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1 Introduction

In light of the recent financial crisis, much effort has been devoted to developing methods for
detecting asset price bubbles. Although the derivations of alternative tests invoke somewhat
different assumptions, the question of whether speculative bubbles are detectable in their in-
flationary phase is a key issue for all such procedures. Construction of new tests, advances in
computational power and greater availability of data have led to improvements in the bubble
detection methodology, and made such detection feasible in real time. Given these recent devel-
opments, market participants may wonder if it is possible to exploit bubble detection techniques
for the purpose of active portfolio management. The issue of how an investor should act when
she has detected a bubble in its expansionary stage becomes important. According to the effi-
cient markets theory, rational investors are expected to short assets they know to be overpriced.
However, some models suggest that investors may want to ride bubbles1 for a period of time
before selling them (see Wurgler and Zhuravskaya (2002) and Abreu and Brunnermeier (2002,
2003), for instance). Whether such a strategy can consistently yield abnormal returns is an open
empirical question which we address in this paper.

A top-down investment strategy typically considers the valuation of the aggregate market
first, followed by the assessment of opportunities in sectors formed on the basis of common risk
exposures and finally individual stocks. While most of the current literature on price bubbles
relates to market-wide indices (for example, Brooks and Katsaris (2005), Homm and Breitung
(2012), Phillips et al. (2011), Phillips et al. (2015a), and Narayan et al. (2016)), questions
regarding bubble formation at the industry-sector level are left largely unexplored2. However,
the issue of sector-level bubbles is of interest to both market participants and policy makers as
there are many relevant questions which are not encountered at the market-level analysis. For
instance, it is unclear whether there is any variation in susceptibility to bubble dynamics across
industry sectors, or what the frequency of bubble coincidences among different sectors may be.
Since stocks belonging to the same sector are exposed to similar risk factors and technological
changes, one would expect bubbles to evolve at a sector/industry level. Further, bubble trading
is likely to have a better chance of being effective at the sector-, rather than firm-, level because
firm-level idiosyncratic noise is largely diversified away in industry indices resulting in greater
accuracy of bubble detection and timing while keeping transaction costs manageable3.

Although there are relatively few studies that directly evaluate the performance of bubble
riding strategies, examples of profitable bubble trades go back to the 18th century. Temin

1A simple strategy would be to long the asset when the bubble is growing and to short it just prior to the
collapse.

2A notable exception is Narayan et al. (2013) who identify bubbles using firm-level data and summarize the
calculated bubble signals by averaging across each sector. In contrast we conduct our bubble test directly on
sector indexes. This is motivated by our interest in making sector-level trades, which would be impractical and
costly to implement by trading in all underlying securities for each sector.

3We have also considered a bubble trading strategy for individual stocks, but this proved to be too computa-
tionally demanding. In addition, the transaction costs due to increased trading frequency encountered in such a
strategy are too substantive for it to be deemed profitable.
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and Voth (2004), for instance, provide an interesting account of the 1720–1721 trades made
by Hoare’s Bank in the South Sea Company bubble, which was one of most successful events
in the history of speculation. More recent examples are studied by Brunnermeier and Nagel
(2004), who examine stock holdings of hedge funds during the technology bubble of 1998–2000.
They report that hedge funds managed to capture the upturn, and rode the bubble by having
portfolios heavily skewed in favour of technology stocks. Interestingly, the funds were also able
to time the collapse of the bubble, reducing their holdings about 6 months before the peak of the
bubble. Focusing on the S&P 500 index over the 1946 – 2003 period, Brooks and Katsaris (2005)
model asset price bubbles with a regime-switching model and examine its ability to generate
profitable trading rules. Their investor either buys (sells) the S&P 500 Composite Index when
the probability of a rally (crash) is high, or invests in the 3-month U.S. Treasury Bill. Relative
to alternative trading rules considered, Brooks and Katsaris’ strategy produces higher Sharpe
ratios and end-of-period wealth. Similarly, Guenster and Kole (2013) employ a regime-switching
model to identify bubbles in the US industry portfolios. Their analysis suggests that investors
who rebalance portfolios at a frequency of less than four months should optimally ride bubbles,
whereas long-term investors with rebalancing horizons longer than six months should short asset
bubbles.

Our study begins with tests for the presence of speculative bubbles in the US sector-level
indices using a novel approach proposed in Phillips, Shi, and Yu (2015a,b, PSY). In essence,
the PSY method dates inflationary stages of speculative bubbles to periods in time when the
law of motion changes from martingale behaviour to explosive dynamics. We choose to employ
the PSY approach over alternative procedures for a number of reasons. Most importantly, the
implementation of the bubble trading strategies (explained below) requires the availability of
the bubble indicator on a weekly basis and in real-time. We, therefore, focus on real-time bubble
monitoring strategies that are practically feasible in terms of computation and data availability.
The PSY method is a real-time detection technique that mimics how a trader would access her
bubble-timing information in practice. Phillips et al. (2015b) show that the PSY procedure
exhibits a superior performance relative to several other real-time bubble detection techniques,
including the recursive test of Phillips et al. (2011) and the CUSUM strategy of Homm and
Breitung (2012), both asymptotically and in finite samples. Further, the PSY test is relatively
easy to implement compared with tests where numerical optimization is required, such as the
Markov-switching test of Hall et al. (1999) and the regime switching methods of van Norden
(1996) and Brooks and Katsaris (2005). Lastly, the PSY strategy has a low data requirement
for testing (P/E ratio). In contrast, the approaches of Pavlidis et al. (2017) and Guenster et al.
(2009) rely on more extensive datasets which makes the real-time calculation of the bubble
indicator impossible.

The analysis is conducted at the weekly frequency, which we choose for two reasons. First,
we wish to increase the chance of entering a trading position early in a bubble cycle. Opening
a position later in the cycle, for instance using monthly data, could lead to reduced or negative
profits. Second, we wish to avoid price jumps present in the daily data (Eraker et al., 2003)
that may confuse trading signals. Weekly data, thus, provides a middle-ground for balancing
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these two opposing requirements. However, one prominent feature of weekly financial data is
heteroskedasticity or time-varying volatility (Engle (1982) and Bollerslev (1986)). This feature
challenges the performance of the PSY test, which is designed primarily for lower frequency
data, and as noted in Harvey et al. (2015) increases the chance of false bubble detection. It is
easy to see that false bubble detection rates can in turn negatively impact the profitability of
any strategy that relies on such tests. To overcome this issue we implement the PSY bubble
detection technique using a wild bootstrapping procedure (Harvey et al. (2015); Etienne et al.
(2014)) that produces heteroskedasticity consistent critical values4.

Next, trading strategies are developed conditional on the bubble signals provided by the
PSY test for sector-level indices. We construct two bubble indicators: (i) an indicator based on
the original PSY test (PSY-BI), and (ii) a modified bubble indicator (MBI) that combines the
original PSY bubble signal with a return sign signal. Despite the superior performance of the
PSY test relative to other real-time bubble detection techniques, there is still a possibility of
drawing false positive conclusions, as well as of experiencing delays in the estimation of bubble
origination and termination dates, see e.g. Phillips et al. (2015a) and Phillips and Shi (2017b).
The modified indicator is expected to reduce the chance of entering a sector due to a false bubble
detection, while at the same time improving the timeliness of exits from collapsing bubbles. We
construct and rebalance equally-weighted bubble portfolios on the basis of such indicators. The
performance of the trading strategies is benchmarked against the buy-and-hold strategy (BH)
invested in a market index, and a strategy which is formed simply by relying on the direction
of the most recent index movement – termed directional signal (DS) here. This strategy is
designed to gauge the profitability of the information content present in the sign of the most
recent index return but in isolation of the PSY method. Lastly, the existing literature, e.g.
Brooks et al. (2001); Otchere and Chan (2003); Hirshleifer and Shumway (2003), demonstrates
that the buy-and-hold strategy is difficult to surpass, especially when transaction costs are taken
into consideration, and therefore serves as a powerful benchmark.

The returns on our strategies are computed by assuming the position of an investor who
trades at a weekly frequency, observing the trading signal at the end of the trading day on
Tuesdays and executing trades on Wednesdays. The investor holds the market portfolio, and
buys (sells) those industry sectors which are found to enter the expansionary (deflationary)
bubble stage. All positions are equally weighted and rebalanced as new information becomes
available. A moderate round-trip transaction cost of 0.5% of the weekly real return is imposed.
As mentioned, four trading strategies are considered: PSY-BI, MBI, BH and DS, and after-
transaction-cost returns and final period wealth figures on initial $1 investments are computed.

After-transaction-cost investment performance is assessed on the basis of final period wealth,
average returns, and Sharpe ratios. In addition, a ranking of trading strategies is provided ac-
cording to the stochastic dominance (SD) criterion. The SD approach evaluates entire distribu-

4In contrast, Narayan et al. (2013) who discuss sector-level bubbles (but rely on firm-level data) ignore the
issue of heteroskedasticity in their daily data. Further, their bubble detection method is based on a test proposed
in Phillips, Wu and Yu (2015, PWY) which is shown to be inferior to the PSY test in the presence of multiple
bubbles. In particular, the PWY test is unable to consistently estimate the start- and end-dates of bubbles
subsequent to the first bubble detected in the sample.
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tions of asset returns instead of performing simple comparisons of average values and variances.
Unlike the mean-variance analysis, which assumes either that returns are normally distributed
or that investors have quadratic utility functions, SD does not make such explicit assumptions.
Further, the framework is consistent with expected utility maximizing behaviour under minimal
assumptions about investor utility functions. For instance, non-satiation is the only investor
preference supposed under first-order stochastic dominance. Since the SD approach is not de-
pendent on a specific equilibrium model for asset prices, instances of stochastic dominance of
one strategy over alternative investments are less likely to be caused by omissions of relevant
risk factors from benchmark pricing models. In the literature, tests of stochastic dominance are
found in a range of financial applications. Levy (1985), for instance, applies stochastic dom-
inance to study option pricing, Seyhun (1993) investigates the small firm effect, Post (2003)
studies the portfolio choice, Abhyankar et al. (2008) examine value versus growth firms, while
Fong et al. (2005) test momentum strategies.

