed number of tags

We first considered a scenario with four tags in the sys-
tem, which were located at [0,0], [10,10], [0,210O3], and
[220,10], respectively. Algorithm 1 was employed to
estimate the tag positioning, using measurement data
generated according to equation (4). The value of e in
the algorithm was set to 10�2.

Convergence. Figure 1 shows the typical convergence
behavior of Algorithm 1 using both the proposed initi-
alization algorithm and random initialization. Note
that Algorithm 1 diverges if the randomly generated
initial point is ill-conditioned, and the curve for ran-
dom initialization in Figure 1 is generated using an
proper initial point. However, Algorithm 1 always con-
verges with the proposed initialization algorithm. It
can be seen that the convergence is also improved sig-
nificantly using the proposed initialization algorithm.

Positioning accuracy. Figures 2 and 3 show the estimated
tag locations generated from 10,000 simulations and
the corresponding cumulative distribution function
(CDF) of positioning error, respectively. It can be seen
that the results are consistent with the actual positions
of the tags. For comparison, the results of a conven-
tional positioning system with ideal clock synchroniza-
tion are also shown in Figure 3. Note that the results
provide an upper bound on the accuracy of the pro-
posed systems. Particularly, the performance of the
proposed system approaches that of an ideal system as
the number of targets increases, as will be shown in
Figure 5. The root mean square error (RMSE) of the
positioning results is compared against the CRLB in
Table 1. It can be seen that the performance of the

Figure 1. Convergence of Algorithm 1.

Figure 2. Tag locations estimated with Algorithm 1.

Figure 3. Cumulative distribution function (CDF) of the
positioning error for the proposed system and an ideal
positioning system with perfect clock synchronization.
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proposed positioning algorithm is very close to the
CRLB. It can also be observed that the positioning
accuracy deteriorates as the tag moves out of the con-
vex hull of the anchors, which is due to the increased
geometric dilution of precision (GDOP).18 This is con-
sistent with conventional positioning systems.

Clock synchronization accuracy. Figure 4 shows the CDF
of the estimated clock offset errors for anchors 2–6. It
can be seen that the medium synchronization error lies
between 0.7 and 1.5 ns for different anchors. The
RMSE of the estimated clock offset is compared
against the CRLB in Table 2. It can be seen that the

performance of clock synchronization is very close to
the CRLB.

Varying number of tags

This section investigates the dependency of positioning
accuracy on the number of tags (M) for the proposed
scheme. During the simulation, the x and y coordinates
of the tags were drawn from uniform distribution
U½�10, 10� and used to generate time measurements rj, i

according to equation (4). The tag positions were then
estimated based on rj, i using both the proposed algo-
rithm and an algorithm that assume perfect clock syn-
chronization. The corresponding CRLBs were also
evaluated. Particularly, the CRLB for clock-synced was
computed based on equation (3) in Shin and Sung,19

and the corresponding positioning algorithm was
adopted from Dailey and Bell.20 A total of Npos differ-
ent tag positions were simulated for each case of M . All
the positioning errors were aggregated to compute the
RMSE positioning error, and the CRLB was averaged
over all tags and different cases of tag positions.
Specifically

eRMS=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

NposM

XNpos

n= 1

XM
i= 1

en
ið Þ

2

vuut ð38Þ

CRLB=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

NposM

XNpos

n= 1

X2M

i= 1

F�1
n

	 

i, i

vuut ð39Þ

where en
i and Fn denote the positioning error of tag i

and the Fisher information matrix, respectively, in the
nth simulation case. Npos was set to 1000 in the
simulation.

Figure 5 shows the relationship between the posi-
tioning errors and the number of tags. It can be seen

Table 1. RMSE positioning error for the results in Figure 2 and
the corresponding CRLB.

Tag 1 Tag 2 Tag 3 Tag 4

Position [x y] [0 0] [10 10] [0 210O3] [220 10]
RMSE (m) 0.51 0.55 0.69 1.44
CRLB (m) 0.50 0.54 0.68 1.33

RMSE: root mean square error; CRLB: Cramer–Rao lower bound.

Table 2. RMSE of the estimated clock offset and the
corresponding CRLB.

Anchor 2 3 4 5 6

RMSE (ns) 1.41 2.12 2.18 1.02 1.76
CRLB (ns) 1.39 2.09 2.17 1.02 1.75

RMSE: root mean square error; CRLB: Cramer–Rao lower bound.

Figure 4. CDF clock synchronization error.

Figure 5. Relationship between the positioning accuracy and
the number of tags.