We implement stochastic dominance tests as generalizations of the Kolmogorov-Smirnov test
for stochastic dominance, namely the procedures proposed in Linton et al. (2005), hereafter re-
ferred to as the LMW tests. LMW tests are consistent against all alternatives and apply to
testing stochastic dominance at any arbitrary order in the K-variable (K ≥ 2) case. This facil-
itates testing of stochastic dominance of the first- (SD1), second- (SD2) and third-order (SD3)
across the pairs of investment strategies, as well as jointly. The tests also allow for serial depen-
dence in observations, and for general dependence amongst tested variables. This is important
for two reasons: (i) explosive dynamics in the price-earnings ratio result in autocorrelated re-
turns series, and (ii) portfolios are constructed from the same underlying set of sector indices
making them unlikely to be mutually independent. Lastly, the LMW methodology allows for
tested series to be formed as residuals from conditional models, covering the case of portfolios
constructed on the basis of the PSY test inference.

Our findings are as follows. Episodes of bubble behaviour are found in all industry portfolios,
although their frequency varies notably across the sectors. The timing of bubbles detected across
various sector indices coincides during years of major market crashes such as 1987 and 2000, while
the coincidences appear less evident over periods of normalcy. A trading strategy employing our
modified bubble indicator (MBI) significantly outperforms the investments based on the original
PSY bubble indicator, the directional signal, and the buy-and-hold portfolio. Specifically, final
period wealth (in real terms) generated by MBI is more than twice the wealth accumulated by
the runner-up, while its Sharpe ratio is nearly 2 percent higher than that of the second highest
Sharpe ratio. Pairwise and joint tests of first-, second-, and third-order stochastic dominance
indicate that MBI ranks ahead of the other three strategies at the 5 percent level.

We also perform an analysis of the consistency of MBI’s outperformance relative to BH by
considering rolling window investments of durations between 1 and 5 years. It appears that the
MBI strategy outperforms (underperforms) between 35 (28) percent of one-year subsamples, and
77 (21) percent in the case of the five-year horizons. Next, given that the constructed bubble
indicators rely on statistical inference at the 99 percent confidence level, we are also interested
in the sensitivity of the results to alternative levels of confidence. Thus we repeat the analysis
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of our preferred MBI strategy employing the 95 and 90 percent critical values in the PSY tests.
When transaction costs are taken into account, the 99 percent confidence level tests appear
to generate highest end-of-period wealth, real average annual returns and Sharpe ratios. The
99 percent confidence strategy also ranks best according to the SD tests. On the other hand,
without transaction costs, the 90 percent confidence level outperforms according to all criteria,
demonstrating the effect of trading frequency and transaction costs.

Lastly, we consider two further modifications of the MBI strategy. First, the bubble indicator
is augmented with a longer history of directional signals. Second, instead of retreating into the
market index when no bubbles are found in sector indices, we invest in those industries which
have not experienced a bubble episode for a certain period of time. The original MBI strategy
beats these modifications according to all performance criteria, and is found to dominate them
at the first-, and hence all orders of stochastic dominance. This demonstrates the robustness
of the MBI bubble indicator across subsamples, as well as in relation to alternative confidence
levels and to simple modifications of the trading strategy.

The rest of the paper is organized in the following order. In Section 2 we discuss empirical
methods employed in the paper, including the PSY test for bubble detection, our trading strategy
and a modification of the PSY procedure that it employs. Stochastic dominance tests used to
assess portfolio performance are also presented here. In Section 3 we discuss the dataset, and
provide empirical evidence on the detection of bubbles in the US sector-level indices. Section
2.2 assesses the performance of the proposed strategies. Section 5 provides some robustness and
sensitivity analysis, and Section 6 concludes.

2 Methodology: Bubble Detection, Trading Strategies and Stochas-
tic Dominance

We describe the PSY test for detecting bubbles and discuss a wild bootstrap procedure that
is used to obtain heteroskedasticity robust critical values. Following this, we propose several
trading strategies, one of which exploits bubble signals identified by the PSY test, while an-
other proposes a modification of the PSY method. Lastly, we discuss the notion of stochastic
dominance and outline the SD tests that are employed to assess the effectiveness of the trading
strategies.

2.1 Bubble Detection in Real Time

Diba and Grossman (1988) argue that in the presence of speculative bubbles prices are expected
to exhibit explosive and periodically collapsing behaviour, as opposed to being martingales,
which are observed during normal periods. The detection procedure of PSY is based on these
two dynamic characterisations of asset prices. In particular, the question of interest is whether
a particular observation comes from an explosive process (HA) or from a normal – martingale
– behaviour (H0). The testing algorithm is based on a right-tailed unit root test proposed by
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Phillips et al. (2014). The regression model is

∆yt = α+ βyt−1 +
K∑
i=1

ψi∆yt−i + εt, (1)

where yt is the stock price at period t, K is the lag order (set to one in the application), and εt
is the error term. The ADF statistic is defined as the t-ratio of the OLS estimate of β.

The PSY test requires conducting subsample regressions. Let τ1 and τ2 be the starting
and ending points of a subsample regression with the corresponding ADF statistic denoted by
ADF τ1τ2 . The algorithm calculates the ADF statistic repeatedly on a sequence of backward
expanding samples. Suppose τ is the observation of interest. The ending points of all samples
are fixed on τ and the starting point of the samples varies from the first observation to τ − τ0,
where τ0 is the minimum window size required to initiate a regression. The corresponding ADF

statistic sequence is
{
ADF τ1τ2

}τ1∈[1,τ−τ0]

τ2=τ
. Inference of explosiveness for observation τ is based

on the maximum value of the ADF sequence, denoted by MADFτ and defined as

MADFτ = max
{
ADF τ1τ2 : τ2 = τ and τ1 ∈ [1, τ − τ0]

}
.

For practical implementation, Phillips et al. (2015a) suggest setting τ0 according the rule of
τ0 = (0.01 + 1.8/

√
T )× T to reduce the probability of size distortion, especially in the presence

of conditional heteroskedasticity. Nevertheless, Harvey et al. (2015) demonstrate by simulations
that in the presence of non-stationary volatility, the size of the Phillips et al. (2011) procedure,
which is a special case of the PSY procedure, is substantially above the nominal level, indicating
a serious size distortion. A wild bootstrap procedure is shown to be asymptotically valid and
is able to effectively control finite sample size under non-stationary volatility, and a similar
conclusion is expected in our case.

While conditional heteroskedasticity is a widely recognized feature of many financial data
series, non-stationary volatility, such as volatility shifts and trending volatility, is also not uncom-
mon. Therefore, to reduce the chance of size distortion, we obtain critical values of the MADFτ
statistic using a wild bootstrapping procedure. The procedure is implemented as follows.

Step 1. Estimate the ADF model under the null hypothesis that β = 1 using the whole
sample period

∆yt = α+
K∑
i=1

ψi∆yt−i + εt,

where t = K + 2, ..., T and εt is the error term. We obtain the OLS parameter estimates α̂ and
ψ̂i and the (T −K − 1)× 1 dimension residuals denoted by et.

Step 2. Generate the bootstrap residuals ebt according to the device ebt = ẽtwt, where ẽt := ej ,

{wt}T−K−1
t=1 denotes an independent N (0, 1) scalar sequence, j is a random number generated

from a uniform distribution running between K + 2 and T , and t = K + 2, ..., T . Conditional
on ej , e

b
t is independent over time with zero mean and variance e2

j . The multiplicative factor wt
serves to replicate the pattern of heteroskedasticity present in the original shocks.
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Step 3. The bootstrap sample is generated as follows. Let ∆ybt = ∆yt for t = 2, ...,K + 1,
which is obtained by

∆ybt = α̂+
K∑
i=1

ψ̂i∆y
b
t−i + ebt−K , for t = K + 2, ..., T.

We then calculate ybt as

ybt = y1 +
t∑

j=1

∆ybj , for t = 2, ..., T .

Step 4. Calculate the MADF statistics for the bootstrapped data series, MADF b. We re-

peat the procedure 500 times and obtain a sequence of the bootstrapped test statistic
{
MADF b

}500

b=1
.

The 90%, 95%, 99% bootstrapped critical value is calculated as the 90%, 95%, 99% percentiles
of the statistic sequence.

2.2 Trading Strategies

In order to assess the practical significance of the signals produced by the PSY test, we develop
a trading strategy that allocates funds across the US sector indices conditional on the computed
bubble indicators. However, before we describe the strategy in more detail we discuss the issue
of false bubble detection, which has the potential to adversely impact trading results. We also
propose an approach that will reduce its occurrence.

As noted in Phillips et al. (2015a) and Phillips et al. (2014), under certain conditions, the
PSY test and similar procedures may lead to a false identification of bubble episodes on the one
hand, and delays in detecting bubble termination dates on the other. For instance sudden breaks,
such as jumps in the series under investigation, may trigger the PSY bubble indicator. This
happens because of the changes in volatility which such shifts entail, and the fact that the MADF
statistics are calculated from a model that assumes constant volatility within each subsample
period. Although we guard against the effects of time-varying volatility by bootstrapping the
PSY test, in order to reduce the possibility of trading on an erroneous signal we also construct
a modified bubble indicator. The proposed indicator combines the inference obtained from the
PSY test with the direction of the most recent index movement.

In comparison to the PSY bubble indicator, which takes the value one if the bootstrapped
test statistic MADFt is greater than the bootstrapped critical value scvt

It = 1(MADFt > scvt), (2)

and zero otherwise, the modified indicator I∗t requires two conditions to be satisfied simultane-
ously:

I∗t = 1(MADFt > scvt & Rt > 0), (3)

and zero otherwise. Thus, the modified indicator augments the inference provided by the PSY
test by taking into account the sign of the most recent return Rt. In fact, as seen in (3), Rt
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is required to be positive in order for the inference made by the PSY test to be validated.
Intuitively, by considering the direction of the most recent index movement, we hope to reduce
the likelihood of producing a false signal initiating a bubble trade. Similarly, the indicator is
quicker to reset back to zero, which is likely to result in more timely exists from collapsing
bubbles.

We note that all indicators are calculated using weekly data observed at the end of trading
day on Tuesdays. Given that t here denotes time measured in weeks, the indicators given in
(2) and (3) are known to traders rebalancing their portfolios on Wednesdays. We consider four
trading strategies, which are described next.

Strategy 1. Modified bubble indicator (MBI) strategy
This strategy entails buying those sectors for which the modified bubble indicator given in (3)

switches from zero to one, and closing the positions when the MBI resets back to zero. If more
than one sector exhibits explosive dynamics at the same time, funds are allocated in equal pro-
portions across all such indices. If no bubble is identified, funds are shifted into the market index.

Strategy 2. PSY bubble indicator (PSY-BI) strategy
This strategy is similar to Strategy 1 but uses the original PSY bubble indicator described

in (2), instead of the MBI indicator in (3). Specifically, investors apply equal weights to the
sectors for which the PSY indicator takes the value of one, and close their positions when the
indicators switch back to zero. If no bubble is detected we hold the market portfolio.

Strategy 3. Directional signal (DS) strategy
The difference between strategies 1 and 2 is that while the PSY-BI strategy relies only on

the PSY test to time bubble sectors, the MBI strategy also requires a validation of the PSY
inference by the direction of the most recent index movement. Thus, one may wonder if it
is the direction of the index movement itself that drives the profitability of the MBI strategy,
rather than the joint condition described in (3). For this reason we decide to test a directional
strategy that only depends on the directional indicator formulated as IDt = 1(Rt > 0), and zero
otherwise. Thus, the investor opens positions in sectors for which IDt = 1, and reverses the
trades upon the return of the indicator to zero. If there is more than one sector for which the
directional indicator is positive, we allocate funds in equal amounts to all such indices. Lastly,
we hold the market index if IDt = 0 for all sectors.

Strategy 4. Buy-and-hold (BH) strategy
We compare the above three active strategies with the buy-and-hold benchmark denoted BH.

This strategy is executed by entering an open position in the market portfolio at the beginning
of the sample, and closing it at the end of the sample period.
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2.3 Stochastic Dominance

While Section 1 highlights some of the advantages of the stochastic dominance approach over
traditional performance measures, in this section we provide more specific definitions, discuss
the literature, and present test statistics used in the subsequent analysis.

2.3.1 Definitions of Stochastic Dominance

Stochastic dominance provides a method to rank two investments, say X` and Xp, by considering
the integrals of their cumulative distribution functions F`(z) and Fp(z). Equivalently, denoting
the class of all increasing von Neumann-Morgenstern type utility functions by U1, i.e. u

′ ≥ 0
for every u ∈ U1, we may define the notions of the first-, second-, and third-order stochastic
dominance with reference to U1, and its subsets.

Formally X` first-order stochastic dominates (SD1) Xp if and only if either: (i) F`(z) ≤ Fp(z)
for all z, with strict inequality for some z; or (ii) E[u(X`)] ≥ E[u(Xp)] for all u ∈ U1 and with
strict inequality for some u. SD1 implies that the expected utility of holding investment X`

is at least as great as that derived from holding Xp, and that for some utility functions in
U1 it is greater. Thus, under the assumption that more wealth is better than less (increasing
utility function), the ordering of investments is unambiguous for all expected utility maximizing
investors. The notion of the second-order stochastic dominance focuses on a strictly concave
subset of increasing utility functions U2 ⊂ U1, i.e. u

′′ ≤ 0 for all u ∈ U2. More specifically, X`

second-order stochastic dominates (SD2) Xp if and only if either: (i)
∫ z
−∞ F`(t)dt ≤

∫ z
−∞ Fp(t)dt

for all z and with strict inequality for some z; or (ii) E[u(X`)] ≥ E[u(Xp)] for all u ∈ U2,
with strict inequality for some u. Under SD2 the area under F` is everywhere smaller than
the corresponding area under Fp, or equivalently, the investors are required to be risk averse
– they are described by monotonically increasing and concave utility functions. Finally, third
order-stochastic dominance introduces a further requirement that investors have preference for
investments which are positively skewed. This is accomplished by further restricting the set
of utility functions to U3 ⊂ U2 in which u

′′′ ≥ 0 for all u ∈ U3. We say that X` third-order
stochastic dominates (SD3) Xp if and only if either: (i)

∫ z
−∞

∫ k
−∞ F`(t)dtdk ≤

∫ z
−∞

∫ k
−∞ Fp(t)dtdk

for all z with strict inequality for some z; or (ii) E[u(X`)] ≥ E[u(Xp)] for all u ∈ U3, with strict
inequality for some u. It is also of interest to note that SD(j) implies SD(j + 1) such that, for
instance, SD(1) implies SD(2) and SD(3).

Following the literature, see e.g. Davidson and Duclos (2000), and Barrett and Donald

(2003), we represent the orders of stochastic dominance using the operator I(s)
k (.;Fk) which

integrates the function Fk to the order s− 1. For Fk(z) = P (Xk ≤ (z)) we let

I(1)
k (z;Fk) = Fk(z);

I(s)
k (z;Fk) =

∫ z
−∞ I

(s−1)
k (t, Fk)dt for s ≥ 2,

such that X` stochastically dominate Xp at the order s if I(s)
` (z;F`) ≤ I

(s)
p (z;Fp). Equivalently,

using the difference operator
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D(s)
`p (z) = I(s)

` (z;F`)− I
(s)
p (z;Fp) for s ≥ 1,

X` is said to stochastically dominates Xp if D(s)
`p (z) ≤ 0 for all z.

Defining the functional d
(s)
1 = supz∈ΛD

(s)
`p (z), where Λ represents the union of the supports

of X` and Xp this is equivalently expressed by the following hypotheses:

H
(s)
0 : d

(s)
1 ≤ 0 vs. H

(s)
A : d

(s)
1 > 0. (4)

While the above formulation provides pairwise stochastic dominance relationships, we may
extend the analysis beyond the bivariate case by consideringK investments denotedX1, X2, . . . , XK .
The hypothesis that we wish to test in this multivariate framework is whether a tested vari-
able X` stochastically dominates all other variables {Xk}Kk=1;k 6=` as expressed in the following
hypotheses

H0 : d
(s)
2 ≤ 0 vs. HA : d

(s)
2 > 0, (5)

for d
(s)
2 = maxk:k 6=` supz∈Λ[D(s)

`k (z)]. In this case the maximum in d
(s)
2 is taken over all K − 1

pairs including X`.

2.3.2 Tests for Stochastic Dominance

Statistical tests for stochastic dominance replace the true, but unknown, cumulative distribution
functions by their empirical analogues. The tests may be broadly classified as the tests which
are consistent against all alternative hypotheses, and the tests which have power against a finite
dimensional class of alternatives. The possibility for test inconsistency arises for two reasons: (i)
stochastic dominance tests involve composite hypotheses on inequality constraints, and (ii) some
tests conduct comparisons of distributions at a fixed number, rather than at all, points in the
support of the distributions. As Barrett and Donald (2003) note, tests based on comparisons
at all points in the variable range have the potential for being consistent for the full set of
restrictions implied by stochastic dominance.

Amongst generalizations of the Kolmogorov-Smirnov test, which are based on comparisons at
all points in the support, McFadden (1989) proposes tests of SD1 and SD2 under the assumptions
of independence between tested variables and i.i.d. observations. His tests are implemented via
a Monte Carlo-based computation of approximate critical values. Klecan et al. (1991) generalize
the results of McFadden by relaxing the assumptions of i.i.d. observations. Barrett and Donald
(2003) extend the analysis to consider tests for stochastic dominance of any prespecified order,
and also allow for different sample sizes of the tested variables. They provide consistent multiplier
and bootstrap methods which have an asymptotically exact size on the least favourable points
in the null hypothesis. However, their approach assumes that the test variables are mutually
independent, and the observations are i.i.d.

In this paper we compare investment strategies using a generalization of the Kolmogorov-
Smirnov test provided in Linton et al. (2005, LMW). These tests are consistent against all
alternatives and apply to testing stochastic dominance at any arbitrary order in the K-variable
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(K ≥ 2) case. Further, the tests allow for both serial dependence in observations, general
dependence amongst tested variables, and for tested series to be constructed as residuals from
conditional models.

The test statistics take the following form

T
(s)
T,m =

√
Nd̂

(s)
m for m = 1, 2 and s = 1, 2, 3,

where d̂
(s)
m represents a centered empirical analogue of the d

(s)
m functional defined in (4)-(5) such

that setting m = 1 provides a bivariate test, while m = 2 corresponds to the multivariate SD
test statistic. N is the sample size here. Varying s between 1 and 3 leads to the tests of SD1,
SD2 and SD3, respectively.