Li et al. 7



that the proposed positioning algorithm achieves the
CRLB. The root mean square positioning error is
0.3 m if there are 50 tags in the system, which is only
20% higher than that for an ideally synchronized sys-
tem (0.25 m). In addition, the positioning error of the
proposed scheme decreases and approaches that of
clock-synced as the number of tags in the system
increases. The reason is that more measurements
become available as the number of tags increases,
which improves the accuracy of clock synchronization
among anchors. This can also be explained by equation
(35), which shows that the Fisher information related
to the anchor clock offset increases with the number of
tags.

Formation of the tags

The dependency of positioning accuracy on the forma-
tion of the tags is studied for the proposed scheme in
this section. We considered a case with four tags in the
systems, which were evenly placed on a circle centered
at (0 0) with a radius of 10 m. The formation of the tags
were changed by varying the angular spacing between
the tags (e.g. the tag positions are (10 0), (0 10), (210
0), and (0 210) if the angular spacing is 90� and (10 0),
(5O2 5O2), (0 10), and (25O2 5O2) if the angular spac-
ing is 45�).

Figure 6 shows the relationship between the posi-
tioning errors and the angular spacing between tags,
where the results are averaged over 1000 simulations. It
can be seen that the performance of Clock-Synced
hardly changes with the angular spacing, since the
GDOP19 is almost identical for all the tag positions on
the circle. However, the positioning error of the

proposed scheme decreases as the tags become more
dispersed on the circle. The reason is that the clock off-
sets are estimated more accurately if the tags are dis-
persed. Intuitively, the ML estimation problem
equations (6) and (7) are undetermined in the extreme
case where all the tags collapse to one position. The
reason is that tags’ position and anchor clock offsets
are not observable from the measurements rj, i. For any
tag location xi = x, one can adjust the clock offset bj

and tag transmit time ti such that equation (4) is satis-
fied 8j= 1, . . . ,N , 8i= 1, . . . ,M . In addition, it can be
verified that the Fisher information matrix equation
(25) becomes singular in this case. Therefore, it is
favorable for the proposed scheme to have multiple
tags dispersed in the application environment.

Conclusion

A joint synchronization and localization scheme was
proposed for TOA-based positioning systems. The
scheme does not require timing RNs as in conventional
systems and therefore is more robust. In addition, it
can be used to track commercial off-the-shelf devices in
a completely passive and non-intrusive way. The posi-
tioning algorithm was formulated as an ML estimation
problem, which was solved efficiently using an iterative
LS method. The CRLB of positioning error was also
analyzed. It was shown that the algorithm achieves the
CRLB. In addition, the positioning error decreases
with the number of tags in the system and approaches
that of a system with perfectly synchronized anchors.
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Appendix 1

Estimating the clock skew of anchors

This section describes an approach to estimate the clock
skew of each anchor based on two consecutive trans-
missions of a tag i. The method can be extended to the
case with more than two transmissions as is described
briefly at the end of this section.

Denote the two transmit times of tag i by tn
i and

tn+ 1
i , respectively. Assume that tn+ 1

i � tn
i is sufficiently

small so that the position of tag i (i.e. xi) can be consid-
ered unchanged between tn

i and tn+ 1
i (note that xi does

not need to be known). According to equation (2),
the arrival times of the signals at each anchor j are
rn

j, i =(1+aj)ðtn
i +(dj, i=c)+bj+zn

j, iÞ and rn+ 1
j, i =(1+aj)

ðtn+ 1
i +(dj, i=c)+bj + zn+ 1

j, i Þ, respectively. The differ-
ence between rn+ 1

j, i and rn
j, i is then given by

rn+ 1
j, i � rn

j, i =(1+aj)(t
n+ 1
i � tn

i )+

(1+aj)(z
n+ 1
j, i � zn

j, i)
ð40Þ

Similarly, for anchor k, the difference between the
two recorded arrival time is given by

rn+ 1
k, i � rn

k, i =(1+ak)(t
n+ 1
i � tn

i )+

(1+ak)(z
n+ 1
k, i � zn

k, i)
ð41Þ

The relationship between aj and ak is thus obtained
by dividing equation (40) by equation (41) as follows

1+aj

1+ak

’
rn+ 1

j, i � rn
j, i

rn+ 1
k, i � rn

k, i

ð42Þ

Since aj is a small value (in the order of 10�6 for typ-
ical crystal oscillators used in consumer electronics3),
equation (42) can be rewritten approximately as

aj � ak ’
rn+ 1

j, i � rn
j, i

rn+ 1
k, i � rn

k, i

� 1 ð43Þ

Considering all the anchor pairs and tag transmis-
sions, one can form a least square problem based on
equation (43) to estimate aj (j= 1, . . . ,N ). In addition,
a Kalman filter can be employed to track the clock
skews if statistical information is available.
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