Large values for the above test statistics indicate evidence against the null. However, the
distributions of the test statistics depend on the unknown distributions of the data and cannot
be tabulated, although LMW show that the statistics converge to functionals of a Gaussian
process. Following LMW, we obtain p-values using two resampling procedures based on sub-
sampling and block bootstrap. We implement two rather than one procedure because, as LMW
note, the subsampling-based test may exhibit more power for some local alternatives near the
boundary between the null and alternative, while the bootstrap approach is preferred against
some alternatives which are far from the boundary. The Appendix outlines the algorithms used
to implement these two methods.

3 Data and Empirical Bubble Episodes

3.1 Dataset and Explosive Dynamics

We study eleven US sector indices as constructed by Datastream International. They are oil
and gas, basic materials, industrials, consumer goods, health care, consumer service, telecom,
utilities, technology, financials, and diversified REITs. The sample period runs from 02/01/1973
to 12/05/2015 (containing 2211 weekly observations), except for the diversified REITs sector
which becomes available from 27/01/1998 (903 observations).

Our dataset contains the following series: (i) Tuesday price-earnings ratios of the eleven
sectors for bubble detection; (ii) Wednesday price indices and dividend yields for the eleven
sectors as well as the Datastream market index; and (iii) the consumer price index (all urban, all
item, non-seasonally adjusted). The consumer price index (CPI) is downloaded at the monthly
frequency and interpolated into weekly data using the method proposed in Denton (1971). The
series in (ii) and (iii) are employed to implement the trading strategies, and to compute real
returns.

To test for explosive bubble dynamics, we apply the PSY strategy to the Tuesday price-
earnings ratios of the eleven sectors.5 We use the price-earnings (P/E) instead of more conven-

5The computation of our bubble indicators and the implementation of the trading strategies does not require a
balanced panel. Indeed, the PSY test is calculated separately on each of the data series, and there is no advantage
in having a balanced dataset in this respect. The bubble index is set to zero when the observations are missing.
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tional price-dividend ratios as in PSY and Phillips et al. (2011) because dividends are dependent
on the dividend payout ratio determined by the firms’ boards of directors. The payout ratios
are influenced by firm size, profitability, growth opportunities, but also signalling (Bar-Yosef
and Huffman (1986) and Denis and Osobov (2008)). For instance, during the dotcom expansion
period in the mid-1990s, many technology companies experienced rapid growth, however no div-
idends were paid. Thus, earnings provide a more reliable proxy for stock market fundamentals.
The minimum window τ0 is set according to the rule of 0.01 + 1.8/

√
T , containing 63 obser-

vations for the diversified REITs sector and 106 observations for all other sectors. Therefore,
the test statistic and critical value sequences are computed from 31/03/1999 for REITs and
from 7/01/1975 for the remaining sectors. Critical values are obtained from the wild bootstrap
procedure described in Section 2.1. The bubble indicator takes the value of one if MADF is
above the 99% critical value, and zero otherwise, as described in (2).

The price-earnings ratios (blue lines) and the bubble indicators (green shaded areas) are
displayed in Figure 1 for the oil and gas, basic material, industrials, consumer goods, health care,
and consumer service sectors and in Figure 2 for the telecom, utilities, technology, financials,
diversified REITs sectors. Note that large price drops associated with the Financial sector
during the subprime mortgages crisis period is not observed in the price-earnings ratio. This
suggests that earnings play a significant role in discounting the data and provide support to our
method of accounting for market fundamentals when detecting bubbles. We make a number of
noteworthy observations on the bubble identification results.

First, the procedure identifies instances of bubble episodes across all industry sectors, al-
though there appears to be noticeable variation in their frequency. This is confirmed by the
figures presented in Table 1. For example, the utilities and technologies sectors exhibited 19 and
22 bubble episodes, respectively,6 over the whole sample period, while oil and gas and industrials
seem to be less prone to explosive dynamics with 6 and 4 detected episodes, respectively. Second,
the comovement of the sector-based indicators suggests a high degree of covariation of bubbles
across the sectors. And third, there are periods during which the timeliness and duration of the
bubble indicators varies across sectors.

Many of these bubble episodes are well-recognised and have been discussed in the literature,
and observing the data from a sectoral perspective highlights the contagion of bubble dynamics
across the economy. The notable ‘dot com’ bubble in the late 1990s is clearly present in multiple
industries with varying start and end dates. This bubble episode originated in the Technology
sector and spread to the Financials, Health Care, Utilities, Basic Material, and Oil and Gas
sectors. This is consistent with the findings of Anderson et al. (2010) who report that the dot
com bubble was not confined to the Technology sector and had spilled to other less traditional
sectors of the economy.

Another noteworthy episode present across the sectors is the early 1990s which exhibits a
shorter duration yet a more widespread effect in the US economy. This coincides with the end
of the recession in 1991, and the start of a strong economic recovery. Our bubble indicator likely

6A bubble episode is defined as a series of consecutive positive bubble signals, e.g. if the indicator switches
from one to zero and then back to one we would record two bubble episodes.
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Figure 1: The dynamics of the price-earning ratios and the bubble indicators (Part I). The blue
lines are price-earning ratios and the green shaded areas are the bubble indicators.
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captures the exuberant sentiments of investors and is reflected in the Consumer Goods, Basic
Material, Consumer Service, Utilities, Telecom, and Technology sectors. Interestingly, the short
but widespread 1990s bubble episode is not detected in Anderson et al. (2010) or other studies,
such as Brooks and Katsaris (2005), that analysed bubbles at the aggregate market index level.

Just prior to Black Monday in 1987, it appears that all sectors, excluding Industrials, had
experienced a bubble episode that abruptly dissipates on 19th October, 1987. Utilities and
Financials identify this bubble episode a considerable amount of time before the crash (1985
in the Financial and 1986 in the Utilities Sector), whereas the oil and gas bubble indicator is
activated only months prior to the collapse. Prominent economists have argued that the financial
markets were in a speculative bubble leading up to the crash as investors were trading based on
emotions rather than rationality (Shiller, 2015). However, when analysed at the market level,
the evidence of bubble presence is much weaker - detected only one or two months prior the
crash (Phillips et al., 2015a).

More recently, the bubble indicator suggests that Financials and Basic Materials experienced
a bubble in 2010, coinciding with the recovery of the US economy after the global financial crisis.
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Figure 2: The dynamics of the price-earning ratios and the bubble indicators (Part II). The blue
lines are price-earning ratios and the green shaded areas are the bubble indicators.
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Though there are other sector-specific bubble instances in Figures 1 and 2, many of these may
be lesser known episodes with little or no known reference in the literature. 7

It also appears that some sectors experience delays in identifying bubble collapse dates. The
indicator for the technology sector reports a bubble termination date in September 2000, when
on visual inspection, the P/E ratio peaks in March 2000. On the other hand, the PSY procedure
also identifies several episodes associated with market downturns, for example the 2008 crisis
period in the industrials, health care, consumer services, utilities, and technology sectors. This is
consistent with the findings reported in Phillips and Shi (2017a). Those episodes were eliminated
from Figures 1 and 2 upon visual inspection in order to avoid confusion.

We conclude this section by providing some descriptive statistics about bubble durations in
Table 1. As illustrated the number of bubble episodes ranges from 3 for diversified REITs to
22 for technology. The frequency of observations belonging to bubble regimes varies between
21 for telecom and 130 found in utilities. The median duration ranges from 1 to 22 weeks,
with the maximum bubble duration of 32 weeks detected in consumer goods and diversified

7Alternatively, these may also be the outcome of Type 1 errors.
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Table 1: Descriptive statistics of the bubble episodes

Industry # of bubble # of bubble Duration of bubble episodes
Sector observations episodes Median Min. Max. Std.

Oil and gas 59 6 2 1 28 12.95
Basic materials 83 15 3 1 27 6.81

Industrials 12 4 3 1 5 1.83
Consumer goods 123 17 3 1 32 8.74

Health care 39 9 2 1 23 7.09
Consumer services. 28 4 4.5 1 18 8.04

Telecom 21 9 2 1 7 1.80
Utilities 130 19 3 1 24 7.04

Technology 118 22 2 1 20 6.24
Financials 59 15 1 1 17 4.62

Diversified REITs 67 3 22 13 32 9.50

Note: The bubble indicator is available from April 1999 for the Diversified REITs sector, and from

January 1975 for all other sectors.

REITs. Similarly, there is significant variation across the standard deviations computed for
bubble durations, with the telecom and oil and gas sectors exhibiting standard deviations of 1.8
and 12.95 weeks, respectively. This illustrates the disparities in the bubble-riding opportunities
provided by different sectors.

As we will see in the following section, transaction costs play a critical role in the prof-
itability of the trading strategies, and need to be carefully taken into account when choosing
sampling frequency and the level of data aggregation. While trading with firm-level bubble sig-
nals induces greater transaction costs,8 trading the aggregate market index limits the number of
opportunities for exploiting bubble dynamics. Th calculated bubble indicator using P/E ratios
for Datastream’s market index results in 18 bubble observations out of 2106, compared to 739
bubble observations detected across all industry indices. Therefore, sector-level bubble signals
provide a pragmatic approach towards exploiting richer bubble riding opportunities while at the
same time managing transaction costs, relative to a firm-level trading scenario.

4 Trading Results and Performance Evaluation

Using the bubble signals computed from Tuesday closing prices we employ Wednesday prices to
implement the trading strategies described in Section 2.2. Real returns Rt are obtained as

Rt = (Pt +Dt)/Pt−1 − πt, (6)

8An alternative would be to base the trading on a set of selective firms rather than all market index constituents.
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where Pt is the nominal price recorded at the end of the trading day on Wednesdays, Dt is
the weekly dividend and πt = ∆CPIt/CPIt−1. To account for trading costs, we assume that a
round trip of buying and selling incurs a trading cost of 0.5% of the real return, as in Brooks
and Katasaris (2005).

4.1 Preliminary Analysis

Table 2 presents final wealth accumulated over the length of the sample period (07/01/1975 –
12/05/2015) on a one-dollar investment made in each of the four strategies discussed in Section
2.2. After transaction cost returns and Sharpe ratios are also provided.9

Table 2: Performance Evaluation

Performance Trading Strategies
Measure MBI PSY-BI DS BH

Final Wealth ($) 71.72 18.94 0.00 25.24
Average Return (%) 11.13 7.53 -44.57 8.30
Sharpe Ratio (%) 8.95 6.08 -55.21 7.05 5

Notes: Average real returns (p.a.) are computed using weekly compounding. Trading costs are 0.5% of

the real weekly return per buy-and-sell round trip.

As illustrated in Table 2, with transaction cost, the MBI strategy outperforms the other
three investments by a large margin according to all three investment criteria. This strategy,
which exploits the modified bubble indicator while keeping the funds in the market portfolio in
the event of no bubbles, reports an after-transaction-cost return of 11.13 percent p.a. (in real
terms). Thus, an investment of $1 made at the start of the trading period results in the final
period wealth of $71.72. This figure may be compared with the final wealth of $57.51 produced
by an identical strategy relying on asymptotic, rather than bootstrapped, critical values. This
clearly illustrates the value added by the wild bootstrap approach to generating critical values
employed here. The investment ranked second is generated by the buy-and-hold (BH) strategy
that holds the market index for the duration of the investment period. This strategy returns
8.30 percent p.a. on average, and accumulates to $25.24 in 2015 from a $1 investment made in
1975. The performance of the BH strategy is followed by the return on the PSY-BI strategy
that employs the original PSY bubble signal. A comparison of the figures presented in the first
two columns of Table 2 illustrates the gains provided by augmenting the PSY indicator with the
directional signal as in (3). Nevertheless, in the light of these results one may wonder if it is the
directional signal itself that produces the superior performance of the MBI strategy. For this
reason we also present the DS strategy which executes trades in accordance with the sign of the
most recent return. As seen in Table 2 the DS strategy is ranked last, making an average loss of

9The average transaction costs are 0.11%, 0.0065% and 2.09% of weekly real returns for MBI, PSY-BI, and
DS, respectively. The differences are due to variations in trading frequency of each sector and the number of
sectors traded in each period.
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44.57 percent p.a. and losing all of the investment by the end of the trading period. This result
indicates that the effectiveness of the MBI strategy is not solely dependent on the directional
signal, but that the condition in (3) regarding the sign of the return provides valuable trading
information only in conjunction with the PSY bubble index. Lastly, the ranking of the four
strategies remains the same if we consider risk-adjusted returns, as measured by Sharpe ratios
in Table 2.

Table 3: Trading Strategy Characteristics

# of Trading Av. Weekly Returns (Std.) % Sharpe Ratio %
Investment Periods Trading Non-Trading Trading Non-Trading

Strategy (/2106) Period Period Period Period

MBI 363 1.51 (2.24) -0.04 (2.26) 65.82 -2.43
PSY-BI 532 0.38 (2.98) 0.10 (2.21) 11.44 3.73

DS 1900 -0.75 (1.65) -4.36 (2.39) -46.85 -183.27
BH 2 N/A N/A N/A N/A

Notes: Average real returns (p.a.) are computed using weekly compounding. Trading costs are 0.5% of

the real weekly return per buy-and-sell round trip.

Next, in Table 3 we examine the characteristics of each strategy in more detail. We present
the number of trading periods for each strategy, as well as average weekly returns, standard
deviations and Sharpe ratios computed over trading and non-trading periods. Comparing the
strategies presented across the first two rows we observe the difference in the number of trading
periods between the MBI and PSY-BI strategies. By augmenting the PSY-BI with a directional
signal we avoid opening a position when the returns are negative, but exit whenever the bubble
signal turns to zero or the return becomes negative. Therefore, the number of trading periods
is reduced from 532 to 363. This more selective bubble trading rule provides a higher average
return/Sharpe ratio. As presented in Table 3, the average weekly return (Sharpe ratio) computed
over bubble trading periods rises from 0.38% (11.44%) for the PSY strategy to 1.51% (65.82%)
with the MBI strategy. DS is the most traded strategy with 1900 trading periods. This high
trading frequency incurs large transaction costs and thereby results in negative after-transaction-
cost returns and Sharpe ratios over both bubble trading and non-bubble trading periods.

We also consider augmenting our bubble riding strategy with two alternative indicators. (1)
We combine the PSY bubble signal with the bond stock earnings yield differential (BSEYD)
signal proposed by Ziemba and his coauthors (for example, Lleo and Ziemba (2012, 2015);
Shiryaev et al. (2014)). That is, we replace the positive return signal with the BSEYD indicator
when constructing the modified bubble indicator. BSEYD relates the yield on stocks (measured
by the ratio of earnings to stock prices) to the yield on nominal Treasury bonds. When the
relative bond yield is high enough investors shift out of stocks and into the bonds, which causes
a correction and a stock market crash. Thus, BSEYD signal should allow us to time exists
from the stock market with more accuracy. The BSEYD indicator takes the value of one when
the BSEYD exceeds µ̂BSEY D + 1.645σ̂BSEY D, where µ̂BSEY D and σ̂BSEY D are two-year rolling
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window estimates of the mean and standard deviations of BSEYD, and zero otherwise. (2) In
constructing the MBI, we replace the positive sign signal with a threshold indicator based on
the P/E ratios. As discussed in Shiller (2000) high P/E ratios signal ‘irrational exuberance’,
thus P/E ratios crossing as specific threshold would suggest that a bubble is about to burst.
Specifically, the indicator takes the value of one if the percent change of the P/E ratio exceeds
µ̂PE + 1.645σ̂PE , where µ̂PE and σ̂PE are two-year rolling window estimates of the mean and
standard deviations of the P/E ratio percent change, and zero otherwise. We find that these
two strategies do not outperform the MBI strategy. The final wealth of (1) and (2) are $17.81
and $23.56, respectively, which substantially falls short of the final wealth amount of $71.72
as generated by our original MBI strategy. This finding suggests that the directional return
indicator embedded in the current MBI strategy supplements the PSY bubble test better than
the BSEYD indicator and the threshold indicator. By construction, the BSEYD and threshold
indicators will be active on a much less frequent basis than the return sign signal. This implies
that with strategies (1) and (2), the trader is required to sell the bubble portfolio less frequently
than in the MBI strategy which results in lower transaction costs. On the other hand, the
BSEYD and threshold indicators are less sensitive to market downturns. In the case of a sector
crash, the MBI strategy will allow investors to exit the market at an earlier stage and therefore
preserves wealth.

Finally, we test a market index bubble trading strategy. We hold the Datastream market
portfolio when the market-level MBI is equal to one and invest in 3-month treasury bills oth-
erwise. The resultant wealth of the trading strategy is $1.80, as compared to $25.24 in the
buy-and-hold strategy and $71.72 in the modified bubble indicator strategy. This is due to the
fact that the market-level MBI is equal to 1 in only 18 out of the 2106 weeks.10 As such, for over
99 percent of the time, this portfolio is holding cash and earning a significantly lower return.

4.2 Stochastic Dominance Test Results

The analysis presented above evaluates trading performance on the basis of accumulated wealth,
average returns and Sharpe ratios. In this section we extend the study by re-examining the
strategies according to the stochastic dominance criterion. We first present pairwise comparisons
of the four strategies in Table 4.

With respect to the MBI strategy, the results of SD tests are consistent with the findings
obtained on the basis of average returns and Sharpe ratios presented in Table 2. Looking across
the top panel of Table 4 we observe the p-values for the tests of stochastic dominance of MBI
over each of the other three strategies. The p-values computed via block bootstrap (KS1) and
subsampling (KS2) methods are in accord across all cells of the top three rows. Namely, we are
unable to reject the null hypotheses that the MBI strategy stochastically dominates the BH, DS
and PSY-BI investments at any conventional level of significance. Moreover, the findings apply
equally to the first-, second- and third-order stochastic dominance criteria.

10Note that there are 12 additional observations associated with positive bubble signal but negative returns
and therefore not traded.
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Table 4: Pairwise Comparisons (p-values for SD Tests)

Null SD1 SD2 SD3
Hypothesis KS1 KS2 KS1 KS2 KS1 KS2

MBI�BH 0.554 0.248 0.320 0.247 0.421 0.266
MBI�DS 1.000 1.000 0.984 1.000 0.943 1.000

MBI�PSY-BI 0.411 0.256 0.903 0.688 0.889 0.688

PSY-BI�BH 0.004 0.000 0.001 0.000 0.021 0.000
PSY-BI�DS 0.999 1.000 0.773 0.792 0.917 1.000

PSY-BI�MBI 0.000 0.000 0.000 0.000 0.000 0.000

DS�BH 0.000 0.000 0.000 0.000 0.000 0.000
DS�PSY-BI 0.000 0.000 0.000 0.000 0.000 0.000

DS�MBI 0.000 0.000 0.000 0.000 0.000 0.000

BH�DS 1.000 1.000 0.975 1.000 0.937 1.000
BH�PSY-BI 0.004 0.000 0.910 0.986 0.900 0.712

BH�MBI 0.002 0.000 0.004 0.000 0.026 0.010

Notes: A�B indicates the hypothesis that investment strategy A stochastically dominates investment

strategy B as given in (4). SD1, SD2, SD3 denote stochastic dominance of order 1, 2, and 3,

respectively. KS1 test is implemented via block bootstrap; KS2 test is based on subsampling.

Considering the second panel of Table 4 we note that the PSY-BI strategy stochastically
dominates the DS strategy at all three orders. However, the null of stochastic dominance of
PSY-BI over the BH and MBI is rejected at the 5 percent level by both tests, and for all orders
of SD. Next, the p-values for the null that the DS strategy dominates each of the remaining
three strategies are zero (to three decimal places) providing strong evidence against the null.
This is in line with the results presented in Table 2, where the DS strategy also generates the
worst performance. Finally, considering the first row of the last panel of Table 4 we observe that
the buy-and-hold investment stochastically dominates the DS strategy according to SD1, SD2
and SD3. On the other hand, we reject (at the 5 percent level) the null that the BH dominates
the MBI strategy for all orders of stochastic dominance. An interesting case is the relationship
between the BH and PSY-BI where we reject the null that BH dominates PSY-BI under SD1,
but are unable to reject it for SD2 or SD3. The results for SD2 and SD3 are consistent with
the findings presented in panel two, while the finding for SD1 provides inconclusive inference.
Overall, the results presented in Table 4 are largely consistent across all panels, and are strongly
in favour of the MBI strategy for all three orders of SD.

While the above analysis compares pairs of trading strategies on the basis of SD1, SD2 and
SD3, we now wish to consider all four strategies jointly. Specifically, we are interested in whether
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each of the four strategies stochastically dominates all the other investments as postulated in
(5). Table 5 provides p-values for these tests.

Table 5: Testing the null hypothesis that the tested strategy stochastically dominates all other
strategies (p-values)

Tested SD1 SD2 SD3
Strategy KS1 KS2 KS1 KS2 KS1 KS2

MBI 0.575 0.248 0.300 0.248 0.437 0.266
PSY-BI 0.004 0.000 0.000 0.000 0.000 0.000

DS 0.000 0.000 0.000 0.000 0.000 0.000
BH 0.004 0.000 0.007 0.000 0.039 0.102

Notes: SD1, SD2, SD3 denote stochastic dominance of order 1, 2, and 3, respectively. KS1 test is

implemented via block bootstrap; KS2 test is based on subsampling.

As illustrated in Table 5 there is strong evidence in favour of MBI as it stochastically dom-
inates the other three investments at all three orders of SD considered here. Specifically, the
p-values presented across the first row indicate that the null hypothesis of MBI dominating the
other three strategies is accepted at any conventional level of significance, according to both
KS1 and KS2 tests. This result confirms our findings obtained from pairwise tests presented in
Table 4. Next, we observe small p-values across the second and third rows of Table 5, indicating
that we reject the null hypotheses of PSY-BI and DS each dominating the remaining strategies
at the 5 percent level. Finally, we consider p-values for the buy-and-hold strategy presented in
the last row. The null of BH dominating the remaining strategies at SD1 and SD2 is rejected
strongly by both tests. However, the conclusion is not reached uniformly for SD3. The KS1
test’s p-value computed on the basis of a block bootstrap procedure rejects the null at the 5
percent level. On the other hand, the KS2 test which relies on a subsampling method produces
a p-value of 0.102, leading us to conclude (at the 5 percent level) that BH dominates the other
three strategies according to SD3. Nevertheless, on the balance of evidence presented in Tables
4 and 5 we conclude that the MBI strategy stochastically dominates the other three prospects,
both individually and jointly.

5 Robustness and Sensitivity Analysis

In this section we consider a number of alternative scenarios to evaluate the robustness of the
results reported above. First, we evaluate sub-sample performance of our strategies. This is
followed by an investigation of profitability at alternative confidence levels, as well as further
modifications of the PSY bubble indicator.

21



5.1 Investing over Sub-sample Periods

In the previous section we compared the performances of the four alternative strategies over
the entire 07/01/1975 – 12/05/2015 sample period. Although this may provide an adequate
evaluation window for institutional investors, smaller private investors are likely to be interested
in learning about investment returns over periods shorter than the 40 year horizon considered
above. In this subsection we assess the relative performances over a range of shorter sub-samples
by varying the investment window length between 1 and 5 years, and rolling the investment
period by 1 week at a time. This section focuses on the modified bubble trading strategy (MBI)
and the buy-and-hold investment in the market index (BH), as these two strategies respectively
ranked first and second in the analysis above.

Our setup here is such that investors may enter the market at any point in time, and exit k
periods after, with k = 52, 52× 2, · · · , 52× 5 weeks. Returns, which are computed at the end of
each rolling window, will inform us about the degree of consistency in the performance of the
MBI strategy over different holding periods, as well as its sensitivity to any pivotal sub-periods.

Let ∆R̃Pt,k denote the difference between the average annualized real returns of the MBI and
BH portfolios for the period running from t− k to t, namely

∆R̃Pt,k = R̃MBI
t,k − R̃BHt,k ,

where R̃MBI
t,k and R̃BHt,k denote the average annual real returns on the MBI and BH portfolios,

for the period from t− k to t, with k being the rolling window size. Table 6 reports the fraction
of time over which the MBI strategy outperforms (∆R̃Pt,k > 0), underperforms (∆R̃Pt,k < 0) and

performs equally as well as the BH investment (∆R̃Pt,k = 0). We report the average annualised

return difference of these two strategies, along with their t-statistics in brackets11.

Table 6: Rolling Window Performance of the MBI strategy relative to BH

Window Outperformance Underperformance Equal Perfomance
Size Frequency Av. Return Diff. Frequency Av. Return Diff. Frequency

1 year 34.94% 12.46% (5.14) 28.22% -3.21% (-8.85) 36.84%
2 years 52.42% 7.27% (5.81) 29.16% -1.86% (-9.11) 18.42%
3 years 64.99% 5.28% (6.59) 26.09% -0.02% (-9.51) 8.92%
4 years 73.88% 4.35% (7.26) 21.91% -1.54% (-9.30) 4.21%
5 years 77.42% 4.02% (7.90) 21.06% -1.34% (-10.38) 1.52%

Note: HAC robust t-statistics are reported in brackets.

Across all rolling windows, the percentage of times that MBI outperforms BH is substantially
higher than the frequency at which it underperforms. For instance, setting k = 52, which
corresponds to the one year investment horizon, we observe that MBI outperforms BH in 34.94

11The average difference in returns and robust standard error (and hence t-statistics) are obtained by running
an OLS regression of ∆R̃P

t,j on a constant with Newey-West standard errors.
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percent of all one-year investment horizons contained in the entire sample period. In comparison
MBI underperforms BH 28.22 percent of the time according to the average return criterion. The
magnitude of the outperformance is 12.46 percent p.a., while the underperformance amounts to
about -3.21 percent p.a. In order to evaluate the statistical significance of these figures we also
report heteroskedasticity and autocorrelation (HAC) robust t-ratios in the brackets next to the
return differences. It is clear that both the outperformance and underperformance figures are
statistically significant at any conventional level of statistical significance.

Lastly, the frequency of equal performance periods is computed as the fraction of the total
number of k horizon investment periods not accounted for by the instances of overperformance
and underperformance. In the case when window size is 1 year we see that about 36.84 percent of
the time the MBI and BH strategies provide the same average annualized return. This figure is
largely due to the fraction of one-year investment periods over which the MBI and BH strategies
are equal, i.e. when all MBI indicators are zero and the MBI strategy allocates funds into the
market index. As the length of the rolling window increases from 1 to 5 years, the frequency of
equal performance periods decreases while the number of times the MBI outperforms increases.
The improvement in outperformance occurs because MBI is afforded more time to detect bubbles,
and hence for the funds to be invested into growing bubble sectors. The magnitude of average
annualised return differences reduces as the size of the rolling window is increased. This is due
to the fact that there are more non-bubble trading periods in the MBI strategy during longer
investment horizons, and hence, the difference in returns between the MBI and BH strategies
narrows.

Figure 3: The rolling window average annual real returns over a three-year window
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In order to shed more light on the numbers reported in Table 6, we provide a time series
plot of the rolling window investment returns (in real terms p.a.) for the MBI and BH strategies
for k = 3× 52 weeks. Graphs for the remaining rolling window lengths exhibit similar patterns
and are available from the authors upon request. A noteworthy observation is the asymmetric
pattern in the outperformance and underperformance of the MBI versus the BH strategy evident
in Figure 4. Namely, when MBI outperforms BH it does so with a noticeably greater magnitude
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than when it underperforms. This is most clearly illustrated during the period of the dot-com
bubble, starting around September 1998, as well as over the three-year period at the end of
the sample. Over these subperiods, MBI provides impressive outperformance results. On the
other hand, the underperformance of MBI over the period 1991 – 1993 is small by comparison.
Following the burst of the tech bubble in the early 2000 we observe large losses in both strategies.
By construction, the MBI strategy retreats into the market index when the bubble indicators
are off. Therefore, during the period of the dot-com bubble crash both portfolios contained
predominantly the market index, which accounts for similar downward trajectories. It is also of
interest to note that since 2013, the MBI strategy is mainly invested in the two sectors (namely
utilities and diversified REITs) – see Figures 1 and 2.

5.2 Trading at Alternative Confidence Levels

Previous analysis employed the PSY test to detect bubble formation dates with 99 percent
confidence. In this section we investigate the impact of alternative confidence levels on the
profitability of the MBI strategy, and report our findings in Table 7. For the sake of comparison
the table also provides figures with and without transaction costs, as well as the tests of stochastic
dominance.

First, we note the inverse relationship between the confidence level and the number of trading
periods. As the confidence decreases from 99 percent to 95 and 90 percent, the number of trading
periods increases from 363 to 473 and 650, respectively. However, the impact of these changes
is very different for the outcomes computed with and without transaction costs.

Considering the case when the performance is measured after subtracting transaction costs,
we observe that the final wealth, annual return and Sharpe ratios all monotonically decrease as
the number of active trading periods increases12. Nevertheless even with 90 percent confidence
– the lowest confidence level considered here – the MBI strategy still outperforms the BH
investment, whose return is reported in Table 2. The impact of transaction costs is demonstrated
by comparing the first three and the last three columns of Table 7. In contrast to the previous
case, all three performance criteria increase with lower confidence levels when transaction costs
are ignored. The most striking difference is observed in the final wealth figures whose magnitudes
clearly diverge across the two sets of results. For instance, the ratio between final wealth numbers
for the scenarios without and with transaction costs increases in the sequence {10, 30, 160} as
the confidence level decreases over the {99%, 95%, 90%} range. This occurs due to more timely
detections of major as well as smaller bubbles, which are identified at lower confidence levels.
However, as the after-transaction-cost figures indicate, these benefits are quickly eroded by
greater transaction costs associated with the trading of such smaller bubbles.

Turning to the figures presented in the bottom panel of Table 7 we observe p-values computed
for the null hypothesis that each tested strategy stochastically dominates the remaining two
strategies as specified in (5). Thus, large p-values provide evidence in support of stochastic
dominance of the tested strategy. The tests are computed for two sets of returns, one which

12Recall that MBI invests funds in the market index when no bubbles are detected in any of the sector indices.
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Table 7: Performance evaluation and SD tests for alternative confidence levels (p-values)

Performance With Transaction Costs Without Transaction Costs
Measure MBI-90% MBI-95% MBI-99% MBI-90% MBI-95% MBI-99%

Final Wealth ($) 29.96 41.33 71.72 4810 1294 740.77
Annual Return (%) 8.76 9.62 11.13 23.29 19.35 17.72
Sharpe Ratio (%) 7.17 7.83 8.95 17.45 14.78 13.64
# of Trading Periods 650 473 363 650 473 363

p-values for SD tests of H0: tested strategy stochastically dominates the other two strategies

3*KS1 SD1 0.049 0.091 0.928 0.905 0.000 0.000
SD2 0.011 0.002 0.863 0.846 0.000 0.000
SD3 0.009 0.003 0.934 0.822 0.000 0.000

3*KS2 SD1 0.012 0.000 0.645 0.743 0.000 0.000
SD2 0.045 0.000 1.000 0.892 0.000 0.000
SD3 0.001 0.000 1.000 1.000 0.000 0.000

Notes: After-transaction-cost returns are compounded weekly and reported in real terms per annum.

SD1, SD2, SD3 denote stochastic dominance of order 1, 2, and 3, respectively. KS1 test is implemented

via block bootstrap; KS2 test is based on subsampling.

takes transaction costs into account and one which does not. Each set consists of the MBI
strategies generated on the basis of the 99, 95 and 90 percent confidence levels. We first note
that the KS1 (block bootstrap) and KS2 (subsampling) tests produce largely consistent results,
at the 5 percent significance level. It is also the case that the p-values are in line across the tests
for the first-, second-, and third-order stochastic dominance.

Considering the first three columns it is clear that the MBI returns computed on the basis of
the 99 percent confidence stochastically dominate the returns calculated with 95 and 90 percent
confidence level indicators, at the 5 percent significance level. The only exception is the KS1 test
of SD1 computed for MBI-95%, which results in the p-value of 0.091 and thus accepts the null
that this strategy dominates the 99 and 90 percent strategies, at the 5 percent significance level.
However, given that the null hypotheses of SD2 and SD3 are rejected for this instance, while
in theory SD1 implies SD2 and SD3, we attribute this finding to chance rather than regularity.
This interpretation is further supported by the evidence provided by the KS2 test for SD1, which
clearly rejects the null hypothesis.

In the case when transaction costs are not accounted for, we clearly reject the null hypotheses
of stochastic dominances of MBI-99% and MBI-95% for SD1, SD2 and SD3. On the other hand,
the evidence strongly suggests that MBI-90% dominates the other two investments at all three
orders of SD. These findings corroborate the conclusions reached on the basis of Sharpe ratios,
and illustrate the effect of transaction costs on the profitability of bubble-timing strategies.
It appears that all investors with increasing utility functions would prefer investments made
with 99 percent confidence when faced with transaction costs, while their preference would shift
towards the 90 percent confidence level in the case of no transaction fees.
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5.3 Further Modifications of the MBI Strategy

As a sensitivity check to alternative modifications of the PSY-BI strategy we investigate two
further specifications. The first modification of the MBI strategy augments the PSY indicator
with longer information sets used by the directional signal when opening and closing a position.
In comparison to (3), the new bubble signal is set to one when the PSY indicator is one, and
all of the past j periods experience positive returns. On the other hand, the bubble indicator
switches from one to zero if either the PSY indicator changes to zero, or the past j∗ period
returns are all negative. This indicator I+

t is more concisely described as follows:

I+
t =

{
1(BSADFt > scv & Rt > 0, ...., Rt−j > 0|I+

t−1 = 0)
1− 1(BSADFt < scv or Rt < 0, ...., Rt−j∗ < 0|I+

t−1 = 1),

where Rt represents the nominal weekly return on the period t, and we consider j = 0, 1, 2, and
j∗ = 0, 1, 2. This strategy is denoted MBI(j, j∗) in Table 8 below.

First of all, we note that the MBI(1,0) strategy outperforms the remaining MBI(j, j∗) mod-
ifications according to the three performance criteria considered here. It is closely followed by
the MBI(0,1) scheme, which generates a slightly lower average return and Sharpe ratio. Nev-
ertheless, the original MBI strategy, which may be denoted MBI(0,0), reported in the last row,
still ranks in first place and performs better than its modifications. This is best illustrated by
its final period wealth of $71.72, which is almost double the size of the largest final wealth figure
provided by the additional strategies. The ranking of the remaining MBI(j, j∗) strategies is not
uniformly ordered by the three criteria. Some strategies which rate high on the basis of final
wealth and average return, fall in the ranking order once risk is taken into account by Sharpe
ratios. For instance, MBI(0,1) ranks higher than MBI(2,0) in terms of average return, although
these two strategies rank about the same according to the Sharpe ratio. Similarly, the rank-
ings of MBI(0,2) and MBI(2,2) are reversed when considering Sharpe ratios relative to average
returns.

The last six columns of Table 8 present p-values computed for the null hypothesis that each
of the tested strategies stochastically dominates the remaining eight investments, as specified
in (5). KS1 (block bootstrap) and KS2 (subsampling) tests are computed for the set of nine
strategies listed in the table, and like the results obtained for SD tests reported previously, these
procedures lead to largely consistent results at the 5 percent significance level. In addition, the
p-values are largely in accord across the tests for the first-, second-, and third-order stochastic
dominance.

There are only two strategies for which the null hypothesis of stochastic dominance over the
remaining investments is accepted at the 5 percent level. These are the original MBI investment
and its MBI(1,0) modification. Considering the last row of Table 8 we observe relatively large
p-values across all SD tests. Namely, the null of SD1, SD2 and SD3 is accepted for this strategy
by both KS1 and KS2 tests, with the exception of the KS2 test for SD1. However, the evidence
for SD of MBI(1,0) is on softer grounds as KS1 and KS2 tests provide somewhat conflicting
results. While the KS1 procedure suggests that MBI(1,0) stochastically dominates the remaining
investments at the first order, KS2 provides evidence of SD1 and SD3 for this strategy. Given
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Table 8: Performance evaluation and SD tests for MBI(j, j∗) modification with a null hypothesis
that tested strategy stochastically dominates all other strategies (p-values).

Investment Final Average Sharpe KS1 KS2
Strategy Wealth ($) Return (%) Ratio (%) SD1 SD2 SD3 SD1 SD2 SD3

MBI(0,1) 34.62 9.15 7.38 0.035 0.001 0.002 0.000 0.000 0.000
MBI(0,2) 29.32 8.70 7.00 0.002 0.000 0.002 0.000 0.000 0.000
MBI(1,0) 39.33 9.49 7.83 0.240 0.005 0.037 0.055 0.021 0.177
MBI(1,1) 23.25 8.08 6.64 0.015 0.000 0.001 0.000 0.000 0.000
MBI(1,2) 19.97 7.67 6.27 0.002 0.000 0.000 0.000 0.000 0.000
MBI(2,0) 30.90 8.84 7.39 0.005 0.005 0.024 0.000 0.000 0.000
MBI(2,1) 20.69 7.77 6.50 0.014 0.000 0.000 0.000 0.000 0.000
MBI(2,2) 16.12 7.11 5.95 0.000 0.000 0.000 0.000 0.000 0.000

MBI 71.72 11.13 8.95 0.263 0.555 0.586 0.015 0.601 0.688

Notes: After-transaction-cost returns are compounded weekly, and are reported in real terms per

annum. SD1, SD2, SD3 denote stochastic dominance of order 1, 2, and 3, respectively. KS1 test is

implemented via block bootstrap; KS2 test is based on subsampling.

that SD1 implies SD2, the result provided by the KS1 test in this instance, may be questioned
since this test strongly rejects SD2 and SD3 while at the same time accepting SD1. Overall, it
seems that the informational content of directional changes observed in the most recent past, as
reflected in the basic MBI strategy, produces the best correction to the PSY bubble indicator.
This, in turn, results in the most profitable strategy. On the other hand, delayed directional
signals present in MBI(j, j∗), for some j > 0 or j∗ > 0 diminish investment performance.

The second modification of our original MBI scheme invests in sector indices during non-
bubble periods, instead of holding the market index like the original MBI strategy. Funds are
not, however, allocated across all non-bubble sectors as this would incur significant transaction
costs and ultimately amount to investing in the entire market. Instead we discriminate between
sectors on the basis of duration (d) since the last bubble episode. Thus, in the absence of bubbles
in any of the sector indices the new strategy invests, with equal weights, in those sectors that
have not experienced a bubble episode for at least d weeks. Besides reducing the transaction
costs, this strategy attempts to enter sectors that are relatively insusceptible to the dynamics of
the most recently collapsed bubbles. We form and assess the performance of the portfolios for
which d = 26, ..., 156, i.e. the portfolios which have not experienced bubble episodes for periods
ranging from six months to three years. In order to further limit the amount of transaction
costs, we do not rebalance these non-bubble sector portfolios until the MBI indicator detects a
bubble forming in one or more sectors. This strategy is labelled as MBI-NB(d) in Table 9 below.

It is clear that the performance of the MBI-NB(d) strategies improves with the duration d
that the non-bubble sectors have spent outside of bubble episodes. As d varies from six months
(26 weeks) to three years (156 weeks), the final wealth on a $1 investment made at the beginning
of the sample period increases from $13.35 to $31.90. A similar pattern is observed in the
Sharpe ratios, which increase with d. Nevertheless, as is the case with the previously examined
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Table 9: Performance evaluation and SD tests for MBI-NB(d) modification

Investment Final Average Sharpe KS1 KS2
Strategy Wealth ($) Return (%) Ratio (%) SD1 SD2 SD3 SD1 SD2 SD3

MBI-NB(26) 13.35 6.61 5.42 0.000 0.000 0.000 0.000 0.000 0.000
MBI-NB(52) 16.03 7.09 5.77 0.002 0.000 0.000 0.000 0.000 0.000
MBI-NB(78) 22.84 8.03 6.47 0.001 0.000 0.000 0.000 0.007 0.000
MBI-NB(104) 27.43 8.52 6.88 0.022 0.003 0.000 0.000 0.113 0.085
MBI-NB(130) 29.56 8.72 7.03 0.007 0.001 0.000 0.000 0.140 0.106
MBI-NB(156) 31.90 8.93 7.17 0.001 0.006 0.000 0.000 0.158 0.107

MBI 71.72 11.13 8.95 0.853 0.931 0.816 0.592 0.968 0.911

Notes: After-transaction-cost returns are compounded weekly, and are reported in real terms per

annum. p-values are provided for SD tests of the null hypothesis that a tested strategy stochastically

dominates all other strategies. SD1, SD2, SD3 denote stochastic dominance of order 1, 2, and 3,

respectively. KS1 test is implemented via block bootstrap; KS2 test is based on subsampling.

MBI(j, j∗) strategy, the current MBI-NB(d) modification still underperforms the basic MBI
strategy according to all three criteria. Similarly, the large p-values provided by the SD tests
for the case of the original MBI strategy fail to reject the null of MBI dominating the remaining
six investments at the first-, second-, and third-order SD. On the other hand, the same null
hypothesis is rejected for all MBI-NB(d) modifications at the 5 percent level of significance by
the KS1 test, while KS2 accepts the null for MBI-NB(104)–MBI-NB(156). Therefore, although
the SD p-values provide some mixed evidence, there is a strong suggestion that the original
MBI scheme outperforms its modifications. It appears that, in the absence of bubbles, keeping
funds in the market index rather than the non-bubble sector indices generates a strategy that
is preferred by investors with increasing utility function.

6 Conclusion

This paper applies the recently developed bubble detection approach of Phillips et al. (2015a,b)
to eleven US industrial sectors over the sample period 1973 – 2015 at the weekly frequency.
A wild bootstrapping procedure is employed to tackle the potential heteroskedastic feature of
weekly stock prices. Our test results provide important insights with regards to (i) the existence
and duration of speculative bubbles, and (ii) the possibility of constructing portfolios invested
in sector indices that ride bubbles.

We report evidence of bubble dynamics across all sectors of the economy. The two major
episodes of speculative behaviour occurred in 1987 and 1998 – 2000. The 1987 bubble episode
started in the financials and utilities sectors and spread to all other sectors, except industrials.
Similarly, the dot-com bubble episode originated in the technology and financials sectors and
affected the health care, utilities, oil and gas, and basic materials sectors.

To evaluate the financial usefulness of the detected bubble signals, we propose two trading
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strategies based on, respectively, the bubble signals provided by the original PSY test, and a
modified bubble indicator. The modified bubble signal combines the PSY bubble signal with
the direction of the most recent movement of the index. Performance of the trading strategies
is evaluated by final period wealth, average after-transaction-cost returns and Sharpe ratios,
and benchmarked against a buy-and-hold trading strategy and a directional signal based on the
most recent index movement. The relative performance of the trading strategies are further
ranked according to the stochastic dominance (SD) criteria, which are implemented as the tests
proposed in Linton et al. (2005). The SD framework allows us to rank the constructed portfolios
without making explicit assumptions about the specification of the asset pricing model, investor
utility functions, or the distribution of asset returns.

All performance measures and tests provide evidence of superior performance of the MBI
strategy, which is based on the modified bubble signal. Specifically, with $1 initial investment at
the beginning of the sample period, one would expect a final wealth (after transaction cost) of
$71.72 in 40 years, implying an (average) 11.13 percent annual return. This is compared to a final
wealth of $25.24 and an average annual return of 8.30% generated by the buy-and-hold strategy.
Subsample analysis and specification checks confirm the robustness of our findings. Though we
uncover alternate bubble-trading strategies that outperform the buy-and-hold benchmark, the
MBI strategy dominates in terms of real returns and risk-adjusted returns, as well as according
to the stochastic dominance criterion.

In the few studies that do implement real-time trading strategies, such as Brooks and Kat-
saris (2005), any substantial profits gained are largely eroded once trading costs are accounted
for. Our study, in contrast, provides evidence of after-transaction-cost profitability of bubble
riding strategies which we construct on the basis of the recently developed bubble detection
methodology. Since “bubbles riding” is not a form of arbitrage, the existence of speculative
bubbles is expected to persist as long as there are investors willing to trade bubbles. Further-
more, such bubble riding behaviour is likely to prolong bubble periods and prevent immediate
market corrections.
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7 Appendix: Stochastic Dominance Test Statistics and p-values

Given that we wish to investigate stochastic dominance relationships between return series of
portfolios whose prices exhibit explosive dynamics at times, we expect the return series to be
correlated over time. Therefore, we apply a block bootstrap procedure which takes into account
time-series dependence in the data. Our procedure is implemented as a non-overlapping block
bootstrap, see e.g. Carlstein (1986), with a suitably centered test statistic. We describe this
procedure in more detail as follows.

Step 1. Compute the test statistic T
(s)
N,m for m = 0, 1, 2 using the full sample

ZN = {Zi = (X1i, X2i, . . . , XKi)
′

: i = 1, 2, . . . , N}.
Step 2.Create B = N

L blocks ZN,L,b = {ZbL+1, ZbL+2, . . . , ZbL+L} of length L for b =

0, 1, . . . , B − 1 and 0 ≤ γ ≤ 1 such that b→∞ and b
N → 0 as N →∞.

Step 3. Generate the bootstrap sample Z∗N = {Z∗i : i = 1, 2, . . . , N} obtained by sampling
B blocks randomly with replacement from the B non-overlapping blocks described above.

Step 4. Compute the recentered test statistic T
(s)∗
N,m =

√
Nd̂

(s)∗
m for m = 1, 2 using the

bootstrap sample Z∗N where

1. d̂1
(s)∗

= supz∈Λ[(Î(s)∗
k (z; F̂ ∗k )− Î(s)

k (z; F̂k))− (Î(s)∗
l (z; F̂ ∗l )− Î(s)

l (z; F̂l))]

2. d̂2
(s)∗

= maxl:l 6=k supz∈Λ[(Î(s)∗
k (z; F̂ ∗k )− Î(s)

k (z; F̂k))− (Î(s)∗
l (z; F̂ ∗l )− Î(s)

l (z; F̂l))].

where Î(s)∗
k (z; .) and Î(s)

k (z; .) are the bootstrap and the full sample empirical operators.
Step 5. Let R be the number of bootstrap repetitions. Obtain an approximate asymptotic

p-value as p
(s)∗
L,i = 1

R

∑R
i=1 1(T

(s)
N,m > T

(s)∗
N,m) for m = 0, 1, 2.

In contrast to the bootstrap method, the subsampling approach takes chunks of data as
subsamples from which to compute the p-values. It is introduced in Politis and Romano (1994)
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and reviewed is provided in Politis et al. (1999). We implement a centered version of the method
which is proposed in Chernozhukov and Fernández-Val (2005), and which makes the subsampling
approach robust to different subsample sizes. The subsampling is described as follows.

Step 1. Compute the test statistic T
(s)
N,m for m = 0, 1, 2 using the full sample

ZN = {Zi = (X1i, X2i, . . . , XKi)
′

: i = 1, 2, . . . , N}.
Step 2. Create subsamples ZN,S,i = {Zi, Zi+1, . . . , Zi+S−1} for i = 1, 2, . . . , N − S + 1 of

size S such that S →∞ and S
N → 0 as N →∞.

Step 3. Compute centered test statistics T
(s)
N,S,i,m for m = 0, 1, 2 and i = 1, 2, . . . , N −

S + 1 using the subsamples ZN,S,i and analogues of d̂1
(s)∗

and d̂2
(s)∗

described in the bootstrap
procedure.

Step 4. Obtain an approximate asymptotic p-value as p
(s)
b,i = 1

N−S+1

∑N−S+1
i=1 1(T

(s)
N,m > T

(s)
N,S,i,m)

for m = 1, 2, and s = 1, 2, 3.
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